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PREFACE 


Quantum mechanics is usually a frustrating course for many physics 
students. Sometimes it is the stumbling block on their way to completing 
an education in physics. Many hard-working students may finish the course 
with an understanding of the mathematical manipulations but without 
a grasp of the underlying physical principles. They have seen that assump- 
tions disconnected from reality and concepts alien to experience, when 
put together, may yield such familiar results as the Balmer formula and 
the Rutherford scattering equation. To them these results are amazing, 
but the physical principles that make the results possible seem beyond 
comprehension. 

To simplify the presentation of a complicated subject, quantum mechanics 
may be developed by the deductive method, starting from a few axioms. 
However, the axioms are so highly mathematical in nature (e. g., observ- 
ables are represented by noncommutative operators) that the student 
feels he is learning a branch of mathematics which, by some magic, predicts 
correctly the experimental results in physics. Physical meaning becomes 
obscure, in spite of the addition of piecemeal interpretations. To over- 
come these difficulties, it seems best to keep the development of quantum 
mechanics as close to classical mechanics as possible and to emphasize the 
fact that quantum mechanics is a natural extension of classical mechanics. 
The generalization of a well-understood theory is usually easier to accept 
than a completely new one; the physical picture is clearer and the logical 
relation simpler. It is not by good luck that quantum mechanics, starting 
with assumptions very different from classical mechanics, ends with results 
very similar. It is possible to trace out the intimate relations of the two 
at the beginning and at the different stages of development so that the 
similarity of their end results appears to be a matter of course rather than a 
surprise. To make clear the relations among all elements involved, one 
looks for a logical structure, not merely a few independent threads of 
thought but an interwoven texture embracing all logical connections 
through which we can foresee some of the results of quantum mechanics 
without having to await the laborious solution of a differential equation 
which seems so remote from the physical world. 

In this introductory volume we try to develop as thoroughly as possible 
a few, but not all, of the new concepts introduced in quantum mechanics. 
Essentially, we concern ourselves with the many aspects of the Schrédinger 
equation (without spin) and its applications. In presenting our material 
we shall make rather extensive use of the concept of the wave packet. The 
wave packet is by no means of basic importance, but it serves as a useful 
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scaffolding by means of which quantum mechanics may be built. The 
kinematics and dynamics of a wave packet are closely related to the classi- 
cal mechanics of a particle; thus the mechanics of a wave packet may be 
considered as a formal extension of classical mechanics. On the other 
hand, a wave packet not only resembles a classical particle but also has 
an additional property, the uncertainty relation. Therefore, the results 
of the Schrédinger equation can either be reduced to the results of classical 
mechanics or be traced to the uncertainty relation (quantum phenomena). 
Take the linear harmonic oscillator, for example. It can be shown that the 
results of classical mechanics can be derived from a wave packet formed by 
superposition of eigenfunctions of large quantum numbers, and that a 
quantum effect, namely, the existence of the so-called zero-point motion, 
may be traced back to the uncertainty relation. The consequences of the 
extension from classical mechanics to quantum mechanics are thus made 
clear. Often a student, after learning quantum mechanics for several 
months, finds himself in possession of a large body of information concern- 
ing energy quantization, but fails to appreciate quantum mechanics as 
a dynamical system, i.e., a theoretical system capable of predicting the 
future development of physical systems from their initial conditions. The 
use of the wave packet helps bring out the dynamical aspect of the new 
mechanics. After quantum mechanics is thus introduced and made familiar 
to the student, a more general, abstract formulation is then presented in 
the later part of the book. 

Following a historical introduction in Chapter 1, the mathematical 
formalism of quantum mechanics in a limited form will be presented in 
Chapter 2. The Schrédinger equation will be introduced. The meaning 
of its solutions will be discussed according to the two assumptions of Born. 
Schrédinger’s equation and Born’s assumptions form a. self-consistent 
theoretical system. The similarity of and difference between this system 
and classical mechanics will be demonstrated by the derivation of Newton’s 
second law and of the uncertainty relation. 

In three following chapters this system of mechanics will be applied to 
three special cases: the free particle, the linear harmonic oscillator, and 
the potential barrier problems. To emphasize the similarity to classical 
mechanics, wave packet solutions will be obtained which reproduce the 
properties of the classical solutions. To emphasize the difference from 
classical mechanics, applications will be made to three quantum phe- 
nomena, i.e., the wave property of matter, the quantization of energy, 
and the penetration of potential barrier. 

After having demonstrated the usefulness of this mathematical theory, 
we shall turn our attention in Chapter 6 to the physical meaning of 
quantum mechanics. Heisenberg’s uncertainty principle will be discussed 
after a critical examination of the physical concepts used in classical 
mechanics. The causality law will be examined in connection with the 
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quantum-mechanical description of physical processes. The inquiry into 
the physical meaning of quantum mechanics is usually expressed by 
students in the following questions: Is an electron a particle or a wave? 
Why is the energy quantized? How can a particle penetrate through a 
potential barrier? In anticipation of such inquiries, an explanation of the 
quantum phenomena will be given (in Section 6-3) in terms of the un- 
certainty principle and of the quantum potential of Eq. (2-65). 

Chapters 7-11 will contain straightforward applications of quantum 
mechanics to various problems; they will be solved either exactly or 
approximately by the perturbation methods. When a problem may be 
solved in several ways, it is usually instructive to look into the relations 
among the different methods. Thus, the three-dimensional harmonic 
oscillator problem will be solved by using rectangular, cylindrical, and 
spherical coordinates respectively, and the relations among the solutions 
will be discussed. The Rutherford scattering problem will be treated by 
methods developed in the time-independent, as well as in the time- 
dependent, perturbation theory. 

Before the book closes, the wave-packet scaffolding will be torn down and 
quantum mechanics will be reformulated in the operator form in Chapter 
12. The operator formulation is the only one by which quantum mechanics 
may be adequately presented. But its abstractness makes it preferable, 
if not necessary, to delay its introduction until after the concepts and 
results of quantum mechanics have been made reasonably familiar. This 
chapter also serves the purpose of preparing students to read more ad- 
vanced treatises. 

In writing this book the author was inspired by the writings of Heisen- 
berg, de Broglie, Schrédinger, Bohr, and Dirac. Nevertheless, he is solely 
responsible for the logical organization of the presentation. The subjects 
treated here, except for the derivation of a number of results, are found in 
published literature, although a few gaps must be filled to make pos- 
sible a systematic presentation on an elementary level. Suggestions from 
users of the book will be appreciated. It is fitting to acknowledge the help 
the author has received in preparing this book. Dr. Melba Phillips made 
valuable suggestions in the earlier chapters. Two friends, Y. F. Bow and 
Robert Sanders, have read the manuscript and checked the equations 
carefully; they also made many important suggestions. The late Mrs. 
Ruth Hoople edited the manuscript. Mrs. Dorothy Sickels provided 
editorial advice and helped in proofreading. To them and to many others 
the author takes this opportunity to express his deep gratitude. 

If the reader finds the assumptions involved in this presentation not 
like repulsive strangers, if the reader finds in the logical texture no loose 
thread, the author has achieved his aim. 

VERA 
Utica, New York 





TO THE INSTRUCTOR 


The purpose of this book is to develop quantum mechanics on an 
elementary level with an emphasis on its physical meaning and to provide 
a textbook to satisfy the rising need for a one-semester introductory 
course in this subject. The requirements of these two objectives are not 
exactly the same, and therefore some compromises are unavoidable re- 
garding the choice of subject material and the method of presentation. 

It is not our intention in this book to present quantum mechanics with 
strict mathematical rigor, since a few other treatises have done so. The 
use of mathematics is dictated by the consideration that a senior physics 
student should be able to follow the text without mathematical difficulty. 
Many elegant methods of advanced mathematics will have to be left out; 
the prerequisite is limited to a course of advanced calculus.* 

For our purposes, it seems best to limit the scope of this book to a dis- 
cussion centered around the Schrédinger equation (without spin). Its 
mathematical implication, physical meaning, and various applications 
form a unit suitable for presentation in one semester. The systematic 
treatment of matrix mechanics, transformation theory, theory of angular 
momentum, theory of electron spin, identical particles, atomic structure, 
molecular structure, nuclear structure, theory of collisions and quantum 
statistics, usually the subject material of the second semester of a one-year 
course (and thus the contents of another book), will not be attempted here, 
though many individual problems from these topics will be included as 
illustrative examples. In a one-year course assuming no previous knowl- 
edge of quantum mechanics, this book may be used as the text for the 
first semester. 

One major consideration in determining the order and method of 
presentation is that many of the students may not have completed a 
course in analytic mechanics. The subject material is so arranged and 
presented, at the risk of sacrificing elegance and conciseness, that this 
group of students may work with a minimum handicap. Starting from the 
very beginning of this book they may proceed without difficulty by omit- 
ting Section 2~7 (with no break of continuity) until they reach the last 
chapter, which may be omitted. It is solely for this reason that the 
operator formulation is left to the last chapter. For those who have had 
a course in analytic mechanics, or are taking it concurrently, it is advis- 





* All mathematical prerequisites-for reading this book, including an elementary 
knowledge of vector analysis, may be found in a textbook of advanced calculus 
such as Osgood’s. 
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able to take up the operator formulation (Chapter 12) right after Chapter 


8, about halfway through the book, or at a time when the Hamiltonian 
theory and the Poisson bracket have been introduced in the concurrent 
course. 

A set of carefully planned problems is appended at the end of each 
chapter. The more difficult ones are marked by an asterisk(*). Problems 
denoted as mathematical exercise are purely mathematical problems and 
may be omitted for those students who are adequately prepared in mathe- 
matics. As the text is complete by itself, students are not required to solve 
any problem in order to be able to read the text. On the other hand the 
problems, usually appended with answers, hints, notes or remarks, supple- 
ment the text and thus form a part of the required reading. In many 
cases, to work out the problem in all its mathematical details is time 
consuming and may be unnecessary; the principles and methods of solving 
the problems should be emphasized, and the available time for working 
problems should be so allocated as to obtain the maximum benefit from 
these problems. 
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CHAPTER 1 
HISTORICAL INTRODUCTION 


1-1 Planck’s theory of blackbody radiation. In 1901 Planck* introduced 
in physics a drastically new idea: he postulated that an oscillator can take 
on only a discrete set of energy values instead of all continuous values as 
tacitly assumed in classical mechanics. Originally, this assumption was 
made to explain the law of blackbody radiation. As history unfolded, 
it turned out that the introduction of this idea marked the beginning of 
a new age in the development of physics, the age of quantum theory. 

Planck’s argument is roundabout and abstruse; it will not be discussed 
in detail here. Nor shall we go through the lengthy thermodynamical 
reasoning leading to the law of blackbody radiation.t+ It will be sufficient 
here to say that the Rayleigh-Jeans law and the Wien law are valid 
respectively in the low- and the high-frequency regions of blackbody 
radiation; that Planck found a formula which not only included these two 
laws as its special cases, but also proved to be the correct formula for the 
entire frequency range; and that Planck tried to find a theory to explain 
his empirical formula. Let us write the Rayleigh-Jeans formula: 








u(v) dv = seals dv; (1-1) 
the Wien formula (in convenient form) :t 
ulv) dv ~ pieP tT. 
and the Planck formula: 
u(v) dv = Sarhv* : dv, (1-2) 


3 
c3 phv/kT oy 


where u(v) is the energy per unit volume of the blackbody radiation in 
the frequency range from v to v + dv, k is the Boltzmann constant, 7’ is 
the absolute temperature, c is the velocity of light, and h is an empirical 


*M. Planck, Ann. d. Phys. 4, 553 (1901). 

t A discussion of blackbody radiation may be found, for example, in Richt- 
meyer, Kennard, and Lauritsen, Jntroduction to Modern Physics (McGraw-Hill 
Book Co.). 

{| For convenience, the empirical constant Wien introduced is written h/k. 
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constant known as the Planck constant. The constant h may be deter- 
mined by fitting Eq. (1-2) with the experimental data, but the following 
best value of h is obtained later by other methods: 


h = 6.625 X 107?’ erg: sec. 


It is easily verified that Planck’s formula includes the other two as its 
special cases. 

All three formulas are represented graphically in Fig. 1-1. The Rayleigh- 
Jeans formula consists of a product of (87v?/c*) dv and kT, the former 
being the number of vibrational waves in the frequency range v to v + dv 
and the latter being the average energy of a mode of vibration at tem- 
perature 7’. Thus the Rayleigh-Jeans law is the result of a straightforward 
application of classical statistical mechanics. Its difficulty lies in the fact 
that it diverges at the high-frequency end. In Planck’s formula, kT’ is 
replaced by hv/(e"”/*? — 1), which approaches zero sufficiently rapidly 
to make Eq. (1-2) converge at the high-frequency end. Thus the Planck 
law seems to imply a modification of the principle of equipartition of en- 
ergy, which may be specified by the following substitution: 


hv 
kT — ————_. (1-3) 
gtvlkT 4 


Such a modification may be realized if, according to the Planck theory,* 
it is assumed that the energy of a mode of vibration of the radiation field 





“We shall follow a simplified approach due to Debye (1910), according to 
which a mode of vibration may be treated as an oscillator. Planck considered 
that the energies given by Eq. (1-4) are those of the oscillators emitting black- 
body radiation, and not the energies of the modes of vibration themselves. He 
then derived his empirical formula by a consideration of + equilibrium between 
the oscillators and the radiation field, 
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can assume only the following values: 
E, = nhv, = '0; 125.85 (1-4) 


in other words, the energy must be an integral multiple: of a quantum of 
energy, hv. If the oscillator can take on any continuous value from 0 to , 
as the classical theory tacitly assumed, the average value of the energy 





will be . 
/ Ee®!*? ga 
E= >. TT = kT, (1-5) 
, goat a 
0 
where e~“/*?, according to the Boltzmann distribution law in statistical 


mechanics, is the relative probability of finding the energy value to be Z. 
According to the Planck hypothesis, Eq. (1-4), the average value becomes 


ro ne 


a) —nhv/kT 
din=0 é 


These summations may be evaluated by using the following identities: 


E= 





(1-6) 








—s- 1t+eta7?4+..., 
= i (1-7) 
As a result, Eq. (1-6) becomes 
ne hye WIRE /(y — ¢WWIRTY2 = fs ea 
1/(1 — et) hvlkT 


Thus the modification specified by Eq. (1-3) is realized by the intro- 
duction of the quantum hypothesis, Eq. (1-4). The above mathematical 
result may be illustrated graphically as follows. In Fig. 1-2 we plot the 
energy of an oscillator or a mode of vibration of the radiation field on the 
vertical axis. The relative probability distribution among these energy 
values is plotted to the left of the energy axis. In Fig. 1-2(a) the energy is 
assumed to be continuous. From the shape of the exponential distribution 
curve the average value of energy may be roughly estimated to be near 
E = kT, where the probability has reduced to 1/e. In Fig. 1-2(b) the 
energy of the oscillator is assumed to take on only a set of discontinuous 
values, each represented by a horizontal line. If the lines are very close 
to one another they may be regarded as forming a continuous band, 
as in ig, 1-2(a), and the average energy will be very close to that shown 
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in Fig. 1-2(a). Therefore the continuous energy spectrum may be re- 
garded as a limiting case of the discontinuous energy spectrum when the 
spacing between two adjacent energy values approaches zero. On the 
other hand, in Fig. 1-2(c), we have a situation where the discrete energy 
values are so widely separated that no allowed energy values are to be 
found near E = kT. In this case, all energy values except H = 0 have 
negligible probabilities, so that the average energy of the oscillator is near 
zero rather than kT’. The average energy approaches zero when the spacing 
approaches infinity. According to Eq. (1-4), the energy spacing 1s pro- 
portional to frequency v. Thus in the low-frequency region the situation 
will be like that in Fig. 1-2(b), while in the high-frequency region 1t will 
be like that in Fig. 1-2(c). The divergence difficulty of the Rayleigh- 
Jeans law is due to the fact that there are too many degrees of freedom 
(proportional to v*) at the high-frequency end, each being assumed to 
have a finite amount of energy kT’. The introduction of the quantum 
hypothesis does not change the situation in the low-frequency region as 
demonstrated in Fig. 1-2(b). However, in the high-frequency region, 
ig. 1-2(c) shows that each degree of freedom, Le., each mode of oscilla- 
tion, shares a negligibly small amount of energy instead of a finite amount 
kT’, so that the total energy of all waves is finite instead of infinite. The 
introduction of the discontinuous energy values thus renders the many 
degrees of freedom at the high-frequency end ineffective so that the distri- 
bution function becomes convergent. oa: 
Although the formula of blackbody radiation may be “explained ’ by 
the quantum hypothesis, the problem is not solved; it is merely shifted 
from the radiation formula to the quantum hypothesis. 
‘The classical theory of physics is formulated on the basis that dynamical 
quantities, including energy, are all continuous, Restricting the energy 


{=== B=kT —~-—E=kT 
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value of an oscillator to a selected set of numbers specified by Eq. (1-4) 
is a concept completely foreign to classical physics. Planck spent the rest 
of his life trying unsuccessfully to reconcile the quantum hypothesis 
with classical theory. With the advantage of retrospect, we now know 
that Planck’s hypothesis is just a first step in a revolution in which many 
continuous physical quantities are to be replaced by discontinuous ones. 
In this revolution, the basic issue is discontinuity versus continuity, which 
is related to the issue of the finite versus the infinite. The divergence 
(infinity) of Eq. (1-1) originates from the fact that both the coordinates 
and the energy are continuous. The continuity of space makes it possible 
to conceive of waves of infinitely small wavelengths; the number of vibra- 
tional modes thus diverges to the square of v. In Planck’s theory the di- 
vergence is eliminated by making the energy variable discontinuous. 
Actually, the concepts of continuity and infinity are sophisticated mental 
products of mathematics. But we have become so accustomed to them 
by our training in mathematical analysis and its applications that we take 
for granted that all physical quantities are continuous without asking for 
experimental substantiation. In the following example we shall show that 
a theory based on the concept of continuity cannot always be continuous 
in every respect. Consider the specific heat of solids. Each atom in a solid 
is assumed to execute vibrational motion in three dimensions and thus is 
equivalent, in terms of energy, to three linear oscillators. If the energy 
variable is continuous, the average energy of one atom will be 3k7. The 
average energy of one mole of material will be 3Nok7’, where No is the 
Avogadro number, and the molar specific heat will be 3N ok or 3R, where R 
is the universal gas constant. Now let the force constant of the oscillator 
increase. This will be accompanied by an increase in the frequency of 
vibration. Yet the specific heat remains 3R no matter how large the 
force constant may become. On the other hand, when the force constant 
reaches infinity, no vibration is possible and the specific heat should be 
zero. Therefore a discontinuous change of the specific heat from a con- 
stant value 3F to zero will take place when the force constant approaches 
infinity. This example shows that the assumption of continuity in energy 
leads to a result of discontinuity in specific heat. If we cannot avoid 
discontinuity in one physical quantity, there is no reason why we cannot 
accept discontinuity in another, say energy. In fact, if we accept Eq. (1-4) 
for the energy of an oscillator, the specific heat C of a solid will be given by 


en __3hv_\. 
C= aT (0 ghvlkT - (1-9) 


When the force constant increases to infinity, this specific heat approaches 
zero gradually instead of discontinuously and there will be no diseon- 
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Specific heat 
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tinuity in specific heat. In a certain sense the theory based on discontinu- 
ous energy values, which may be reduced to the theory based on continuous 
values when the energy spacings are small, seems more flexible. It may 
well be that physical quantities are actually discontinuous and that the 
continuous theory of classical physics is but a macroscopic approximation. 

The preceding discussion of specific heat serves to introduce another 
subject, namely, specific heat at low temperature, which provides further 
evidence that the energy of an oscillator is quantized, i.e., the oscillator 
can take on only a discrete set of energy values. The study of specific 
heat played an important part in the development of quantum theory, the 
theory dealing with quantized physical quantities. On the other hand, 
the quantum theory of specific heat is a straightforward extension of 
Planck’s theory and no new idea is involved. It is thus appropriate to 
include a brief discussion of it in this section, disregarding that this work 
was done two years after another important step in the development of 
quantum theory, i.e., the theory of photoelectric effect, which will be dis- 
cussed in the next section. 

As we have mentioned, classical theory sets forth that the molar specific 
heat of solids is a constant, 32, approximately 6 cal/mole/degree. This 
result, has been verified for many solids at room temperature (Dulong- 
Petit’s law). However, experimental evidence shows that when the tem- 
perature is reduced to near absolute zero, the specific heat decreases to 
zero, thus contradicting the prediction of classical theory (see Fig. 1-3). 


This deviation becomes noticeable at liquid air temperature, although a_ 


few materials such as the diamond reveal the beginning of this deviation 
even at room temperature. In attempting to explain this phenomenon, 
Finstein* in 1907 made the assumption that the oscillators in a solid 
behave just like the Planck oscillator. The specific heat of the solid, 
according to our discussion above, is then given by Eq. (1-9). It actually 
approaches zero when the temperature is reduced to zero. The reason is 
that in the low-temperature region k7' is so small that the situation of 


rd 


"A, Winatein, Ann, d, Phys. 22, 180 (1907). 
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Fig. 1-2(c) prevails for all oscillators, and consequently the average energy 
of each oscillator becomes very small. In spite of the qualitative agree- 
ment, Einstein’s theory is too simple to describe the complicated internal 
motion of a solid. Debye* in 1912 worked out a more complete theory 
which agreed well quantitatively with experimental results. Nevertheless, 
the basic idea involved is the same as Einstein’s. The improvement lies 
in a more detailed analysis of the internal vibrational motion of a solid. 

The specific heat of gases also furnishes evidence for the existence of 
quantized energy values. A diatomic molecule may execute oscillatory 
motion, the two atoms moving closer and farther apart alternately. The 
average energy of this oscillation, according to classical statistical me- 
chanics, is again k7’ and thus contributes to the molar specific heat an 
amount equal to Rk. However, at room temperature experimental results 
do not show such a contribution in many diatomic gases. According to 
quantum theory, this may be explained by assuming that the frequency 
of oscillation is so high that even at room temperature the situation of 
Fig. 1-2(c) prevails and the average energy of this oscillation is nearly 
zero. However, at higher temperatures, when the situation of Fig. 1-2(b) 
prevails, the prediction of classical theory will be valid. This is also 
verified. 

In Debye’s theory the vibrational motion of a solid as a whole is an- 
alyzed. Such a theory is adequate for monatomic crystals. For polyatomic 
crystals, the vibrational motion of the molecule itself, like that of the 
diatomic molecule just mentioned, must also be considered. Accordingly, 
the vibrational frequencies may be divided into two parts: the acoustical 
branch for the vibration of the solid as a whole, and the optical branch 
for the vibration of the molecules. The first part may be treated by the 
Debye theory and the second by the Einstein theory. By such an analysis, 
which is rather complicated, the quantum theory of specific heat is able 
to account for many observed results. 


1-2 Einstein’s photon theory of light. In 1905 Einsteint took an 
important step in the development of quantum theory. Unlike Planck 
who, looking backward, tried to reconcile quantized energies with classical 
theory, Einstein, looking forward, tried to develop the new idea to its 
logical conclusion. His later application of quantum theory to specific 
heat (1907), discussed above, was another step in the same direction. If 
the quantization of energy in blackbody radiation is considered as a 
special instance indicating the existence of a general law of quantization, 
then the same situation may prevail for other types of oscillators, such 

"P. Debye, Ann. d, Phys. 39, 789 (1912). 

{ A. Kinstein, Ann. d. Phys. 17, 182 (1905), 





8 HISTORICAL INTRODUCTION [cHap. 1 


as those contributing to the specific heat of solids and gases. The suc- 
cessful application of quantum theory to specific heat justifies Einstein’s 
foresight. His work in 1905 on the photoelectric effect was carried out 
along the same line of thought. He assumed that the energy of the radi- 
ation field is quantized. Planck assumed that only the energy of an 
oscillator in equilibrium with blackbody radiation is quantized, and he 
derived the law of blackbody radiation by considering equilibrium between 
the radiation field and the oscillators. If the energy of an oscillator is 
assumed to take on only the values nhv, it can change only by an integral 
multiple of hv. In the emission and absorption processes, an oscillator 
thus can absorb or emit radiation energy only in units of hy. The logical 
conclusion seems to be that radiation energy itself exists only in units of hy, 
there being no fractions of one such unit. Since the frequency of an 
oscillator and that of the radiation it absorbs or emits are the same, the 
latter may also be denoted by v, which was defined for the former. Thus 
the energy of a radiation field of frequency v may be regarded as quantized 
to the unit of hy. This is what Einstein assumed. It may be noted paren- 
thetically that Planck did not believe that the energy of a radiation field 
exists in discrete units. 

By means of this assumption, Einstein was able to explain the photo- 
electric effect. This effect was first discovered by Hertz late in the nine- 
teenth century in his experiments on electromagnetic waves to verify 
the Maxwell theory. It is found experimentally that light causes the emis- 
sion of electrons from a metal surface. For a given metal there is a thresh- 
old frequency below which no electrons are ejected no matter what the 
strength of the light intensity. lor a given frequency above the threshold, 
the electrons ejected, no matter how weak the light may be, have the 
same maximum energy, and the emission takes place within a short time 
interval, 107° to 107° sec. These facts are very difficult to understand 
from the point of view of the wave theory of light. According to the wave 
theory, the energy of a light wave is uniformly distributed over its wave 
front. Given enough intensity of light and enough time of exposure, the 
electron may absorb from the wave enough energy to break loose from 


the metal surface. Frequency has no role to play. Thus in wave theory . 


there can be no threshold in frequency; the electron energy and the 
emission time are dependent on the light intensity. Experimental re- 
sults contradict these predictions, and they indicate that frequency, rather 
than intensity, plays the dominant role. In some experiments in which 
light of very weak intensity is used, the time required to absorb the 
necessary amount of energy, according to the wave theory, is calculated 
to be many days, whereas actually the photoelectrons are ejected almost 
immediately. It seems that either the ejected electron is endowed with 
an unusual ability of collecting a large amount of light energy in a short 
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time at the expense of the other electrons, or the necessary amount of 
light energy is delivered in a package and the ejected electron happens to 
be the lucky recipient. By the tradition of the nineteenth-century physics 
and scientific method, the second alternative seems more reasonable; 
the photoelectric effect may be explained by assuming the existence of 
discontinuous units of light energy. Generalizing Planck’s idea and 
applying it to the radiation field, Einstein introduced the concept of the 
unidirectional quantum, i.e., a quantum of radiation energy hv propagated 
in one fixed direction without spreading. Such a quantum has the addi- 
tional attribute that it has a linear momentum and thus has all the ear- 
marks of a particle. Hinstein essentially revived the corpuscular theory 
of light, the light particle being called the photon. According to the Maxwell 
theory, the energy-to-momentum ratio of a plane electromagnetic wave 
is c, the velocity of light. The amount of momentum p associated with 
the energy hy is thus hv/c or h/A. Therefore the energy and momentum 
of a photon are hy and h/X, respectively. 


E=wh, pees 


x (1-10) 


These are known as the Einstein relations for a photon. 

The photoelectric effect, according to the photon theory, may be con- 
sidered as due to the absorption of a light particle by an electron. The 
electron takes over the energy and momentum of the photon. Conserva- 
tion of energy leads immediately to the Einstein equation of photoelectric 


effect, ee 
sMv* = hv — 4, (1-11) 


where 3M? is the kinetic energy of the ejected electron and ¢, the work 
function, is the energy necessary to liberate an electron from the metal.* 
From Eq. (1-11) the threshold frequency v9 may be determined, the 
result being hyp = ¢. Equation (1-11) also expresses the frequency de- 
pendence of the kinetic energy of the photoelectrons. Thus, by the Ein- 
stein equation the experimental results of the photoelectric effects are 
easily explained. 

In spite of this success, the photon theory revived the old controversy 
between the wave and corpuscular theories of light. However, the point 
at issue now is not which of the two theories is correct, but. how to recon- 
cile them. Equations (1-10) define the property of a photon in terms of 
v and X, which are quantities meaningful only in the wave theory. Thus 
the photon theory cannot be stated without reference to the wave theory; 


“Although mass is conventionally represented by the lower-case letter m, 
we use M to distinguish mass from the magnetic quantum number (to be 
introduced later) which is always designated by m, 





10 HISTORICAL INTRODUCTION [cHapP. 1 


the two theories are obviously related instead of contradictory. Einstein 
himself considered the photon theory as heuristic. The unification of the 
two theories, however, was not achieved until a generation later when a 
more general theory, the quantum theory of radiation, was established 
which includes both the Maxwell theory and the Einstein theory as special 
cases, and thus explains both the wave properties (interference and dif- 
fraction phenomena) and the corpuscular properties (photoelectric effects) 
within a single theoretical framework. Since this book deals primarily 
with quantum mechanics of particles, only a very brief discussion of the 
quantum theory of radiation will be given, in Chapter 12. 

Although Eq. (1-11) was proposed in 1905, its conclusive, quantitative 
verification was not made until several years later, the most careful experi- 
ment being that of Millikan in 1916. In the meantime, the photoelectric 
effect induced by x-rays was studied. For this case, the Einstein equation 


may be written 
4Mv? = hr, (1-12) 


because the work function, being several electron volts* in magnitude, is 
negligible compared with the x-ray energy. Also the reverse reaction, 
producing x-rays by stopping high-energy electrons, has been studied. 
The maximum frequency of the x-rays emitted was found to be related 
to the kinetic energy of the electron by Eq. (1-12). The process may 
thus be regarded as one in which a photon is emitted with energy hv equal 
to the energy loss of the electron, Hy — Ey: 


Ky — Ey = bv. 


The photon concept is thus useful in studying the emission process as 
well as the absorption process of a free electron. 


While considering the corpuscular properties of light we may depart 
from historical order to cite another experimentally determined fact, 
namely, the Compton effect, as further evidence. When hard x-rays are 


scattered by electrons, an increase in wavelength is observed which can- 
not be accounted for by the wave theory. In the wave theory no wave- 
length change is predicted (Thomson scattering). In the photon theory, 
however, this Compton scattering may be regarded as a collision process 
between a photon and an electron. The outcome of this collision is de- 
termined by the laws of conservation of energy and momentum. The 
energy and momentum of a photon are given by Eqs. (1-10). The theory 
of Compton scattering may thus be worked out by analogy to the collision 


"The electron volt (ev) is a unit of energy defined as the amount gained by 
an electron in passing through a potential difference of one volt, ita numerical 
value being 1.6021 * 10>! erg, 
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of two billiard balls. Qualitatively, the photon loses energy after collision 
and therefore the frequency decreases because of the relation EK = hv. 
This corresponds to an increase in wavelength. Quantitatively, it can be 
shown (Problem 1-1 at end of chapter) that 


VvW-rA= 2 (1 — cos 6), (1-13) 


where )’ — } is the increase in wavelength, M is the electron mass, and 
6 is the angle of scattering. (The quantity h/Mc, numerically 2.42 x 
10~1° cm, is called the Compton wavelength of the electron.) The agreement 
with experiment is another triumph of the photon theory. Another impor- 
tant feature of Compton scattering, determined experimentally, is that the 
scattered photon is unidirectional, contrary to the classical theory that 
the scattered x-ray forms a spherical wave. 


1-3 Bohr’s theory of the hydrogen atom. The next important step in 
the development of quantum theory was taken by Bohr* in 1913 when he 
proposed the quantum theory of the hydrogen atom and thus initiated 
the so-called old quantum theory. Our knowledge concerning the structure 
of the atom was fragmentary until 1911, when Rutherford performed his 
famous a-particle scattering experiments. This series of experiments 
established the atom as a planetary system with a small but heavy nucleus 
carrying a positive charge at the center of the atom and a number of 
electrons surrounding the nucleus. Once this is established, classical theory 
leads to a number of conclusions: First of all, according to electrostatics, 
the electrons cannot maintain a static equilibrium under the influence of 
the Coulomb forces (Earnshaw’s theorem). Thus, they must be in motion 
like the planets revolving around the sun. Once granted that the electrons 
execute periodic motions, classical electrodynamics requires that the elec- 
trons radiate electromagnetic waves (just like the electrons in the antenna 
of a broadcasting station radiating radio waves), and thus lose their energy 
gradually. Eventually the energy will be dissipated and the electrons will 
collapse into the nucleus. Therefore, according to classical electrody- 
namics, the nuclear atom cannot be stationary. (A state is said to be 
stationary if it remains unchanged in the course of time.) Actually atoms 
usually do not radiate electromagnetic waves and they can be stationary. 
The theory of the nuclear atom thus faces a serious difficulty. 

The origin of this difficulty seems to lie in the fact that we have pre- 
sumed the continuity of energy and space so that the electron is given 
a chance to decrease its energy indefinitely and to curve in indefinitely. 
If the energy is assumed to be discontinuous, this process of losing energy 





"N, Bohr, Phil. Mag, 26, 1 (1913). 
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Figure 1-4 


by radiation will come to an end when the lowest energy value is reached. 
We might have assumed the existence of things (such as the energy below 
the lowest energy value) which actually do not exist and thus have intro- 
duced a theoretical difficulty. 

By 1913 a number of quantum phenomena were already known. The 
energy of the Planck oscillator was known to be quantized. Then energy 
in many other kinds of oscillators in solids and gases was known to be 
quantized. Not only mechanical systems but also the radiation field 
exhibited quantization. Photoelectric effects, the production of x-rays, 
and later the Compton effect provided ample evidence for the quantiza- 
tion of energy of the radiation field. Interactions between a mechanical 
system and a radiation field, i.e., the emission and absorption processes, 
also established the quantization of energy in these systems. Planck’s 
oscillator absorbs and emits energy in the unit of hv. In photoelectric 
effects and production of x-rays, the electron (essentially a free electron) 
increases or decreases its energy from /, to H2 upon the absorption or 
emission of light of frequency v, the frequency being related to the en- 
ergies by the relation #, — EH, = hv. The interactions are such that 
the change of energy of a mechanical system is accompanied by the 
emission or absorption of a photon of the radiation field. With this back- 
ground in mind it will be seen that the Bohr theory to be described pres- 
ently is more or less a straightforward application of these ideas to the 
mechanics of the atom. 

Bohr made two assumptions. The first is that the electron in the 
hydrogen atom can stay only on a series of selected circular orbits (see 
lig, 1-4) specified by the condition that the angular momentum of the 
electron be an integral multiple of h/27, 

nh citi 


Mav ah n > A oe : (1-14) 
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where M is the mass of the electron, a is the radius of the orbit, and 
v is the linear velocity of the electron. These orbits are asswmed to be 
stationary against radiation. The state of motion corresponding to each 
orbit is called a stationary state or a quantum state. The second assumption 
is that the electron may “jump” from one orbit with energy /, to another 
with energy H» and cause the emission or absorption of radiation of fre- 
quency v given by 

E, — BE, = bv. (1-15) 


Since each orbit has a definite energy, the selection of a set of discrete 
orbits implies the quantization of energy, the quantized energy values 
being determined by Eq. (1-14). Equation (1-14) may thus be called the 
quantum condition. The second assumption determines the frequency of 
the radiation and Eq. (1-15) may thus be called the frequency rule. Ac- 
tually, in the first assumption Bohr extended the idea of energy quantiza- 
tion from an oscillator to the hydrogen atom, although he introduced a 
rule of quantization different from that of Eq. (1-4). Once the energy is 
quantized, it can change, in the course of emission and absorption of 
radiation, only in discontinuous steps among the quantized energy values; 
the frequency rule, Eq. (1-15), thus appears to be a natural generalization 
of Eq. (1-13) from the photoelectric effect, to the atomic system. At 
first look, the quantum condition, Eq. (1-14), does not seem to be related 
to that of the oscillator, Eq. (1-4). In the next section, however, we shall 
see that they are related. 

Let us consider the consequences of these two assumptions. Denote the 
nuclear charge by Ze for generality where Z is the atomic number and e is 
the numerical value of the electronic charge, i.e., 


e = +4.8029 x 107! esu. (1-16) 


For an electron in a circular orbit the centripetal force must equal the 
Coulomb force between the nucleus and the electron, 








Mv? — Ze? 
a a lei 
Combining Eqs. (1-14) and (1-17) we have 
QnZe* 
Salis (1-18) 
and 
2) 2 
nh 
°= TeM Ze dis 


These equations give the velocity and radius of an orbit characterized by 
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Figure 1-5 


an integer n. The integer 7 is called the quantum number. The energy of 


this orbit is 
Ze? 


2 a 
1 Ze? _ Ze? 
2 a a 





E, = 1 yy? 


2177254 
=e, n=1,2,.... (1-20) 
These quantized energy values are plotted in Fig. 1-5. We note that the 
quantized energy values form a spectrum different from that of Eq. (1-4). 
The quantization of mechanical systems seems more complicated than 
that of the radiation field, which is always quantized to equal units hv. 
Each mechanical system has its own rule of quantization. The oscil- 
lator is quantized to equal intervals, whereas the hydrogen atom is quan- 
tized to a scheme shown in Fig. 1-5. For other mechanical systems, other 
rules of quantization are needed; and the task of finding the correct rule 
of quantization becomes the main concern of the old quantum theory. 
After having obtained the quantized energy values, we now apply the 
second assumption to derive the frequencies of radiation that may be emit- 
ted or absorbed by the hydrogen atom. The frequency rule gives 





ee 20°MZ7e4 (: ") 


an Or ae 
for emission: m =1,2,... 
ny ony -+ l,np+2,... (1-21) 


for absorption; ny 1 
nym 2,8,..., 
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where n; and ny are the initial and final values of n for a particular 
quantum transition (or “jump”). When ny = 1, Eq. (1-21) reproduces 
the frequencies of the lines forming the Lyman series; ny = 2 corresponds 
to the Balmer series; ny = 3, the Paschen series, etc. The agreement be- 
tween the predicted and observed values for the multitudes of spectral 
lines is so excellent that one feels the Bohr theory has made a break- 
through in the development of a theory of the atom. It is the first theory 
of line spectrum that agrees with experiments. 

We shall not discuss other applications of the Bohr theory at this 
point. Some of the quantities derived here will be useful later, and we 
shall now express them in more convenient forms. From Eq. (1-20) we 
calculate the lowest of the quantized energy values by substituting n = 1 
and Z = 1. The result is —13.6 ev (electron volt). The corresponding 
stationary state is called the ground state. Other states are called excited 
states. The energy values of the states may be represented by the energy 
levels in Fig. 1-5, which may be called the energy level diagram or the 
level scheme. Equation (1-20) may be more simply written as 


yh 
En = —138.6 n2 ev. (1-22) 


From Eq. (1-19) we calculate the first Bohr radius ao, i.e., the radius of 
the first orbit, by substituting n = 1 and Z = 1, 


h? 


=a = 0.529 x 1078 em. (1-23) 


ao 
This radius of about half an angstrom agrees in order of magnitude with 
the radius of the atom estimated by the kinetic theory of gases—an 
interesting byproduct of the Bohr theory. The radii of the excited states 
may be expressed by 
2 
n 
a= vA ao. (1-24) 
The velocity of the electron in the ground state may be calculated from 
Iq. (1-18), the result being 1/137 of the velocity of light. We may make 
use of the so-called Sommerfeld fine structure constant a, defined by 





Qne> 9r 
Ce he  ade (-28) 

Equation (1-18) may thus be rewritten 
v= g ac. (1-26) 
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The electron moving in a circular orbit gives rise to a circular current 
which has a magnetic moment pu, the magnitude of which in emu is given 
by the product of the current and the area of the circuit loop: 


ev " eh . 
2mrac-—F— 4 Mc 





p= 1a” (1-27) 
The magnetic moment is thus an integral multiple of a unit eh/47Mc, 
this unit being known as the Bohr magneton. 

The Bohr theory applies only to circular orbits. Bohr assumed that 
the hyperbolic orbits corresponding to positive energy values are not 
quantized. Thus the energies of the hyperbolic orbits form a continuous 
band above the # = 0 line in Fig. 1-5. Transitions to and from this 
band correspond to absorption and emission lines forming a continuous 
spectrum beyond the series limit of the discrete spectrum. The continuous 
spectrum is also observed. 

According to the Bohr theory, the energy of an atom cannot take on 
any arbitrary continuous values. After Bohr propounded his theory in 
1913, Franck and Hertz* immediately started experiments on electron 
collisions with atoms; and their results verified the existence of discrete 
energy levels. The quantization of energy of the atomic systems is thus 
an experimentally established fact. 

In spite of the success of the Bohr theory, it must be kept in mind that 
this theory consists of incoherent parts and cannot be considered as com- 
plete and satisfactory. It retained classical mechanics but arbitrarily 
restricted it by the quantum -condition; it rejected classical electro- 
dynamics and replaced it by the frequency rule. However, its many 
successes make one feel that if a coherent and satisfactory theory is to 
be developed, it will have to embrace the salient points of the Bohr theory. 
As the quantization of energy is a universal phenomenon, any physical 
theory must adapt itself to accommodate it. Two problems thus arise. 
l'irst, how is a general mechanical system quantized? In other words, 
what is the general rule of quantization for a mechanical system? We 
have seen that the oscillator and the hydrogen atom are quantized accord- 
ing to different rules. We want to know if there is a general rule which 
may be applied for the quantization of any mechanical system. Such a 
rule may be sought on an empirical basis at first, but eventually it has to 
be made a coherent part of the whole theory. Once the energy is quan- 
tized, any change of energy can take place only in discontinuous steps. 
Therefore, all physical processes involving energy exchange assume a 
discontinuous character. Now classical theory is based on the concept that 


* Vranck and Hertz, Verhandlungen der Deutschen Physikalische Gesellschaft, 
18, O14 (1018), : 
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physical quantities and processes are all continuous, and this leads to the 
second problem: how to formulate a physical theory which describes 
physical processes in discontinuous steps. Furthermore, since classical 
theory is valid in macroscopic physics, the new theory, if it is a general 
theory, must include classical theory as a limiting case. The continuum 
of energy in classical theory most likely is an approximation of the quan- 
tized energy levels when the latter are so densely spaced that a con- 
tinuous approximation may be valid. The classical theory may be just 
a continuous approximation of the quantized theory. In developing such 
a quantum theory, the rules of quantization for the oscillators and the 
hydrogen atom are important clues for the first problem. The frequency 
rule, which is essentially equivalent to the Hinstein equation for the 
photoelectric effect, is important for the second problem. In the next 
section we shall discuss the work in this direction between 1913 and 1925 
which constitutes the old quantum theory. The satisfactory solution of 
these problems, however, has to be found later in quantum mechanics. 


1-4 Sommerfeld’s generalization and the old quantum theory. Sommer- 
feld took the next important step after Bohr in developing quantum 
theory. He succeeded in introducing a general rule of quantization* 
which, in spite of its limitations, gave good results in a number of cases 
and thus partially solved the first problem mentioned at the end of the 
last section. For a multiply periodic system described by the generalized 
coordinates qi, g2,...,4q and the generalized momenta p,, po,..., Ps, 
Sommerfeld proposed the following quantum conditions that determine 
the stationary states and quantized energy levels, 


Nz: Integers, 


1-28 
b= 1,2)... .;f. vee) 


$Pr dqx = nh, 


In this equation the integral is to be performed over one cycle of the 
variable q;,, and f is the number of degrees of freedom. If we apply this 
condition to the circular orbit, the result obtained is the same as the 
Bohr quantum condition, 


$e dé = $Mva dé = 2nMva = nh; (1-29) 
*.Mva = ue nme = 1,2 (1-30) 
Pains sas , @—1,4,.... 


* A. Sommerfeld, Miinchen Sitz., pp. 425, 459 (1915); Ann. d. Phys. 51, 1 


_ (1916). The rule was proposed independently and almost simultaneously by 


W. Wilson, Phil. Mag, 29, 795 (1915); 31, 156 (1916), It is thus known as the 
Wilson-Sommerfeld quantum condition, 
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Applying this condition to an oscillator the coordinate of which is given 
by x = A sin wt, with the period of oscillation denoted by T and energy 
by H, we obtain the Planck quantum condition, 


$e dx = $M A*a” cos? wt dt = MA°w?3T; (1-31) 
- $p: dz = ET = nh; (1-32) 
E= nk, n=0,1,2,.... (1-33) * 


That the Wilson-Sommerfeld quantum condition includes the Planck and 
the Bohr quantum conditions as its special cases gives us some confidence 
in its general applicability. Sommerfeld applied his quantum conditions 
to the elliptical orbits of the hydrogen atom and thereby generalized the 
Bohr theory. For elliptical orbits there are two generalized momenta: the 
radial momentum p, and the angular momentum pp. The two quantum 
conditions are 


$Pr dr = n,h, ne = 0; 1, 23a85-, (1-34) 
$pe dé = mh, mo =1,2,.... (1-35) 


Here, no starts from 1 instead of 0 because of the following consideration: 
mp = O means no angular momentum; the elliptical orbit thus collapses 
into a line passing through the nucleus, which does not seem physically 
possible. Whereas the Bohr quantum condition is satisfied by a set of 
discrete circular orbits, the Sommerfeld quantum conditions are obeyed 
by a set of discrete elliptical orbits. We shall omit the mathematical 
derivation (Problem 1-2) and simply state the results. The energies of 
the elliptical orbits are 


, 23°MZ"e* 
E =—eR (n, + 19) 2h2- (1-36) 
Let 
n = Ny + Ne, WSL Qe er (1-37) 


Respectively, n;, me, and n are called the radial, azimuthal, and principal 
quantum number. Equation (1-36) may be rewritten as follows: 


e Qn°MZ"e4 
2S es n= 1,2,..., (1-38) 
* There is some confusion as to where the integers start. In Eq. (1-30) they 
start at unity, while in Nq. (1-88) they start at zero, This point is not clearly 
wottled in the Sommerfeld theory, and we shall see other examples of it later. 
Thin jaan unsatiafactory feature of the old quantum theory, 


—oy 
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Figure 1-6 


which is identical with Bohr’s result, Eq. (1-20). Thus the success of the 
Bohr theory is retained. The elliptical motion has two degrees of freedom 
and thus has two constants of motion: one is the energy / and the other 
is the angular momentum py. The energy is quantized according to Eq. 
(1-31). On the other hand, Eq. (1-35) gives rise to the equation 
h . 
r= mH 5e m= 1,2,..., (1-39) 
so that the angular momentum is also quantized (a result also implied in 
Bohr’s theory). According to the Wilson-Sommerfeld quantum condi- 
tions, a system of f degrees of freedom has f integral quantum numbers 
and therefore the f constants of motion are all quantized. Thus the concept 
of quantization is extended from energy to many other quantities. Having 
described the dynamical properties of the elliptical orbits, we now turn 
to their kinematical properties. The semimajor axis a and semiminor axis b 
may be shown to be given by the following expressions: 


n2 


a= vA ao, (1-40) 
b= y ao, (1-41) 


where do is the first Bohr radius. Both the energy and the semimajor axis 
depend on the principal quantum number 7 only. For a given n, ne can 
be any number from 1 to n corresponding to n ellipses having the same 
energy and semimajor axis, but differing in their angular momenta and 
semiminor axes. The ellipses may thus be classified according to the 
principal quantum number n as in Fig. 1-6. The energy level diagram is 
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the same as in the Bohr theory. However, each level designated by n 
actually represents the energy of n elliptical orbits that happen to have 
the same energy. As these n orbits are different in other respects, it seems 
appropriate to show them separately in the energy level diagram. We 
adopt a scheme shown in Fig. 1-7 where the energy of each ellipse is repre- 
sented by a line and energy levels of the same ng are grouped together in 
a column. In Fig. 1-7 we show some of the ellipses for easy identification. 
The vertical scale represents the energy and the columns specify the 
angular momentum. 

Sommerfeld’s next step was to introduce relativity into the quantum 
theory. According to the special theory of relativity, the mass of a par- 
ticle increases with its velocity ; the change becomes appreciable when the 
velocity approaches the velocity of light. The dependence of mass on 
velocity is given by Mo 


t= Gaye. 


The velocity of the electron in the first Bohr orbit is ¢/137. The corre- 
sponding change of mass is small but detectable. This change of mass 
gives rise to small changes of the orbit; a detailed mathematical analysis 
shows that the orbit is no longer a closed curve but may be approximated 
by a precessing ellipse, similar to the advance of perihelion of the planetary 
orbits. The relativistic effect also gives rise to small changes in energy. 
Sommerfeld carried out the calculation in detail and showed that the 
energies of the n “ellipses” with the same principal quantum number n 
are no longer the same. Thus each level in Fig. 1-5 splits into a number 
of closely spaced levels: the ground state does not split, the first excited 
tate (n = 2) splits into two, the nth into n levels. As a result each line 
in the spectrum splits into a number of lines of nearly the same frequency. 
The wplitting of a line into a number of components was actually observed 
in spectroscopy and this fact was known as the fine structure of spectral 
lines, ‘The success of the Sommerfeld theory in deriving the eorreet fine 


(1-42) 
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Figure 1-8 


structure formula of the hydrogen atom is a major triumph of the old 
quantum theory. Although Sommerfeld’s success, as we shall see later, 
is partly accidental, the formula bearing his name survived many changes 
of the theory until the discovery of the Lamb shift in 1947. 

The meaning of the Wilson-Sommerfeld quantum condition may be 
brought out clearly by considering the motion in phase space. Let us take 
the oscillator as an example. The phase space for the oscillator is a two- 
dimensional space with « and p, as its coordinates (see Fig. 1-8). As 
the oscillator moves, both x and p, change with respect to time. Thus the 
representative point (x, px) moves in phase space. Because the motion 
of the oscillator is periodic, the representative point will return to the 
starting point after one period of oscillation, and its path will be a closed 
curve. For a linear harmonic oscillator, x and pz are trigonometric func- 
tions with a phase difference of 90°, the closed curve being an ellipse. 
The integral appearing in the quantum condition is actually the phase 
integral, and its value represents the area inside the closed curve. The 
quantum condition thus means that the area inside the closed curve is 
an integral multiple of h. Figure 1-8 shows that the series of curves 
representing motions obeying the quantum condition cut the phase space 
into equal areas of h. In other words, each stationary state corresponds 
to an area of h in the phase space, and the quantum condition thus im- 
plies the quantization of the phase space. In classical statistical me- 
chanics the phase space is assumed to be continuous, capable of being 
subdivided into parts as small as we wish without limit. The quantum 
theory thus requires a modification of classical statistical mechanics. In 
fact the failure of the latter in the theory of blackbody radiation is rooted 
on the presumption that phase space may be indefinitely subdivided. 
Planck was led to his theory by considering the energy distribution from 
the point of view of phase space. He noted that Eq. (1-3) requires that 
at low temperature the average energy of an oscillator be much lower 
than k7’. This may be the case only if we forbid the energy values im- 
mediately above zero to appear, i.e., the energy must be discontinuous 
from zero up. 
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Figure 1-9 


The significance of the phase integral may be demonstrated by a theo- 
rem in classical mechanics described below. Consider a particle of mass M 
moving in a potential U(x) shown in Fig. 1-9. Given energy E, the par- 
ticle is confined in a region A < x < B, where A and B are two points 
dependent on E. Let the phase integral be J. Then 


I= $s dx 
(1-43) 





of? MV @/ME — Ue) de 
A(E) 


Differentiation with respect to E leads to the following result (remember 
that the integrand vanishes at both limits) : 





dl B(E) 
= M/Z +0+0 
ae ee, = 6 = “Te 
B(E) 
a 
A(E) UV 


= Tf, 
where 7 is the period. In terms of frequency v, we have 


di 

T= (1-44) 
We now consider this relation in connection with the quantum theory, 
taking the Bohr orbits of the hydrogen atom as an example. When the 
quantum number n is large, say 1,000,000, a small change of n, say 1 or 
2 units, will not change the energy and radius of the orbit much and we 
may consider the two orbits of n e 1,000,000 and n = 1,000,001 as ap- 
proximately the same. In other words, in the high quantum number re- 
gion, the quantized energies and orbits are so close that they may be 
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treated as being continuous. As a result, classical mechanics may be valid, 
and we may invoke Eq. (1-44), 


dE Ey —E£E, 
=ar= ear t =5. (1-45) 
Since J is an integral multiple of h, the value of I, — In will be h if 
n’ —n = 1. Therefore 


Eni — En = Ww. (1-46) 


Note that the quantity v here is the frequency of the mechanical oscil- 
lation of the nth orbit (or the (n + 1)th, as these two are nearly indis- 
tinguishable). Comparing Eq. (1-46) with the Bohr frequency condition, 
we conclude that the frequency of the radiation emitted when transition 
(n + 1) — n takes place is the same as the instantaneous frequency of 
the mechanical oscillation. This is exactly what the classical electro- 
dynamics asserts.* In other words, Bohr’s frequency rule agrees with 
classical electrodynamics in the high quantum number region. This is 
a very important result. When we first stated the frequency rule, it ap- 
peared to have no connection of any kind with classical electrodynamics. 
This result is a strong suggestion that classical theory, mechanical as well 
as electrical, is a continuous approximation of a discontinuous theory and 
is valid in the high quantum number region where the discrimination of 
an orbit of m = 1,000,001 from that of m = 1,000,000 is unnecessary. 
From this point of view, the classical and quantum laws must be the 
same in a region where n is large enough to be regarded as a continuous 
variable. There then exists a correspondence between these two, and the 
quantum laws in the high quantum number region may be guessed at from 
the classical laws. This is the essence of the so-called correspondence 
principle of Bohr (1923). Once the quantum laws in the high quantum 
number region are obtained in this way, they are assumed to apply equally 
well in the low quantum number region; a complete quantum theory may 
thus be established. The correspondence principle is thus the answer by 
the old quantum theory to the second problem stated at the end of the 
last section: the formulation of a theory for discontinuous physical proc- 
esses. As an illustration of the application of the correspondence principle 
we discuss the selection rules of optical transitions which have some bearing 
in later discussions. 


* Classical electrodynamics also predicts the emission of the harmonics 2», 
3v,..., nv, in addition to the fundamental frequency v. These correspond to 


quantum transitions in which J, — I, equals 2h, 3h,..., nh, respectively, 
since the Bohr frequencies of these transitions are 2v, 3v,..., nv by virtue of 
Bq. (1-45). 
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In spectroscopy it was found that not all transitions among the levels 
in Fig. 1-7 are possible. The correspondence principle leads to the result 
that in a transition the quantum number n, may change by any units, 
whereas n» may change only by one unit,* ie., 


Ang = +1. (1-47) 


This means that transitions can take place only between levels which 
belong to adjacent columns in Fig. 1-7. Selection rules of this kind have 
been derived for a number of cases and they agree with experimental 
results. 

The old quantum theory has been extensively developed, based on the 
Wilson-Sommerfeld quantum condition and the Bohr correspondence 
principle. By generalization and elaboration it was made applicable to 
a number of atomic systems and physical processes. It succeeded in ex- 
plaining a large body of experimental data in spectroscopy. Most impor- 
tantly, it explains not only the Zeeman effect (changes in spectra due to a 
magnetic field) but also the Stark effect (changes in spectra due to an 
electric field). While the Zeeman effect can be explained by classical 
theory, the Stark effect cannot. The success in explaining the Stark effect 
was considered a major triumph of the old quantum theory. It may be 
mentioned parenthetically that the Zeeman effect is accounted for by 
introducing space quantization, i.e., the orientation of an elliptical orbit 
in space is quantized and can take on only a finite number of specified 
orientations with respect to an external field. In spite of many successes, 
the old quantum theory is unable to account for the half-integer quantum 
numbers, the existence of which is forced on us empirically. It is unable 
to give even a qualitative account of the spectra of the helium atom and 
the hydrogen molecule. It soon becomes evident that the difficulties of 
the old quantum theory cannot be removed by minor modifications. A 
new theory is required. We add here in passing that some of the results 
of the Sommerfeld theory, such as the assignment of the angular momen- 
tum to the states represented in Fig. 1-7, are not correct and have to be 
revised according to quantum mechanics. 


* The orbital motion of a charged particle when the orbit is not a closed curve 
may be considered as a closed-curve motion with angular frequency w, super- 
imposed with a precessional motion of angular frequency ws — w;. The co- 
ordinates a, y, 2 expressed in Fourier series thus contain all harmonics of ow, 
but only the fundamental of w. These are the frequencies, according to classi- 
onl electrodynamics, that appear in the radiation emitted by the particle. In 
the high quantum number region these frequencies correspond to quantum 
transitions with arbitrary An, and Ang @ del by virtue of Eq. (1-45). Accord- 
ing to the correspondence principle, we conclude that An, may be arbitrary 
and Any must bo eel, Once these rules are established in the high quantum 
number Yoglon, they are assumed to hold for all quantum numbers, 
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(a) Bohr’s theory (b) Classical theory 


Fic. 1-10. Schematic diagram of transition of states. 


The first appearance of quantum effects puzzled and shocked physicists. 
It seemed as if nature had unexpectedly betrayed us. After the first 
impact is over, we come to realize that the discontinuous nature of phys- 
ical quantities and natural processes is a fact of universal occurrence, 
ignored previously because of the inadequacy of experimental observation. 
Our physical theory must then be generalized in such a way that dynamical 
quantities are allowed to be discontinuous and natural processes are de- 
scribed in terms of discrete transitions rather than continuous evolution. 
Such a theory is called a quantized theory. 

In the region of high quantum numbers (corresponding to macroscopic 
phenomena) the discreteness of the dynamical quantities and natural 
processes are so inconspicuous that a continuous approximation may be 
valid. The classical theory of physics may be just such an approximation 
of the quantized theory. On the other hand, in the low quantum number 
region (corresponding to atomic phenomena) the difference between the 
classical theory and the quantized theory becomes apparent. The quan- 
tized theory thus appears to be a natural extension of classical theory into 
a region where classical theory, verified only by macroscopic observation, 
has no right to claim validity. This observation may be illustrated with 
the Bohr theory as an example. The Bohr theory provides a series of 
discrete orbits over which the radiating electron jumps down in cascades 
to the lowest energy level. Having reached the lowest level it. stops jump- 
ing; there is no other level to jump into [see Fig. 1-10(a)]. In the region 
of high quantum numbers the orbits are so close together that the cas- 
cading process through a number of orbits may be approximated by a 
continuous spiral [see Fig. 1-10(b)]. Actually, according to classical 
electrodynamics the electron should follow such a spiral path, The fre- 


~ quencies of radiation emitted during the cascading transitions are repre- 


sented by the slopes (7g — /;)/h of the broken line in Fig. l-11, Again, 
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Figure 1-11 


in the high quantum number region a continuous approximation may 
be valid which takes the form of the curve in Fig. 1-11. In fact the slope 
of this curve gives the classical frequency dH/dZ. Both continuous ap- 
proximations agree with the classical theory in the high quantum number 
region. On the other hand, both cease to be valid in the low quantum 
number region. There the curve of Fig. 1-11 is no longer a good approxi- 
mation of the broken line and the spiral in Fig. 1-10(b) curves into the 
nucleus instead of terminating at the innermost quantized orbit. 

Although the general features of the quantized theory are borne out in 
the old quantum theory, the latter is not a coherent theory. Efforts 
to formulate a satisfactory quantized theory culminated in 1925 in the 
establishment of quantum mechanics, which will be the main concern of 
this book. The remainder of this chapter will be devoted to the historical 
development of this theory. 


1-5 De Broglie’s wave theory of matter. A new page was turned in 
1923-1924 when de Broglie* introduced the wave theory of matter. 
Inasmuch as many elements of his theory will be discussed mathematically 
in detail in Chapter 2, we shall not present it here as fully as we did the 
Bohr theory. We shall concern ourselves only with the historical aspect. 

The similarity of the equations of motion in corpuscular mechanics 
and wave propagation (the principle of least action and the Fermat 
principle) strongly suggested to de Broglie that there exists a close rela- 
(ion between the concepts of particle and wave. Since radiation is known 
10 have a dual property in that it behaves like a wave in interference and 
* 1, do Vroglie, Those, Paria (1924); Phil, Mag. 47, 446 (1924); Ann, d. Phys. 
4, 22 (1025), 
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diffraction phenomena and like a particle in photoelectric and Compton 
effects, de Broglie reasoned that matter might also have a dual property. 
A wave of frequency v and wavelength \ might be assumed to be associ- 
ated with a moving particle of energy H and momentum p. In strict 
analogy to the Einstein relations, Eqs. (1-10), he assumed the relations 
between v, \ and E, p to be 





(1-48) 


These are known as the de Broglie relations. In arriving at these, he was 
guided by a consideration based on the special theory of relativity. The 
phase of a wave, 27(o,0 + o,y +022 — vt), where oz, Gy, 0, are the three 
components of the wave number vector, is a relativistic invariant. As a 
result the four quantities o,, gy, 72, v transform like a four-vector when 
a space-time transformation (Lorentz transformation) is carried out. On 
the other hand, the four quantities p,, py, pz, H transform in exactly the 
same way. It seems reasonable to assume that the two sets of quantities 
are proportional to each other. If the proportionality constant is identified 
with the Planck constant, we have the Einstein or de Broglie relations. 
iven, the phase velocity V 





V=wyw 


Moc? 2 Mov 
V1 — (v2/c2) V1 — (v2/c?) 





’ (1-49) 


[1% 


where v is the velocity of the movi ticle. Although the phase velocity 


is greater than the velocity of light, no contradiction to relativity will 
ensue, for the phase velocity is not the velocity of energy propagation. 
In wave motion, it is usually the group velocity (to be discussed more in 
detail in Section 2-1) that represents the velocity of energy propagation. 
The group velocity vg of the de Broglie waves may be calculated according 
to a formula to be derived in Chapter 2 (Eq. 2-14), 


vy, = dy = dk = 
0 a/\)~ dp 





(1-50) 


The group velocity thus turns out to be the same as the velocity of the 
particle. Therefore a moving particle may be represented by a wave 
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packet (to be discussed in detail in Section 2-1) of de Broglie waves. The 
propagation of a wave packet is determined by the Fermat principle 
which, by the substitution of the de Broglie relation p = h/), leads to 
the principle of least action (also see Section 2-1). Thus the equation of 
motion of the particle is implied in the wave theory. The kinematical and 
dynamical attributes of a particle may therefore be regarded as manifesta- 
tions of de Broglie waves and the wave theory may include the corpuscular 
mechanics as a special case. Furthermore, the wave properties so intro- 
duced may be invoked in an attempt to explain quantum phenomena. 
In fact, de Broglie succeeded in deriving the quantum condition from such 
a consideration. In a circular orbit of the hydrogen atom, the length of 
the circle, according to the wave theory, must be an integral multiple of 
the wavelength. Otherwise the wave, after having traveled once around, 
will be out of phase with the original wave; the waves, having traveled 
1, 2, 3,..., times around, will have random phase relations to one another 
at any point so that the resultant wave will be zero (due to interference). 
The condition that a nonvanishing wave may be established along a cir- 
cular orbit of length s is thus 


$Sin, n=1,2.... (1-51) 
r 
The de Broglie relation then leads to the following equation: 

$ Ps ds =nh n= 1,2,..., (1-52) 


which is the quantum condition. In the old quantum theory, the quantum 
condition is introduced without any explanation. In the de Broglie theory 
the origin of the quantum condition is traced to an assumed wave prop- 
erty of matter. Incidentally, another pleasing point is that light may be 
regarded as a special kind of de Broglie wave and the dual property of 
light may thus be accounted for. 

While the dual property of light had been well established by 1924, 
the dual property of matter was merely speculation by de Broglie at that 
time. This speculation was experimentally verified by Davisson and 
Germer* in 1927 and later by many others. Diffraction of electron beams 
was achieved by using crystals as the grating, and the de Broglie relation 
p = h/» was verified for electrons of various energies. Not only electron 
beams but also atomic beams of helium and molecular beams of hydrogen 
wore diffracted on a crystal surface. The wave property of matter is thus 
An experimentally established fact, 


* Davinson and Germer, Phys, Rev, 30, 705 (1927); Proceedings of the National 
Academy, 14, 817, (1928), 
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The success of de Broglie’s theory only leads to a more intriguing prob- 
lem concerning the dual property of matter and radiation. However, we 
shall not concern ourselves with the question: Is the electron a particle 
or a wave? Electron diffraction experiments tell us merely that under 
certain conditions an electron beam behaves like a wave. They do not 
identify it as a wave. At best we may say that the electron has a wave- 
like property. Similarly in view of the photoelectric effect we may merely 
say that light has a particle-like property. Experimental evidence tells 
us only that both matter and radiation have some particle-like properties 
and some wavelike properties. The task before us is to construct a logically 
consistent and coherent theory, not merely a collection of ad hoc assump- 
tions, which accounts for all the observed properties. Classical corpuscular 
theory explains the particle-like properties but not the wavelike properties. 
Classical wave theory does just the opposite. Both are incomplete. Quan- 
tum mechanics, as we shall see in later chapters, accounts for both kinds 
of properties. Once such a theory is established, the dual nature of matter 
and radiation is no longer a mystery and the question of whether the elec- 
tron is a particle or a wave disappears. 

We have discussed two classes of quantum phenomena, namely, the 
quantization of energy and the wave property of matter. The latter cannot 
be accounted for in the old quantum theory, a serious defect of this theory. 
Both may be accounted for in the de Broglie theory without introducing 
any ad hoc assumption regarding quantization. This important achieve- 
ment is retained in quantum mechanics, as will be seen in later chapters. 

To emphasize that a wavelike property does not necessarily guarantee 
the existence of a physical wave, we shall discuss here a quantum theory 
of diffraction by Duane* (1923). The diffraction of light was considered 
as evidence proving that light is a wave. Nevertheless, we shall see in this 
theory that the diffraction phenomena may be explained by a quantum 
theory of the light particle. Consider that a photon impinges on a grating 
of spacing d with an incident angle 7 and emerges with an angle r (see 
Fig. 1-12). The momentum transferred to the grating along the surface 
of the grating is 


Py = a (sini — sin r), (1-53) ie 


according to the law of conservation of mo- 
mentum. On the other hand, an infinite grat- 
ing may be considered as a periodic system, 
and a vertical motion over a distance d Miaune 1-12 





*“ W. Duane, Proc, Nat, Acad. Sci, 9, 158 (1923), 
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completes one cycle of a periodic motion. The Wilson-Sommerfeld 
quantum condition thus gives rise to the following equation: 


Pr dy = py = mh (1-54) 
or 
h 
Py = "7 (1-55) 


The quantum condition thus requires that the momentum transferred to 
the grating be quantized to the unit of h/d. Combining Eqs. (1-53) and 
(1-55), we obtain 

nd = d (sini — sinr). (1-56) 


This is identical with the equation derived in the wave theory specifying 
the directions of the diffracted rays caused by a grating. Thus the same 
result may be derived by either the wave theory or the corpuscular theory. 
This example shows that the observation of a diffraction phenomenon does 
not necessarily prove that light isa wave. The wave theory is but one of 
the theories that explain the diffraction phenomenon. From such an ex- 
periment we can say no more than that light has a wavelike property. 


1-6 The development of quantum mechanics. In 1925 Heisenberg* 
introduced a system of mechanics, later known as matrix mechanics, in 
which classical concepts of mechanics were drastically revised. He con- 
sidered that the atomic theory should emphasize the observable quanti- 
ties, namely, the frequencies and intensities of the spectral lines, rather 
than those not directly observable, such as the shape of the electronic orbit. 
This theory was rapidly developed by Heisenberg, Born, and Jordan, 
making use of matrix algebra. We shall not discuss it in detail. It 
may be considered as a calculus of the observable quantities. If the 
mathematical problem involved can be solved completely, this theory can 
predict the frequencies and intensities of the spectral lines. 

Parallel to the development of matrix mechanics, Schrédingert in 1926 
initiated a new line of study, inspired by de Broglie’s wave theory of 
matter, which was then developed into a system of wave mechanics. He 
introduced an equation, now bearing his name, as the “equation of mo- 
tion” of the de Broglie waves. From this equation, quantization follows 
automatically; wave mechanics thus becomes a powerful tool for the study 
of quantization. Its mathematical apparatus, involving the solution of a 
partial differential equation, is more convenient to handle than that of 
matrix mechanics and thus it is more widely used in practical applications. 


* W, Ilelwonborg, Zeits. f, Phys, 38, 879 (1925). ; 
{ 1, Mehrddinger, Ann, d. Phys. 79, 801, 480; 80, 437; 81, 100 (1026), 
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Not long after, Schrédinger proved that wave mechanics was mathe- 
matically equivalent to matrix mechanics. On the other hand, the phys- 
ical meaning of the new theory was not clear at first. Schrédinger first 
considered the de Broglie wave as a physical entity, i.e., the electron is 
actually a wave. But this soon led to difficulty. A wave may be partially 
reflected and partially transmitted at a boundary, but an electron 
cannot be split into two parts for transmission and reflection. The 
difficulty was removed by Born,* who proposed a statistical interpretation 
of de Broglie waves which is now generally accepted. The introduction of 
the statistical interpretation results in a drastic change in scientific 
thought, for it replaces the deterministic classical theory by a proba- 
bilistic theory. De Broglie, conceding that kinematics may be probabilistic 
because of the wave property, once tried to retain a deterministic dy- 
namics (the pilot wave theory) but was not successful. The new theory 
based on the statistical interpretation was very rapidly developed into a 
general, coherent system of mechanics which now bears the name quantum 
mechanics. To this, Dirac, Jordan, Heisenberg, and Pauli made important 
contributions. Applications of the theory, made in many branches of 
physics, met with remarkable success. 

So far we have confined ourselves to the development of quantum 
mechanics as applied to atomic systems. This subdivision may be called 
quantum mechanics of particles. However, atomic systems interact with 
the radiation field, and a complete theory cannot leave out the latter. 
Furthermore, the quantum theory originated from a study of the quan- 
tum effects of the radiation field (the blackbody radiation, the photo- 
electric effects); and to account for these effects, a quantum theory of 
radiation is necessary. On the other hand, the development of the general 
theory of quantum mechanics leads to the establishment of a general 
technique of quantization which may be applied to many other physical 
systems. The application of the general methods of quantization to the 
radiation field resulted in the development of the quantum theory of radia- 
tion.t In spite of many difficulties encountered, the quantum theory of 
radiation is able to make successful predictions for many observable 
processes. It is able to account for both the particle-like properties and 
wavelike properties of radiation. No previous theory was able to explain 
all of these properties at the same time. 

The application of the general methods of quantization to the radiation 
field is just one of many. Extensive work has been done in extending 


*M. Born, Zeits. f. Phys. 37, 863; 38, 803 (1926). 

{ P. A.M. Dirae, Proc. Roy. Soc. 114, 243, 710 (1927); P. Jordan and W. Pauli, 
Zeits. f. Phys. 47, 161 (1928); BE. Fermi, Rev, Mod, Phys, 4, 131 (1982); W. 
Heisenberg and W, Pauli, Zeits. f. Phys. 56, 1 (1929); 59, 169 (1980). 
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quantum theory to many other fields. In this introductory volume we 
shall limit ourselves to an introduction of quantum mechanics of particles, 
primarily quantum mechanics of one particle without spin. Nevertheless, 
general methods of quantum mechanics and its various applications will be 
discussed briefly in the last chapter. 

Let us summarize the difficulties of the classical theories which quantum 
mechanics is supposed to resolve. We know as fact that physical quantities 
of mechanical systems and radiation fields are quantized and, as a result, 
physical processes take place by discontinuous transitions. We also know 
that both the radiation field and the material particle have the particle- 
wave dual property. Classical theories consider the physical quantities of 
both material particles and radiation fields as continuous, and the two 
pictures of wave and particle are mutually exclusive. 

Quantum mechanics will have to be formulated on the basis of discrete 
physical quantities, and its equation of motion must deal with discrete 
transitions in physical processes. Under certain circumstances, it should 
include classical theories as special cases. At the same time, quantum 
mechanics should be such that the wave and the particle pictures become 
compatible. In the next chapter we shall formulate a theory which allows 
discontinuous physical quantities and reduces to classical mechanics of a 
particle as a special case. Although this theory is based on the particle 
picture, it nevertheless accounts for the wavelike properties. In the follow- 
ing chapters this theory will be applied to study the quantization of phys- 
ical quantities in various problems and to describe the physical processes 
in terms of discrete transitions. 

I’rom classical theory to quantum theory a basic change is that the 
concept of continuity is given up and replaced by discontinuity. This 
change necessitates the abandonment of determinism in classical theory 
and the adoption of indeterminism. Scientific thought since the Greek 
times .has been dominated by determinism (the law of causality). But a 
quantized theory may be shown to be necessarily probabilistic. In clas- 
sical theory all physical quantities are continuous and thus all rates of 
change are continuous. Once the equation of motion specifies the rate of 
change, the initial condition determines completely and uniquely the 
future development of the system. On the other hand, when physical 
quantities are quantized, a precise specification of the rate of change and 
(he initial condition does not necessarily dictate a unique course of de- 
velopment of the system. ‘To illustrate this we consider the radiating 
electron in the hydrogen atom. In classical theory the electron circles 
the nuclous in a uniquely determined spiral path, since the rate of energy 
lows in precisely specified by the theory of radiation, Once the energy is 
quantived, energy loss takes place by quantum transitions, ‘The specified 
rate of energy lows may be realiged in a number of alternative courses of 
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transitions (an electron in the state n = 3 may go to the state n = 1 
directly or first to the state n = 2 and then to the state n = 1), and the 
electron is given a chance to choose its future course among a number of 
alternatives without violating the equation of motion. The future course 
of the electron is thus not uniquely determined by the equation of motion 
and the initial condition. Therefore, only probabilistic predictions of its 
future, not deterministic predictions, may be made. We thus see that the 
introduction of probability in quantum mechanics, which has profound 
consequences in many respects, is forced on us because of the experimental 
fact of quantization. This important point will be elaborated later on a 
number of occasions. 


PROBLEMS 


1-1. Derive Eq. (1-13), the equation giving the wavelength change in Comp- 
ton scattering, the process being considered as a collision of a photon with an 
electron. [Hint: Set up three equations by considering conservation of energy 
and momentum in the collision process. There are four variables involved: 
the scattering angle 6 of the photon, the recoil angle ¢ of the electron, the wave- 
length after scattering ’, and the velocity of recoil of the electron v. One of 
the four, say 0, is to be left undetermined. ] 

1-2. Derive Eq. (1-36) of the Sommerfeld theory. [Hint: In applying Eq. 
(1-34) remember that 





pr = V2M[E + (ze2/r)] — (p2/r’) 


and carry out the integration over one cycle of the elliptical orbit.] 


B= hv’ 
p=h/n 
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*1-3. By the method of the old quantum theory, determine the quantized 
energy levels of a three-dimensional harmonic oscillator the potential function 
of which is specified by 

U(r, 0, ¢) = $kr?. (1-57) 


Note that in classical mechanics any central force problem is two-dimensional 
and angular momentum is a constant of motion. The problem may thus be 
conveniently solved by using the plane polar coordinates. As an orientation 
the student may determine the quantized energy values of the circular orbits 
first. 

*1-4. Solve Problem 1-3 by using rectangular coordinates. The method of 
separation of variables may be used (the treatment of the Stark effect by the 
old quantum theory, to be given in Section 10-4, may be consulted for this 
purpose). 


* Indicates more difficult problems. 


CHAPTER 2 


THE SCHRODINGER EQUATION AND 
ITS MATHEMATICAL IMPLICATION 


In classical physics, the mathematical formalisms of the mechanics of a 
particle and of the theory of wave motion exhibit a striking similarity 
which suggests that one may be represented by the other to a certain de- 
gree of approximation. In this chapter we shall first formulate a classical 
wave theory that may be regarded as a mathematical substitute for clas- 
sical mechanics. This theory contains an undetermined parameter which 
is required to be small. By setting this parameter equal to Planck’s 
constant h, we obtain the mathematical formalism of quantum mechanics 
in the form of the Schrédinger equation. An interpretation of the 
Schrédinger equation will be set forth, based on two assumptions of Born. 
The similarity between classical and quantum mechanics will be further 
demonstrated by showing that Newton’s second law of motion may be 
derived from Schrédinger’s equation, and the difference between them 
will be brought out by establishing the so-called uncertainty relation. At 
the end of the chapter the mathematical implication of the Schrédinger 
equation will be analyzed within the framework of the Hamiltonian 
theory of classical mechanics, and the similarity and difference between 
classical and quantum mechanics will be discussed again in the light of 
this analysis. 


2-1 Relations between the law of mechanics of a particle and the law 
of wave propagation. We have seen the success of classical mechanics in 
many applications and we have seen its failure in atomic physics. This 
dilemma seems to suggest that classical mechanics is not exactly correct 
but is an approximation of a more general theory. In the applications 
where the approximation is good (or bad), classical mechanics is good (or 
bad). The task before us is thus to formulate a more general theory of 
mechanics which includes classical mechanics as a special case and, at the 
same time, explains the atomic phenomena which classical mechanics fails 
to explain. Among such phenomena are the wave property of matter, the 
quantization of energy, and the penetration of potential barrier. The 
basic laws on which this more general mechanics—quantum mechanics 
is to be founded cannot be derived from something else. As the starting 
point of a theoretical system, they have to be taken as postulates, like the 
axioms of geometry, and are justified only by their consequences. 

Since quantum mechanics is expected to be able to account for the wave 
property of matter, we start by examining the classical laws governing 
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the motion of a particle and the propagation of a wave. From these laws 
we hope to find a clue leading to the establishment of the new mechanics. 
These two subjects have been studied thoroughly in classical physics. A 
striking similarity between them is found if their equations of motion are 
written in the variational form.* The motion of a particle of mass M in 
a force field described by a potential U(x, y, z) may be determined by the 
princtple of least action: 





B 
é i V2M[E — U(z, y, 2))ds = 0 (2-1) 


B 
sf = 0, 2 
, pds = 0 (2-2) 


where p and F are the momentum and energy of the particle. The principle 
of least action is equivalent to Newton’s second law of motion. We digress 
for a moment to show this equivalence. The left-hand side of Eq. (2-1), 
dropping the constant factor ~/2M, is calculated as follows: 


or 
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The second integral may be evaluated as follows by integration by parts: 
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"The rudimentary knowledge of the calculus of variations necessary for 
roading thie aeetion may be found in many textbooks of advanced ealoulus, for 
example, Ongood's Advanced Caleulus, 
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(The integrated part vanishes at the endpoints.) Equation (2-1) thus 


requires 
1 aU a a 
; VE — U 9 ~ ds ¢ (vE=U u %) 
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These equations may be written in the following form: 
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which are the equations of motion according to Newton’s second law of 
motion. Return to Eq. (2-1). For a given energy /, the trajectory of the 
particle will be completely determined by Eq. (2-1) once the endpoints 
A and B are specified. 

We now turn to the wave motion. The propagation of a wave may be 
determined by the principle of least time.* We note that the propagation 
of a wave is governed by the laws of reflection and refraction. In the case 
of reflection we can show that the ray AOB in Fig. 2-1, obeying the law 
of reflection, is the quickest route for light to travel from A to B by way 











Fiaurn 2-1 


" Also known as the Fermat principle. 


— Umm 
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of the reflecting surface. This is because the distance AOB’ is the shortest 
compared with any other route AO’B’. In the case of refraction it can 
also be shown that the ray COD, obeying Snell’s law of refraction, is the 
quickest route for light to travel from C to D. Let the velocities of light 
in the two media be v; and vg. The total time required from C to D is 
(D,/v1 cos 7) + (De/v2 cos r). The condition that the time is a minimum 
is, by differentiation, 





D,sint ,. , Desinr 0 
V4 Cos2 7 V2 Cos? Tr : 
Since 
D, tani + Dg, tanr = constant, 
we have 


D, sec? idi + Dg sec”? rdr = 0. 
Therefore the condition of minimum time is 


sint V4 
sinr v2” 
which is Snell’s law of refraction. In a continuous medium the propaga- 
tion of a wave may be regarded as consisting of a series of refractions, 
and the total time of travel must be a minimum. Hence the principle of 
least time. 
The mathematical expression of the principle of least time is 


B 
5 : “ds = 0. (2-3) 


A 


lor a monochromatic wave of a given frequency v, it may be written as 


B 
sf Dae 0, (2-4) 
AA 


since v = Av and vp is a constant. The similarity between Eq. (2-2) and 
lq. (2-4), though purely formal, suggests that the motion of a particle 
may be described, in a formal way, by a wave. This wave is used here 
merely as a mathematical artifice without any physical meaning for the 
time being. For a particle having a fixed value of energy H, the momen- 
tum at any point (2, y, 2) is given by 


p(x, y, 2) = V2M[E — U(z, y, 2). (2-5) 


Let us ereate an artificial monochromatic wave in a medium the index 
of refraction of which varies according to U(a, y, 2) in such a way that 
the reciprocal of the wavelength \ of this wave at any point (a, y, 4) is 
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always proportional to the momentum of the particle, 1.e., 


2, Y, 2) (22) 


where H is a proportionality constant. Equation (2-4) thus becomes iden- 
tical with Eq. (2-2) and the rays of the artificial monochromatic wave 
determined by Eq. (2-4) coincide exactly with the trajectories of the 
particle with fixed energy HZ, determined by Eq. (2-2). Thus, by assuming 
Eq. (2-6), a monochromatic wave may be set up so that its rays repre- 
sent a set of particle trajectories all corresponding to the same energy FE. 
Let it be emphasized that a single wave represents a set of infinitely many 
trajectories, whereas a single frequency v corresponds to a single energy HE. 
Furthermore, the representation is purely geometrical, not kinematical. In 
other words, the shapes of the trajectories and rays are identical but the 
time rates at which these trajectories or rays are traversed by the par- 
ticle or wave are not yet related to each other. 

In order to establish a complete description of the motion of a particle 
by the motion of a wave, we have to do two things: (1), find a suitable 
wave representation of a single particle (not a group of them); and (2), es- 
tablish the kinematical equivalence of a ray and a trajectory. In wave 
motion, we are familiar with a kind of localized wave, the amplitude of 
which is zero everywhere except in a small region in space. Such a localized 
wave, known as a wave packet, may move in space as a whole for some time 
without dispersing itself into a nonlocalized wave. When a wave packet 
is localized in a very small region, it may be regarded as a point. Its 
locus in space is essentially a point trajectory. Thus we may try to de- 
scribe the motion of a single particle by the motion of a wave packet. If 
we can establish the kinematical equivalence of the two kinds of motion, 
then the particle and the wave packet are mathematically identical so far 
as the motion in space is concerned. In order to establish this equivalence, 
we have to know how a wave packet moves in space. 

A wave packet may be represented mathematically by a superposition 
of monochromatic plane waves which have nearly the same wavelengths 
and frequencies. This is a mathematical result of the Fourier analysis,* 
but we shall illustrate it in terms of simple concepts of wave motion. We 
limit our discussion to the one-dimensional wave, although the result may 
be shown to be true for three-dimensional waves also, A monochromatic 





plane wave may be represented by a function W(x, ¢) in a number of 
forms: 

* Fourier analysis is of fundamental importance in quantum mechanics, An 
introduction to it is usually found in textbooks of advanced calculus, such as 


Kaplan’s and Osgood’s, 
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Component waves 





Wave packet 


Figure 2-2 


V(x, t) — Ae2rilaz—b) os Ae2tila/s) —C/T)I = Aer 9h- (2-7) 


where o, v, \, 7, k, w are the wave number, frequency, wavelength, period, 
propagation vector, and angular frequency, respectively. These nota- 
tions will be used throughout the book. o and v are related, the equation 
relating them being called the dispersion equation; thus we may write 


vp = f(o). (2-8) 
The amplitude of a wave packet is expressed analytically by 
oo+4o : 
V(r,t) = YO Ae Oe (2-9)* 
go 


In lig. 2-2 we plot two of the component waves of the superposition. 
Because of their slightly different wavelengths, their phase relation cannot 
remain the same everywhere. At the point where their phases are the same, 
the resultant amplitude is a maximum. Away from this point of phase 
agreement, the resultant amplitude becomes smaller. Eventually the 
phases will be m radians apart and the resultant amplitude will be zero. 
arther out, the phases of these two waves will come closer. However, 
in a wave packet, we have waves of all wavelengths between these two 
waves, If all waves agree in phase at one point, they will never agree 


*The summation sign 3° ia understood to indicate an integral when the 
summation index becomes a continuous variable, This convention will be adopted 
throughout the book, 
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again at any other points. Usually, a few wavelengths away from the point 
of phase agreement the phase relations of all waves are so random that 
the resultant amplitude is nearly zero. Thus the waves of the packet 
interfere with one another and result in a localized disturbance. The mo- 
tion of the wave packet as a whole is determined by the motion of the 
point of phase agreement, since the whereabouts of the packet is deter- 
mined by this point. The condition that the phases of the two waves 
specified by (@o, Vo) and (a + do, vo + dv), respectively, agree at t = ty 
and x = 2; 1s 


Qri(oox1 — Voli) = 2Ti[(7o + do)x; — (¥o + dv)t;]. (2-N) 
The condition that their hess agree at a later time ¢ = t2 and at x = x2 is 

QTi(Goxe — Vote) = 2il(7o + do)xe — (¥o + dy)tg]. (2-11) 
Taking the difference between the two equations, we have 


0 = dao(x2 L4) dy (tg t,), (2-12) 





and therefore 
%2— 1 dv . 


(2-13) 


i—i . Ao 


The left-hand side of the above equation is actually the velocity of the 
point of phase agreement, which may be considered as the velocity of the 
wave packet. It is called the group velocity of the wave packet vz. Thus 
we have 

_ dy 


=o (2-14) 


Ug 

(Additional discussion on group velocity is to be found in Problem 2-3.) 

Knowing the kinematics of a wave packet, we now return to the 

problem of creating a wave packet in such a manner that it will describe 

the motion of a particle. The velocity of a particle, in both Newtonian 
and relativistic mechanics, is related to energy and momentum by 


_ dB 


a ee 2-15 
ip (2-15) 


Up 
In Eq. (2-6), where we established the relation between a particle and 
a wave, we made use of the wavelength only. We have not made use of 
the frequency except to say that a single frequency (monochromatic wave) 
corresponds to a single energy value. This implies that / and v are re- 
lated, but the function relating them is not specified and remains arbitrary. 
Therefore, we are free to choose one particular relation between / and v; 
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this will be chosen in such a manner that the group velocity of the packet 
may be made to agree with the velocity of the particle to be described. 
This may be accomplished if we assume that the frequency of the artificial 
wave is related to the energy of the particle by 


E = Hy, (2-16) 


because 
; dv dv dK ; 
9" dae d(i/ry) dp” 





(2-17) 


where v, is the velocity of a particle having energy H and momentum p. 
Thus the velocity of the wave packet is identical with that of the particle. 
As a result, the wave packet moves in exactly the same way as the par- 
ticle moves and may be used as a mathematical apparatus to describe the 
motion of the particle. For a particle of mass M, momentum po, and en- 
ergy Ho at time to, we need to construct a wave packet by superposition 
of monochromatic waves having frequencies in the neighborhood of Eo/H 
and wavelengths in the neighborhood of H/po. Let the phases of all 
waves be adjusted equal at the time to at the point xo where the particle 
is situated and we have the required wave packet. The position of the 
packet (considered as a point) at any later time ¢ will be exactly the same 
as that of the particle by virtue of Eq. (2-17). This relation, though 
proved in the one-dimensional case only, may be shown to be valid for 
three-dimensional waves. 

This mathematical artifice is made possible by the similarity of the 
equations of motion of a particle and a wave, by virtue of which we are 
able to describe the motion of a particle in a formal way by the propaga- 
tion of an artificial wave. The wavelength is chosen according to Eq. (2-6) 
so that the rays of a monochromatic wave serve as a geometrical repre- 
sentation of a set of particle trajectories of the same energy. In addition, 
the frequency of the wave is chosen according to Eq. (2-16) so that the 
motion of a wave packet serves as a kinematical representation of the 
motion of a single particle. The proportionality constant H may take 
any fixed value. These results are direct consequences of classical physics 
and we have not mentioned quantum mechanics in deriving them. The 
motion of a particle and the motion of a wave packet are equivalent 
with only one difference, i.e., the wave packet has a spatial dimension 
whereas a particle (a mass-point) has not. If the wave packet can be made 
amall enough, the distinction becomes insignificant. This will be discussed 
more in detail in Section 23. 


2e2 The equation of motion of a wave packet. We proceed to formulate 
mathematically the law of propagation of the artificial wave, the properties 
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of which have been specified above. We wish to obtain a wave equation 
having the following properties: 


1. It admits solutions in the form of monochromatic waves which have 
wavelengths and frequencies specified by Eq. (2-6) and Kq. (2-16). 


2. It admits solutions in the form of a linear superposition of mono- 
chromatic waves so that wave packets may be included among its 
solutions. 


Such a wave equation will have solutions possessing all the properties 
we require of the artificial wave to describe the motion of a particle of 
mass M in a potential field U(z, y, 2); it will be the equation of motion 
of the artificial wave. 

The general equation of wave propagation is 


Vy = = _, (2-18) 


where V is the phase velocity of the wave (the product of wavelength 
and frequency). A monochromatic wave may be represented by 


¥(z, Y, 2, t) = v(x, Y; ne ne, (2-19) 


The equation which ¥(z, y, z) has to satisfy may be obtained by substi- 
tuting Eq. (2-19) in Eq. (2-18): 





2.2 
vy = — 7 v. (2-20) 
Since 
V=p), (2-21) 
we have 
2 
vy = — i (2-22) 


According to the properties ascribed to the wave, \ must be related to 
the momentum 7p of the particle to be described by Eq. (2-6). Since the 
rays of this monochromatic wave of frequency v represents the trajectories 
of a particle with a given energy E equal to Hv, the momentum p may 
thus be determined from the energy EH and the potential U(a, y, 2), its 
magnitude being \/2M(Z — U). Thus, we have, by Eq. (2-6), 


te 4m? Bit 998 
vy = T2 2M(E U)yp (2-23) 
or 
2 
vy 4 eo (E — U)p = 0, (2-24) 


IT? 
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The meaning of the equation is this: [ts solution, containing the parameter E, 
represents the space-dependent part of a monochromatic wave the rays of which 
represent the trajectories of a classical particle of mass M and energy E', moving 
in the field of a potential U(x, y, 2). The frequency v of this monochromatic 
wave, of course, is related to the energy H by EH = Hv. 

For a given energy , we may obtain a solution Wz(2, y, z) from the 
above differential equation. As a result a monochromatic wave, 


Va(z, Y; Ze USE 


is obtained satisfying the requirements of Eqs. (2-6) and (2-16). Dif- 
ferent values of H lead to waves of different frequencies satisfying different 
differential equations of the form Eq. (2-24). However, we want one single 
differential equation which all monochromatic waves and also their super- 
position 


—2ri(E/H 
Svarva(e, Y, ze lal 
E 


(where the az’s are constants of superposition) may satisfy. 

Obviously, we want a differential equation more general than Eq. (2-24). 
Such an equation cannot be obtained by a process of derivation, since a 
derivation usually leads from a general equation to a special one. The 
procedure to be followed here necessarily involves some kind of specula- 
tion and is justified only by the usefulness of the final result obtained. 
Let us write Eq. (2-24) as follows: 


87°M 


ara (E — Use PEI! = 0. (2-25) 
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Since 
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we have 
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rH a (ve )=0 (2-27) 
In this form, the parameter / does not appear in the differential equation 
(it appears only in the solution pye™?""//?5, Thus monochromatic 
waves of all frequencies satisfy the same differential equation, lurther- 
more, thie differential equation is a linear one, so that it admits solutions 
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in the form of a superposition of monochromatic waves, i.e., 


—2ri(E 8 2M ont 
v2 (Sasvee 2 a) == ae U (Sasee 2 an!) 
# E 


4nMi 0 —2ri(E/H)t , 
ao H = (Sandee = 0. (2-28) 





ot 
From these results we may state that the differential equation 


2 80°M 4nMi aw 

Vy — 2 Uv +4 5 = 0 (2-29) 
is the one which satisfies all of our requirements. It has solutions in the 
form of a linear superposition of monochromatic waves by virtue of 
Eq. (2-28). Each of the monochromatic waves satisfies the conditions 
imposed on the wavelength and frequency by virtue of Eq. (2-27) and 
Eq. (2-24). Thus our task of searching for a wave equation, the solution 
of which may be used to describe the motion of a particle, is accomplished. 
It may be added that the procedure by which we arrived at Hq. (2-29) 
from Eq. (2-24) is actually an elimination procedure by which a set of 
infinitely many differential equations in the form of Iq. (2-24), with 
different values of the parameter /’, are reduced to one single differential 
equation. This is accomplished by eliminating the parameter / at the 
expense of raising the order of the differential equation with respect to 
the time variable ¢. 

Since Eq. (2-29) contains the imaginary number 2, its solution in gen- 
eral is a complex quantity. Actually, the superposition of waves given 
by Eq. (2-9) representing a wave packet is a complex quantity. The use 
of the imaginary number to represent a real physical entity is by no means 
mystic, because we merely want some mathematical quantity which may 
be made appreciably different from zero at the position where the particle 
is located, but equal to zero elsewhere. Any mathematical quantity capa- 
ble of being made equal to zero as well as appreciably different from zero 
may be used for this purpose. This category includes the real number, 
complex number, hypercomplex numbers, and many other algebraic sys- 
tems such as vectors and spinors. 


2-3 Mathematical formulation of quantum mechanics—the Schrédinger 
equation. Up to this moment we have not introduced quantum mechanics. 
We have succeeded in obtaining a mathematical substitute for the clas- 
sical mechanics of a particle, Instead of solving the Newtonian equations 
of motion, we may solve the wave equation (2-20) and obtain a wave 
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packet which moves in space in exactly the same way as a particle moves 
according to classical mechanics. However, there is one difference, i.e., 
the wave packet has a dimension whereas the classical particle is assumed 
to be dimensionless. This point will now be discussed more in detail. 

We note that the proportionality constant H introduced in Eq. (2-6) 
is still undetermined. All previous statements remain true, whatever 
value the constant H takes. However, it is obvious that the dimension 
of the wave packet depends on the magnitude of H. Since p equals H/), 
a smaller value of H results in smaller values of.\; the dimension of a wave 
packet, being of the same order of magnitude of A, as may be seen in 
Fig. 2-2, will be small. When H approaches zero the dimension of the wave 
packet approaches zero, and for all practical purposes the wave packet 
may be treated as a point. Its motion, described by Eq. (2-29), thus 
becomes exactly the same as the motion of a classical mass-point. In fact, 
we may say that classical mechanics is a special case of the above-men- 
tioned wave mechanics when H approaches zero. 

We are now ready to introduce quantum mechanics. Quantum me- 
chanics is a system of mechanics the mathematical expression of which 
(in the Schrédinger formalism) may be obtained by setting the constant 1 
equal to the Planck constant h, which has a value of 6.6252 x 10~?’ erg:-sec. 
In other words, quantum mechanics may be formulated by introducing 
the following quantum condition :* 


H=h. (2-30) 


Equations (2-6) and (2-16) then take the following familiar forms iden- 
tical with the de Broglie relations: 





E=h, p= - (2-31) 
Equation (2-29) takes the form known as the time-dependent Schrodinger 
equation, 8a2M 4nMi aw 
2 — om MM WIM Y ow _ a 
vey (— U¥ + -S 5 = 0, (2-32) 


and Eq. (2-24) takes the form known as the time-independent Schrédinger 

equation, . 

87° M 
h2 





vy + (E — Ujy = 0. (2-33) 

“The Wilson-Sommerfeld quantum condition does two things at one time— 
it introduces not only the Planck constant A but also the quantum number n. 
We shall use the term “quantum/ condition” in quantum mechanics in a broader 
and more refined sense: to denote the equation that introduces the Planck con- 
tant (wee alno Hq. (12-94)], The quantum numbers will be derived in quantum 
mochanion, not introduced, 
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The time-dependent Schrédinger equation, Eq. (2-32), thus becomes the 
equation of motion in quantum mechanics. It expresses the fundamental 
law of the new mechanics. The quantities W(x, y, z, t) and (a, y, 2) 
are called the time-dependent and time-independent wave functions or 
simply wave functions; the notations W and y will be used for them 
throughout this book. The Schrédinger equation is also called the wave 
equation. 

That the value of H is fixed at h has to be taken as an assumption—a 
basic one in quantum mechanics. Like other basic assumptions in physics, 
it cannot be derived and is justified only by its consequences. We shall 
judge the validity of quantum mechanics according to the standard set up 
in the very beginning: it should reduce to classical mechanics as a special 
case and it should be able to account for such quantum phenomena 
as the wave property of matter, the quantization of energy, and the pene- 
tration of potential barrier. 

That quantum mechanics includes classical mechanics as a special case 
may be deduced from the fact that Eq. (2-32) contains a special solution 
representing a wave packet the motion of which resembles that of a 
classical particle. The dimension of the wave packet is now determined 
by Planck’s constant which, in macroscopic physics, is an extremely small 
quantity. Thus in macroscopic physics the wave packet of quantum 
mechanics reduces to a point and quantum mechanics reduces to classical 
mechanics. 

On the other hand, in dealing with atomic phenomena, when h cannot 
be regarded as small, quantum mechanics will be very different from 
classical mechanics. Here lies the potentiality of quantum mechanics to 
account for the quantum phenomena, where classical mechanics has 
failed. Since the de Broglie relations are implied in quantum mechanics 
by virtue of Eqs. (2-31), we may expect quantum mechanics to account 
for the wave properties of matter; this will be discussed in Chapter 3. 
The quantization of energy will be discussed in Chapter 4; and in Chap- 
ter 5, the problem of barrier penetration. It is the successes of quantum 
mechanics in these and other applications that justify its basic assump- 
tions and establish its validity. Revolutions and modifications of physical 
theories may happen in the future, but the new theories will almost, cer- 
tainly have to include quantum mechanics as a special case, and many 
quantum-mechanical results will last as established parts of our scientific 
knowledge. 

In most textbooks, Planck’s constant is introduced at the very begin- 
ning. The purpose of introducing it at a later stage, as has been done here, 
is to show that many elements of this discussion are essentially classical 
and may be understood without any association with the quantum- 
mechanical concepts, 
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2-4 The statistical interpretation of the Schrodinger equation. We 
have based our discussion on the simple idea that a particle may be 
described by a wave packet. In the classical limit the dimension of the 
wave packet is so small that there is no ambiguity in using it to describe 
a particle. However, when / cannot be regarded as small, the dimension 
of the wave packet is no longer negligible and the identification of a wave 
packet with a particle becomes more difficult. Thus, we are required to 
specify more exactly the relation between a particle and a wave packet. 
Again a basic assumption has to be introduced here; it cannot be derived 
and is justified only by its consequences. However, the assumption is 
required to agree with classical mechanics in the limiting case where h 
may be regarded as negligibly small. 

It seems natural that historically the first attempt to establish this 
relation (due to Schrédinger) was based on an assumption that a particle 
is in faet not a point but a physical wave, more or less localized. This 
interpretation meets difficulties in a number of situations. For example, 
when a wave packet impinges on a boundary surface it may be partly 
transmitted and partly reflected like a light wave. This interpretation 
would imply that an electron might be subdivided into two parts for 
transmission and reflection. Since no electron may be subdivided, this 
interpretation has to be abandoned. 

Born offered a more satisfactory interpretation which is conventionally 
accepted at the present and is contained in the statement known as Born’s 
jirst assumption. According to this assumption, a particle such as an elec- 
tron is still a point indivisible and without dimension. But its position 
may not always be exactly known. In general, only its probable positions 
may be known. Born’s first assumption states that: 


“W(x, y, 2, |? dx dy dz represents the relative probability at time t of 
Jinding the particle, by an act of observation, located at (x, y, 2) in the 
volume element dx dy dz.” 


It establishes the relation between a particle and a wave function, the latter 
including the wave packet as a special case. Since V(2, y, 2, t) is in general a 
complex quantity, |W(2, y, 2, t)|? may be written as W*(a, y, z, )W(2, y, 2, 0, 
where W* is the complex conjugate of ¥. The square of ||, instead of 
W itself, is assumed to determine the probability, so that the probability 
will always be positive as it should. (That the probability is identified 
with the square, instead of the first power, of |¥| is designed to bring out 
the interference phenomena. See Chapter 3.) W*W is called the probability 
density of the particle described by the wave function, and ¥ is called the 
probability amplitude. According to this assumption, a wave packet repre- 
sole & dimensionless particle the position of which is somewhere in a 
limited region defined by the packet, When the packet reduces to a point, 
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it represents a particle having a definite position. This interpretation is 
therefore reducible to the classical description as a special case. Since any 
act of observation to determine a physical quantity involves experimental 
error, and the precise position of a particle in classical mechanics is but 
a mathematical abstraction, the use of probability does not seem par- 
ticularly foreign. According to this interpretation we now consider an 
electron impinging on a boundary surface to have a definite probability 
of being transmitted as a whole and a definite probability of being re- 
flected as a whole. The difficulty of splitting the electron is avoided, though 
at the expense of giving up a deterministic description of the physical 
processes. The behavior of an electron at a boundary surface will no 
longer be dictated by a deterministic law which allows no freedom of 
choice. It will now be controlled by chance. On the other hand, when 
a large number of electrons impinge on a boundary surface, the transmis- 
sion coefficient, i.e., the fraction of electrons transmitted, always has a 
definite value. In cases like this, Born’s interpretation and Schrédinger’s 
original interpretation give the same result. The difference appears when 
the behavior of an individual particle is considered. A probabilistic point 
of view has to be introduced in order to preserve the individuality of the 
particle. 

In classical mechanics the position of a particle at any time is exactly 
given. Its velocity, being the time derivative of the position, is thus also 
exactly known. From these values, the momentum and energy may also 
be known exactly. If a wave packet is interpreted according to a proba- 
bilistic point of view, then the velocity, momentum, and energy all become 
indeterminate. Consider a wave packet of a very small dimension. Such 
a wave packet may be obtained by superposing a group of monochromatic 
waves of small wavelengths \ in a fairly large range AX. Such a packet, 
as may be shown from Fig. 2-2, has a small dimension, and may be made 
to approach a point when \ — 0. Let us consider a finite wave packet 
consisting of waves the wavelengths of which lie in the range from ), to dg. 
According to Eq. (2-6), the two waves of \; and A»g correspond to two 
momentum values p; and py. These two momentum values correspond 
to two velocities v; and vg. If the range A, — A, is not infinitesimal, as 
we require in order to form a narrow packet, we may divide the range 
Az — A, into infinitesimal segments. Consider the segment 6d near 4. 
The point of phase agreement of all waves in this segment will move for- 
ward according to a group velocity which, by Eq. (2-17), is equal to a 
particle velocity v; related to 4; by the de Broglie relation. Similarly, 
waves within the segment 5\ near dX» will have their point of phase agree- 
ment moving with velocity ve. For any intermediate segment, the point 
of phase agreement will move with an intermediate velocity between v1 
and vg. Thus the points of phase agreement do not move with the same 
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velocity and will spread out more and more as time goes on. Hence a wave 
packet, no matter how small to start with, will become dispersed. Its 
dimension at any time ¢ may be given roughly by (see Fig. 2-3) 


Av = vet — ryt. (2-34) 


Under such circumstances we ask what velocity may be assigned to the 
particle represented by this dispersing wave packet. If the packet re- 
mained compact, then at times 7, and J, we would have no great 
difficulty in assigning positions X; and X» for the packet, and the velocity 
would be (X2 — X1)/(T2 — 7). (The small dimension of the wave 
packet would not prevent us from determining this velocity if we made 
the time interval 7, — T, long enough.) However, in the present situa- 
tion the spreading of the wave packet increases with time, the dimension 
of the packet Az being vet — vyt. According to Born’s first assumption, 
the particle at time ¢t has a certain probability of being observed at any 
point between x; and 22, where x; = vt and xe = vet. If the particle 
is observed at ve at time t, the velocity of the particle should be vot/é 
or vg. If the particle is observed at x1, the velocity of the particle should 
be v,t/t or v,. If the particle at time ¢ has a probability P, (or P2) of 
being observed at x1 (or xg), then it has the same probability P, (or P2) 
of having velocity value v; (or vg). Therefore the probabilistic point of 
view of the position forces us to take a probabilistic point of view of the 
velocity of the particle. Thus the particle represented by a wave packet 
does not have a fixed value of velocity; instead, it has a certain proba- 
bility of being observed with a velocity v; or vg or any velocity between 
v, and vg. Since there is a one-to-one correspondence between velocity and 
momentum, we are forced to accept a probabilistic point of view of the 
momentum of the particle. The particle will thus have a certain proba- 
bility of having momentum equal to p; or pg or to any value between 
p, ond py. Turthermore, since the momentum value determines the 
energy value, we have to accept a probabilistic point of view of the energy 
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of the particle. Therefore, all kinematical and dynamical information of 
a particle will have to be considered from a probabilistic standpoint. 

We note that the probability distribution of momentum in the range 
between p, and ppg arises from the fact that the wave packet is formed of 
waves with wavelengths within a range between \, and Ag, the values of \4 
and dz being related to p; and pz by Hq. (2-6). If we choose a different 
range of \, say from Aj to A}, we will have a wave packet with a probability 
distribution of momentum in a range from p; to pj, where p; equals h/d} 
and p equals h/dS. It necessarily follows that the mixing of waves of 
different wavelengths results in the mixing of probabilities of the corre- 
sponding momentum values. This example makes it easy for us to under- 
stand and accept the so-called Born’s second assumption which, for the 
present special case, may be stated as follows: 

“In a superposition of plane waves ¥ = d; aje?™! 0) —"i4 | the square 
of the absolute value of the coefficient of superposition |a;|?, or afa;, repre- 
sents the relative probability of finding the particle, upon an act of observa- 
tion, to have a momentum value p; equal to h/r;.” 


The above argument should not be considered as a proof of this assump- 
tion, because we have not shown why the probability has to be proportional 
to the square of |a;|, instead of the fourth or sixth power of |a;| (the odd 
powers are ruled out because they give rise to negative probability). It 
does show that this assumption is consistent with the fact that classical 
mechanics may be made a special case of quantum mechanics. This as- 
sumption establishes the quantitative relation between the coefficients of 
superposition and the probability distribution of momentum. As a corol- 
lary, |a;|” in the plane wave expansion also gives the relative probability 
of finding the particle to have energy EF; equal to hy;. (The meaning of 
Born’s second assumption will be further discussed in Problem 2-2 at the 
end of this chapter.) 

When the time ¢ is fixed, the wave function is a function of the position 
only, and a; is the Fourier coefficient* of this function. Born’s two as- 
sumptions may thus be stated as follows: 


“The physical meaning of a wave function at a given time p(x) is that 
y*(x)y(x) represents the probability distribution of the position of the 
particle and axa, represents the probability distribution of the momentum 
value where a; is the Fourier coefficient of y(x).” 


With respect to the second assumption, this statement is more general but 
is equivalent to the previous one for the special case of a wave packet 





* A statement of the Fourier theorem may be found in a mathematical note 
in Section 2-9. 
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made of plane waves; we assume by generalization that it holds for any 
wave function. 

Born’s two assumptions establish a probabilistic kinematics. In the 
classical limit, when the wave packet dimension approaches zero, this 
statistical interpretation reduces to the deterministic description of clas- 
sical mechanics, as we required of the new theory. In the field of atomic 
physics, where h cannot be regarded as small, these assumptions lead to 
results quite different from those of classical mechanics. The experimental 
verification of these results is the final judgment of the validity of the 
Born assumptions. 


2-5 The uncertainty relation. The statistical interpretation of quantum 
mechanics, when h cannot be regarded as small, leads to a conclusion very 
much at variance with classical mechanics. This result will be discussed 
below. 

When h is not negligible, the dimension of a wave packet is no longer 
negligible. Turning to Fig. 2-2, we note that the two points where the 
two waves differ in phase by ma radians may be regarded as representing 
the “boundary” of the wave packet. Let the distance from one of the 
points to the center of the wave packet be d. We have 


d = n(A+ AA) = (n+ 4)A (2-35) 


and thus 


n Ad = 4), (2-36) 


ne 


where n is the number of wave crests within the distance d. The dimen- 
sion of the wave packet Az is thus 


” 1 h 
AX A(1/r) Ap 





Ax & 2d & 2nd = ’ (2-37) 


where Ap is the momentum range corresponding to the wavelength range 
Ad. We thus have 
Ax Ap = h. (2-38) 


This equation expresses an uncertainty relation between x and p. According 
to the statistical assumptions, the particle represented by the wave 
packet has an uncertainty in position Az and an uncertainty in momentum 
Ap. Wquation (2-38) states that the product of these two uncertainties 
in a fixed quantity of the order of h. If Ax (or Ap) is made to approach 
yoro, the other quantity Ap (or Ax) becomes very large because h is finite. 
The uncertainties of both a and p cannot be made equal to zero simul- 
taneourly, If we let h approach zero as we did in going over to the classical 





2-5] THE UNCERTAINTY RELATION 53 


limit, both Az and Ap may then be made equal to zero, as tacitly assumed 
in classical mechanics. That the value of h is finite, no matter how small, 
necessarily introduces an intrinsic uncertainty, i.e., an exact knowledge 
of both x and p at the same time is not obtainable. The experimental 
error inherent in the determination of x or p in classical mechanics is 
assumed to be reducible to zero when the precision of the measurement 
increases. Therefore the existence of experimental errors does not prevent 
us, in classical mechanics, from describing a particle by a theory in which 
all quantities assume exactly specified values without any uncertainty. 
The intrinsic uncertainty in quantum mechanics differs from the experi- 
mental errors in classical mechanics in that we cannot conceive a situation 
in which both Ar and Ap may vanish. Thus quantum mechanics is in- 
trinsically probabilistic, not merely a system of deterministic mechanics 
with a calculus of errors built in; and it will not be surprising to find it 
leading to results quite contrary to the expectations of the classical theory. 

The uncertainty relation was first derived by Heisenberg.* Another 
derivation, mathematically more elaborate than the one given here but 
physically equivalent, will be given in Chapter 12; it shows specifically 
that Eq. (2-38) holds for any solution of the time-dependent Schrédinger 
equation. As described above, this relation brings out a point of sharp 
contrast between classical mechanics and quantum mechanics which may 
be taken as a point of departure to exploit the physical meaning of the 
new theory. Let us consider the assumption in classical mechanics that 
the errors of both x and p may be reduced indefinitely and thus may be 
ignored in theoretical discussion. Actually this assumption is unwarranted. 
It seems to have its root in the supposition that the errors, like any other 
physical quantities, are continuous quantities and thus allow themselves 
to be reduced indefinitely. The quantization of physical quantities upsets 
this situation; the feasibility of reducing errors indefinitely thus cannot 
be taken for granted. We shall leave the detailed discussion to Section 6-1, 
where the conclusion will be reached that if we take into consideration 
the quantization of physical quantities involved in a process of measure- 
ment, it will be impossible to reduce the errors of measurement of both 
x and p to zero; furthermore the limit by which the errors may be reduced 
is given by an expression which turns out to be identical with Iq. (2-38). 
In the light of this discussion, the above-mentioned assumption in classical 
mechanics cannot be substantiated. Moreover, quantum mechanics which 
includes Iq. (2-88) as an integral part of its theoretical structure seems 
to be a theory that corroborates the actual physical situation, 

When we make use of the classical concepts to deseribe any atomic 
phenomena, the values of « and p must not be specified more accurately 


“W. Heisenberg, Zeitschrift fir Physik, 43, 172 (1927), 
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than permitted by Eq. (2-38), so that no contradiction to quantum me- 
chanics is thus initiated. The uncertainty relation thus sets the limit within 
which the classical concepts may be valid. It will also be pointed out in Sec- 
tion 6-8 that if the classical concepts are so restricted, the description 
of the quantum phenomena based on them will cease to be paradoxical; 
in other words, the quantum phenomena may be “explained” by the 
uncertainty relation. 

The statistical interpretation of the wave function applies to all kinds 
of wave packets. For a wave packet consisting of waves in a narrow band 
of wave numbers, Ag, its dimension in space will be large. The statistical 
interpretation asserts that the position of the particle has a large uncer- 
tainty, whereas the momentum uncertainty is limited to a narrow range 
corresponding to Ao. Consider the limiting case Ao — 0. Here we have 
a “wave packet” consisting of a single monochromatic plane wave. The 
statistical interpretation of this “wave packet” will give us the physical 
meaning of a monochromatic plane wave. According to Born’s second 
assumption, the momentum uncertainty of the particle is zero, i.e., the 
particle represented by a monochromatic plane wave has a definite value 
of momentum. On the other hand, Born’s first assumption asserts that 
the probability distribution of the position is given by |e?**°?—”?|?, which 
is a constant. This means that the probability of finding the particle is 
everywhere the same. Thus the position is completely uncertain. There- 
fore Ap = 0 is accompanied by Ar — o, in agreement with the uncer- 
tainty relation. In cases like this we have to think of a particle whose 
position is not limited to a small locality but is completely uncertain. 
Such a situation never arises in classical mechanics; its physical meaning 
will be discussed in Chapter 6. 

In de Broglie’s wave theory of matter (Section 1-5), a monochromatic 
plane wave is associated with a particle of momentum p. The same 
mathematical association appears here, but in the present case we have 
a definite physical interpretation of the wave. 


2-6 Newton’s second law of motion as a special case of quantum 
mechanics. We now proceed to show that the basic law of classical me- 
chanies, i.e., Newton’s second law of motion, may be derived, with certain 
approximations, from the basic law of quantum mechanics, namely, the 
time-dependent Schrédinger equation. Considering the origin of the 
Schrédinger equation, this is an expected result. The derivation will not 
give us anything new physically. Nevertheless, it is instructive to see how 
the same result may be obtained in a different manner. As the mathe- 
matical operations involved in the derivation are typical ones in quantum 
mechanics, an acquaintance with them at an early stage will be most 


helpful, 
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For a particle described by a wave packet W(x, y, z, t) we define a point, 
(Z, 9, Z) called the center of gravity of the wave packet, by the following 


equations: 
= |f [ver dx dy dz, 
7= |] [ve dx dy dz, (2-39) 
= |[[enw dx dy dz, 


where W* is the complex conjugate of WY. According to Born’s first assump- 
tion, Z, J, and Z may be considered as representing the average values of 
the three coordinates of the particle. When the size of the wave packet 
is made smaller and smaller, the whole packet reduces to a point identical 
with (%, 7,2). Thus the point (Z, 9, Z) is the classical limit of a wave 
packet. The position of this point changes in time because ¥* and W are 
time-dependent. The behavior of ¥* and W in the course of time is de- 
termined by the time-dependent Schrédinger equation. We shall show 
that the motion of this point (%, 9, Z) is identical with the motion of the 
particle determined by Newton’s second law of motion. 
For simplicity, we introduce a new notation 


= he 
Qn 


al 


xl 


h (2-40) 


The time-dependent Schrédinger equation thus takes the following form: 


2, _ 2M 2Mi av 
eas Cet eaoie a 





(2-41) 


As WV is a complex number, both sides of the above equation are complex 
numbers. The complex conjugate quantities of both sides must also be 
equal. Thus 
. * 
2M pyya _ 2Mi ov* 


Ia8. _. oe. = 
i Saas T a at 


(2-42) 
Equations (2-41) and (2-42) are completely equivalent, one following the 
other automatically, The velocity of the point (%, 7,2) may be obtained 
by differentiation with respect to time. As the dependence of %, 7, and 2 
on time comes in through the time dependence of V* and W only, x, y, 2 
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will be held as constants in differentiation with respect to time: 


= [fe a dx dy dz 
+ |ffore8 aeaya 
2M 
= Te * 
= fff shale Uv) ade dy de 
- [f[feeal ~y — 2M ow) aeay ae 


oz aT |] [loca — W*x(V7W)] dx dy dz. (2-43) 


The second equality results from substituting dV/dt and dW*/dt according 
to the Schrédinger equation and its complex conjugate equation. We 
next transform the first term of the last expression by the well-known 
procedure of integration by parts in three dimensions: 


i i] | (V2w*)(aW) dx dy dz 


= [ff [(VY*) (c¥)] — (VW*) - V(aW)} da dy dz. (2-44) 


The first term may be transformed to an integral over a surface at in- 
finity. Since the W(a, y, z, t) of a wave packet, by definition, vanishes at 
infinity, the surface integral drops out. The second term of Eq. (2-44) 
is symmetric with respect to ¥* and z¥. Thus we have 


I (V2w*)(aW) dx dy dz = [[[evren dx dy dz. (2-45)* 


* The differential operator V*, satisfying Eq. (2-45), is said to be Wermitian. 
Hermitian operators, important in quantum mechanics, will be discussed in 
Chapter 12, 
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It follows that 


dt 
a 2Mi t, [ewe — xV?v] dx dy dz 


=a bs [fost ~~ dx dy dz. (2-46) 


Differentiating once more and multiplying by 7, we have 


a2 
M qe 
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(2-47) 


| 





The first two terms cancel out after we perform the same kind of inte- 
gration by parts as we have just done. Thus we have 


ut 
M ap = = Ihe? wy WW dx dy dz. (2-48) 


The right-hand side is just the average value of the force —dU/dx over 
the wave packet. When the dimension of the packet is reduced to a point, 
the above relation states that mass times acceleration is equal to the force 
acting on the particle, which is Newton’s second law of motion, 

We note that the classical law is derived on the basis that the wave 
packet may be regarded as a point. Thus the equivalence is not exact 
but approximate. As the wave packet is subjeet to the uncertainty rela- 
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tion, we conclude again that the validity of classical mechanics is limited 
by the uncertainty relation. 


2-7 Quantum mechanics and the Hamiltonian theory.* While a 
localized wave function may be easily identified with a classical particle, 
the meaning of a general wave function is not easily visualized. Still, 
there is a close relation between quantum mechanics and the Hamiltonian 
theory of mechanics, and a classical picture of a general wave function 
may be formed on the basis of this relation. 

A general wave function W(a, y, z, t) is a complex quantity and thus 
may be written in the following form: 


Wa, Y, 2, t) = A(z, Y, %, Herevee. (2-49) 


where A(z, y, 2, 4) and S(z, y, 2, t), representing the modulus and phase, 
are real. Then, 


V:V(Ae’s) 

V-(e8VA + Ae*VS) 

ieSVS-VA + e'SV?A + iV(Ae*’) -VS + tAeSV?S 

= 2ieSVS-VA + e'SV?A + iAeSV2S — Ae'S(VS)?. (2-50) 


VV 


The time-dependent Schrédinger equation, after substitution of Eqs. (2-49) 
and (2-50) in Eq. (2-41), becomes 





2iVS-VA +V24 + iAv2s — A(vs)?— U4 +2 2M 48 = 0, 
h 
(2-51) 


where A and S denote the partial derivatives of A and S with respect to 
time. When a complex quantity is equal to zero, both its real and imagi- 
nary parts must vanish. Thus we have 


vA = Avs" UA an AS = 0, (2-52) 





2VS-VA + AV?S 4.2 a Lay ee = 0. (2-53) 


“or those who are not well prepared in analytical mechanics this section 
may be omitted without breaking the continuity of this book. However, readers 
doing #0 will have to disregard remarks to appear later using the terms “proba- 
bility element” and “quantum force.” These remarks throw side light on the 
physloal meaning of quantum mechanics but they are not essential elements of 
our predentation and thus may be omitted, 
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Equation (2-53) may be transformed, after multiplication by A, as follows: 


M 0A? 


VS: VA? + A?V?8 +5 Gp = 9, (2-54) 
or 
h 2 aA? 
Va V-(A*VS) + Yeas 0. (2-55) 
We now transform S to a function ¢ as follows: 
Sx, 9, 2,1) = 5 oe, 42,0). (2-56) 


Equations (2-52) and (2-55) then take the following forms: 
n?v?A — A(Vd)? — 2MUA — 2MAd = 0, (2-57) 
(42 Ve), A® _ 
Vv (4 it) +S = 0. (2-58) 


Up to this point the derivation is exact. We now make the approximation 
of letting % approach zero. Equation (2-57) becomes 


oT Ge? aU +4 = 0. (2-59) 


This equation is identical with the Hamilton-Jacobi differential equation 
in classical mechanics* for a particle of mass M moving in a potential 


field U(a, y, 2): 
Oo dg 
H (26 , ‘) af = 0. (2-60) 
According to the Hamiltonian theory we have 
Vo = p = Mv, (2-61) 
where v is the velocity of the particle. Equation (2-58) thus becomes 
2 


Vv: (4%) +22 = = 0, (2-62) 


which takes the form of the equation of continuity for the flow of a com- 
pressible fluid with a density function [A(q, y, 2, t)]? and a velocity func- 
tion v(x, y, 2). (Note that A? equals ¥*W.) 


* See, for example, Goldstein, Classical Mechanics, Addison-Wesley Publishing 
Co.,, Ine. ; 
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This interesting result may be interpreted in the following way. Consider 
the motion of a particle of mass M in a potential field U(a, y, z). To solve 
this problem according to the method of analytic mechanics, we first set 
up the Hamilton-Jacobi differential equation which takes the form of 
Inq. (2-60). The next step is to solve Eq. (2-60) and obtain a complete 
integral which contains three arbitrary constants ¢1, C2, ¢3 (note that we 
do not want the most general solution containing three arbitrary func- 
tions). This solution ¢ gives us the momentum (and thus the velocity) 
of the particle according to Eq. (2-61). The arbitrary constants cj, C2, C3 
contained in @ are determined to fit the initial conditions of the particle. 
The problem is thus completely solved. Now let us vary the three arbi- 
trary constants C1, C2, cz in ¢. This results in the generation of a set of 
trajectories corresponding to a set of initial conditions. Let us artificially 
assign a large number of particles, all of mass M, each moving in the 
potential field according to one of the trajectories. It is not necessary that 
all the trajectories be occupied, and the distribution of the particles may 
be quite arbitrary. At any time ¢ we find these particles distributed in 
space in a certain pattern. At a later time, as each particle moves along 
its trajectory, the spatial distribution of these particles will be different 
from the previous distribution. Thus we may assign a function p to 
represent the density of these particles which will be a function of posi- 
tion (a, y, 2) as well as time ¢. This group of particles form a compressible 
fluid moving according to the velocity function v. The equation of con- 
tinuity of this fluid takes the form 


V- (pv) +22 =0. (2-63) 


Comparing Eq. (2-62) with Eq. (2-63), we find that the amplitude A of 
wave function Y may be interpreted as follows: the square of A, which 
equals W*W¥, may be considered to represent the density function of a 
group of classical particles described by one principal function ¢. At 
time to, by suitable choice of the constants of superposition in W, the 
spatial distribution of ¥*¥ can be made to take any arbitrary form and 
thus to take the form of the density distribution of the classical particles. 
Once thus matched at fo, they remain the same at any later time by virtue 
of Kq. (2-62) and Eq. (2-63). The phase S of the wave function YW equals 
the principal function ¢ divided by hk. Thus the relation between V and 
the group of classical particles is completely established. 

l’or a wave function W representing a localized wave packet, the ampli- 
tude A is a localized function, being zero everywhere except in a small 
region, As a result, this wave packet may be considered to represent a 
group of classical particles clustering together in a limited region in space 
and moving along their classical trajectories, The square of the amplitude 
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A of the wave packet at any time ¢ represents the density distribution 
of this cluster of particles. When the size of the packet is reduced to zero, 
the set of trajectories reduces to one single trajectory; and we arrive once 
again at the well-known result that a localized wave packet moves along 
a classical trajectory. 

The above interpretation enables us to describe the collective behavior 
of a group of classical particles by the amplitude function A which is 
obtained by solving the Schrédinger equation. However, this result has 
no practical application, as such a classical problem seldom occurs. On 
the other hand, if we consider this cluster of classical particles not as many 
real particles, but as representing the possible positions of a single particle 
at a given time, then quantum mechanics in the limit i — 0 gives us a 
mathematical description of a classical particle having a number of possible 
positions at a given time, or having a classical error attached to its posi- 
tion. Proceeding along this line, we may attach to every point in the cluster 
a probability of finding the real particle at this point. When a point is 
thus associated with a probability we call it a probability element. It is 
identical with a particle so far as the dynamical properties are concerned 
but differs in that the appearance of a probability element at a point 
(x, y, 2) means the existence of a certain amount of probability to find 
the particle at (x, y, z) instead of the actual appearance of the particle 
at (x, y, 2). The future position of a classical particle together with its 
future error may thus be obtained by following the motion of the proba- 
bility elements (each moves like a classical particle). Quantum mechanics 
in the limit  — 0, interpreted in this way, may be used as a calculus 
of errors within the framework of classical mechanics. The wave function 
serves as the error distribution function of the position of the classical 
particle. 

The foregoing discussion is based on the assumption that 4 — 0. When 
i cannot be regarded as small, we must go back to Eq. (2-57), which may 
be written in the following form: 

1 2? ' 
oy Wer +u-2 4 bao. (2-64) 





This equation may be interpreted as the equation of motion of a classical 
particle in a potential field V given by 


Vets (2-65) 


In addition to the original potential U there is a second term which is 
dependent on # and vanishes when / is set to zero, A new term in the 
potential corresponds to a new foree, and we shall loowely eall this one the 
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quantum force. It is not a real force but is a useful concept for the inter- 
pretation of quantum-mechanical results in terms of the familiar concept 
of force. Thus the exact form of quantum mechanics (not letting 4 — 0) 
differs from classical mechanics only in the introduction of the quan- 
tum force. Now, the previous statement regarding the meaning of the 
amplitude A of the wave function Y may be changed to the following: 
If we have a group of particles moving according to classical mechanics 
in a combined field of a classical potential U(2, y,z) and a quantum 
potential —(h?/2M)(V?A/A), then their density function will be repre- 
sented by the square of amplitude A of a certain wave function ¥. This 
statement is equivalent to saying that the square of the amplitude A of 
a wave function W describes the probability distribution of the position 
of a particle whose probability elements move under the influence of both 
the classical and quantum forces. As the introduction of the quantum 
force changes the distribution of the probability elements, quantum- 
mechanical results will be different from those of classical mechanics. 

Since quantum mechanics differs from classical mechanics solely in the 
presence of the quantum force, we should be able to attribute those 
features of quantum mechanics which are at variance with classical me- 
chanics to the existence of this quantum force. Equation (2-65) shows 
that the quantum potential depends on A and thus on the distribution 
of the probability elements. This may be interpreted to mean that the 
probability elements exert “forces” on one another or they interfere with one 
another. Here lies the basic difference between the classical error and the 
quantum-mechanical uncertainty. Classical errors do not interfere with 
one another. Therefore, quantum mechanics is not just a calculus of errors; 
it contains something new in which lies the key to the understanding of the 
quantum phenomena. 

The discussion above is purely mathematical in nature. It shows that 
quantum mechanics may be worked out within the framework of classical 
mechanics by the addition of a quantum potential. After all, a system of 
mechanics is but an empty scheme; the physical law of nature is actually 
expressed by the potential function. We shall return to this viewpoint in 


€ 


Section 6-3 


2-8 Normalization. The probability current density. According to the 
statistical interpretation, |W(x, y, 2, to)|? dx dy dz represents the proba- 
bility of finding the particle in the volume dx dy dz around the point 
(v, y, 2) at the time to. Since the total probability equals unity, we require 


i] if \W(w, y, #, to) |? dx dy dz = 1, (2-66) 
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This condition may always be satisfied for the following reason. The 
Schrédinger equation is a linear equation; any solution of it multiplied 
by a constant c remains a solution. Let 


1 


pen ore See ees 
J [ffive y, 2, to) |? dx dy dz 


the new wave function cV(a, y, z, to) will be one satisfying Eq. (2-66). 
Wave functions satisfying Eq. (2-66) are called normalized wave func- 
tions; otherwise, they are said to be unnormalized. The constant c defined 
in Eq. (2-67) is called the normalization constant. In later discussions we 
shall always use normalized wave functions, which may be obtained 
readily from the unnormalized wave functions by multiplying with the 
proper normalization constants. Such a procedure is called normalization. 

We note that not all functions of (a, y,z) may be normalized. If the 
integral in Eq. (2-66) diverges to infinity, then the value of c becomes 
zero and cW(z, y, 2, to) becomes a trivial solution. Such a situation may 
arise when (az, y, 2, tg) becomes infinite as (x, y, z) approaches infinity.* 
Wave functions of this kind do not represent a particle with finite proba- 
bility distribution and therefore do not describe any real physical situation. 
They will be excluded. Only normalizable wave functions will be con- 
sidered in quantum mechanics. Thus Eq. (2-66) imposes a restriction 
on physically acceptable wave functions. In order that the normaliza- 
tion integral in Eq. (2-66) be finite, it is necessary that the wave func- 
tion W(2, y, 2, 9) approach zero sufficiently rapidly at infinity. Thus the 
normalization condition imposes a boundary condition at infinity on all 
physically acceptable wave functions. Later we shall see that this bound- 
ary condition leads to quantization of energy. For the same reason it 
imposes a certain limitation on the singularities that may be allowed to 
exist in a wave function. For example, if y diverges to infinity at the origin 
according to the relation 


(2-67) 





1 
yr ro (2-68) 
where r is the distance from the origin, the normalization condition re- 
quires the following integral to be finite in the small region around the 


origin : i 
|[[wea ~ ie r? dr~ aaah (2-69) 


* For those wave functions remaining finite but not vanishing at infinity the 
normalization integral also diverges, but some of them are still physically 
meaningful, an example of which is given in Section 82, Special normalization 
techniques will have to be introduced for such cases, 
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It becomes necessary that 
2n—3 <0. (2-70) 


Therefore a singularity with n less than 3 may be allowed. 

The previous normalization procedure applies only at a given time fo. 
However, it will be proved presently that the Schrédinger equation has 
the property that* once a wave function is normalized at a time fo, it 
remains normalized at any time t; accordingly we need only to normalize 
the wave function at one given time. The time-dependent Schrédinger 
equation is a differential equation of the first order in the time variable. 
Therefore, once V is determined at a time fo, it will be determined at any 
later time ¢. Let us write the time-dependent Schrédinger equation (2-41) 
and its conjugate equation (2-42): 


2, _ 2M 2Mi ow _ say 
eg Oe (2-71) 
ayn — 2M pry  2Mi owe _ aoe 

Vea ey . op 0 (2-72) 


Multiplying Eq. (2-71) by ¥* and Eq. (2-72) by W, and then taking the 
difference, we have 


ae 
Wve — wet + ee (v ~ + =) = 0. (2-73) 


Irom a theorem in vector analysis, 
{vg — 9V°f = V-(fVg — gVf), (2-74) 
we can rewrite Eq. (2-73) as follows: 


Bente Me teg ‘ _ 7 

— = ‘| VY — WV = 0. 2-75 
= WP +9 Fac v ) (2-75) 
Integrating over a volume T bounded by a surface a, and applying Green’s 
theorem to change the second volume integral to a surface integral, we 
obtain 


a i] lel ar + I nie (U'vyY — WV") do = 0. (2-76) 
§ o 


(After the integration, ¢ is the only variable left; thus we have total differ- 
entiation with respect to tin the first term.) When the volume 7 increases 
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to infinity, the surface o also goes to infinity. Since VY, and therefore W*, 
must vanish at infinity, the surface integral vanishes and we have 


4 fffivear =o. (2-7) 


Therefore the normalization integral is a constant in time. If it equals 
unity at one time to, it remains so at any time. Thus once a wave function 
is normalized, it remains normalized at any time. 

The above conclusion may be inferred from the discussion of Section 2—7. 
Equation (2-62) enables us to interpret ||”, which equals A? in Eq. (2-62), 
as the density function of a compressible fluid. The normalization integral 
thus represents the total amount of the fluid, which, according to the 
equation of continuity, can neither be increased nor decreased and there- 
fore has to remain a constant in time. 

The fluid analogy enables us to introduce the concept of current density 
in quantum mechanics. Equation (2-75) takes the form of the equation 
of continuity. Since we interpret |¥|? as the probability density, the 
corresponding current in the equation of continuity, Eq. (2-75), will have 
to be interpreted as a probability current. Thus we have the expression 
for the probability current density: 


7 = she (ete — wv), (2-78) 


With this concept we may interpret Eq. (2-76) as meaning that the 
increase of total probability inside a finite volume 7 is due to the influx 
of the probability current over the surface o bounding this volume. 

In Section 2-7, we interpret the quantity ||? in the classical limit as 
the density function of a group of classical particles moving along their 
classical trajectories. In the same spirit, we may interpret, in the classical 
limit, the probability current density given by Eq. (2-78) as the actual 
current density of this group of classical particles. 


2-9 The general solution of the time-dependent Schrédinger equation. 
As the time-dependent Schrédinger equation is the equation of motion in 
quantum mechanics, its general solution is the key to the solutions of all 
quantum-mechanical problems. Before we discuss the general solution 
we write down without proof a few important results of the Fourter analysis 
which will be used presently as well as in later discussions, 


The fundamental theorem in Fourier analysis states that for a piecewise 
continuous function f(x), defined in the interval =» © # © w, having con- 
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tinuous first and second derivatives within each subinterval, the Fourier series 
a 0 
- a > (dn cos nz + b, sin nz), 
n=l 


where 


ine 
= / f(x) cos nx dz, 
Ww J—r 


an 


bn 


S | f(x) sin nx dz, 
wT J —« 


converges to f(z) wherever f(x) is continuous inside the interval, to 
$f (as) + f(ai4)] 
at each point of discontinuity x; inside the interval and to 


alf(m_) + f(r+)] 


at « = +7, the convergence being uniform in each closed subinterval. This 
statement is not the most general—for example, the requirement on the con- 
tinuity of the second derivative may be relaxed—but is sufficient in most 
applications. The Fourier series may be expressed in the complex form which 
is more convenient, particularly for our purposes, 


f(z) = Dene” 
where the Fourier coefficient cn may be evaluated from f(x) by 


Cn = ah f(aye—*"* de. 
2a Jos 


By a suitable limiting process in which the interval extends to ae <4< om, 
we obtain the Fourier integral for a piecewise continuous function f(x), defined 
in the interval —«o < x < ©, having continuous first derivative and rendering 


the integral f~. |f(x)| dx convergent, 
fe) = / g(de** at, 
Van v—* 
where the Fourier transform g(t) may be calculated from f(x) by 


1 {- —itz 
j).e-: ( ) dx. 
g(t) oes ale 4 xe 


We now consider the general solution V at a fixed point (vo, Yo, #0): 
Ite value at this point (ro, yo, #o) is a function of time and may be 
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expanded in a Fourier series or integral in the time variable, 


W(xo; Yo, Zo, #) = Dae“. (2-79) 


When the point (xo, yo, zo) changes, the Fourier coefficients a, also change. 
The dependence of a, on the point may be expressed as follows: 


U(x, y, zt) = Doaa(a, y, ze". (2-80) 


Substituting Eq. (2-80) in the time-dependent Schrédinger equation, we 
have 


De | vaste, y,2) — 22 vaste, v2) + 


@ 





ee sles, 2] = 0." (2-81) 


The expression within the brackets is time-independent. In order that 
Kq. (2-81) be satisfied at all times we must require that all the brackets 
in the summation vanish: 


V7a.(z, y, 2) + ad (hw — U)a,(x, y, 2) = 0. (2-82) 


If we write 
hw = EH, (2-83) 


Eq. (2-82) becomes identical with the time-independent Schrédinger 
equation. The quantity HZ so introduced may be identified with the 
energy, and the function a,(z, y, 2) may be identified with cpWxz(z, y, 2), 
cz being a constant. Thus the time-independent Schrédinger equation 
may be considered as the equation which determines the Fourier coef- 
ficients of the general solution of the time-dependent Schrédinger equa- 
tion. Equation (2-83) is consistent with Eq. (2-81), since the angular 
frequency w is related to frequency v by 


w = Qn. (2-84) 


The above conclusion means that the general superposition of mono- 
chromatic waves considered in Section 2-2 is actually the general solution 
of the time-dependent Schrédinger equation. Therefore the general solu- 
tion Eq. (2-80) may be rewritten as follows: 


V(x, Y, 2, t) = Dicevn(2, Y, ge B/M6, (2 85) 
E 


The normalization condition imposes some restriction on the general 
solution, Those solutions of the time-independent Sehrédinger equation 
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which do not satisfy the normalization condition should be excluded; the 
general solution is thus a superposition of those solutions which satisfy 
the normalization condition. 


2-10 Summary. We have established the mathematical formalism of 
quantum mechanics by introducing the time-dependent Schrédinger equa- 
tion as the general equation of motion. The mathematical solution of 
this equation on the one hand and the physical state of the material system 
to be described on the other are related by the two assumptions of Born. 
Thus we have a complete system of mechanics ready to apply to specific 
problems. In a specific application the first step is to set up the Schré- 
dinger equation with the given knowledge of the potential function. 
Next we translate the initial conditions of the physical system into the 
initial conditions of the Schrédinger equation according to Born’s assump- 
tions. Then we are ready for the major mathematical task of finding a 
solution (a, y, 2, t) of the equation of motion satisfying the initial condi- 
tions. Once the solution is obtained, the future information of the physical 
system may be obtained from it according to Born’s assumptions. We 
have shown that the results so obtained are reducible to those of classical 
mechanics if we let 4 approach zero. On the other hand, the difference 
between quantum mechanics and classical mechanics may be attributed 
to the incorporation into the former of the uncertainty relation or the 
quantum force. In the next three chapters we shall discuss the applica- 
tions of quantum mechanics to three specific problems. We shall verify 
quantum mechanics in the classical limit by working out some particular 
solutions. More importantly, we shall find that in these three cases 
quantum mechanics contains solutions, not contained in classical me- 
chanics, which enable us to explain the quantum phenomena, namely, 
the wave property of matter, the quantization of energy, and the penetra- 
tion of potential barrier. The relation between these quantum phenomena 
and the uncertainty relation or the quantum force will be discussed in 
Chapter 6. 


PROBLEMS 


2-1. What is the meaning of the statement that quantum mechanics reduces 
to classical mechanics when the Planck constant approaches zero, inasmuch as 
the Planck constant has a definite value 6.625 X 10~?7 erg-sec? [Hint: Classical 
mechanics is valid for particles of large masses.] 

2-2, By the method of Section 2-6 show that for a wave packet of mono- 
chromatic plane waves, 


dt + ° 
Ma Lava (2-86) 





PROBLEMS 69 


ae that this result is independent of Born’s second assumption but corrobo- 
rates it. 


2-3. Discuss the condition under which the concept of group velocity is valid. 
[Hint: Expand the exponent of Eq. (2-9) about (co, vo). The zero-order term 
represents the phase wave; the first-order term gives rise to the group velocity. 


The concept of group velocity is meaningful when the second-order term may 
be neglected.] 


2-4. Mathematical exercise: Determine the Fourier series of the square wave 
function, 


f(z) = SRS aD (2-87) 
ta), Khe ee 


Plot the first three partial sums and compare with the square wave function. 
Answer: f(z) = (4/1) YR =1 [sin (Qn — 1)a]/(2n — 1). 


2-5. Mathematical exercise: Determine the Fourier integral of 


0, x<0, 
fz) =41, O<2<1, (2-88) 
0, f> 1 


Answer: f(z) = 1 sin ¢ cos xt + (1 — cos ¢) sin at d 
Tv 0 t t. 


2-6. Determine the Fourier integral of 


—22/¢2 
fa) =e 7", -w caro, (2-89) 


and verify the relation 
Az Ao & 1, (2-90) 


where Ax and Ao are ranges of x and o (wave number) within which f(z) and 
its Fourier transform respectively are appreciable. For the present problem, 
Ac = a. (Compare with Problem 4-2.) What is the relation of this equation 
to the uncertainty relation? 


*2-7. By Eqs. (2-41), (2-42), and (2-78) show that 


d ~ 
dt [ffi dx dy dz = // (VU)W"W dx dy de, (2-91) 


Define 
A? 
u = Oy vv". UW, (2-92) 
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Also show that 


8 fffuacayae = — fff wv ae aye (2-93) 


—oO 


Note: If Eq. (2-41) is regarded as the equation of motion in a classical wave 
theory of matter—a point of view we do not consider here but will discuss in 
Section 12-12, Chapter 12— we may define j and u as the momentum density 
and energy density respectively for the wave field and consider the above two 
equations (2-91) and (2-93) as the statements of the laws of conservation of 
momentum and energy. 


* Indicates more difficult problems. 





CHAPTER 3 
THE FREE PARTICLE 


As the first example of the applications of quantum mechanics to specific 
problems, we shall discuss the motion of a free particle. After a review 
of the classical solution of this problem we shall obtain the general solu- 
tion in quantum mechanics. From the general solution we can construct 
a special solution representing a wave packet, the motion of which re- 
sembles the motion of a particle obeying classical mechanics. Thus we 
shall verify the conclusion that quantum mechanics includes classical 
mechanics as a special case. Also, from the general solution we shall find 
other solutions which do not correspond to any classical motion, but 
instead may be used to describe a quantum phenomenon, namely, the 
wave property of matter. 

3-1 The general solution in classical mechanics. For a free particle, 
the potential function is a constant which may be set equal to zero. Thus 
the classical equations of motion are 

dx d?y d?z 
M ae = % M a2 = 9 M a2 = 9% (3-1) 
where M is the mass of the particle and (2, y, z) are the coordinates of its 
position. The general solutions of the equations of motion are 


x= Xo + yt, Y = Yo + byt, z= 20 + vel, (3-2) 


where 29, Yo, 20, Uz) Vy Vz are integration constants to be determined by 
the initial conditions [initial position (29, Yo, Zo) and initial velocity 
(vz, Vy, ¥z)]. The momentum components of the particle are 


Dx = Mo,, Py = M,, pz = Mr,. (3-3) 


The total energy of the particle, which equals the kinetic energy, is 


B=! 62 +52 +09). (3-4) 


3-2 The general solution in quantum mechanics, As the free particle 
is specified by a potential equal to zero, its quantumemechanical equation 
itr fq 
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of motion is obtained by setting the potential U equal to zero in the time- 
dependent Schrédinger equation, 
2Mi ow 


= 3-5 
ke Coy 


Vw + 
The general solution of Eq. (3-5), according to Eq. (2-85), is a super- 
position of monochromatic waves [Eq. (3-6)] the space-dependent parts 
of which satisfy the time-independent Schrédinger equation [Eq. (3-7)]: 


Y= DVewvala, ye", E = he, (3-6) 
E 


V°pa(e, 2) + Ae Hela, y, 2) = 0. (3-7) 


A solution of Eq. (3-7) is readily found by substitution, 


Ve(a, Y; 2) — eM ret tPyy TP 22) (3-8) 
where pz, Dy, Pz are three arbitrary constants satisfying the following 
equation: 


1 5 
E=59 (p? + py + D2). (3-9) 


Thus we have obtained a set of solutions of the time-independent 
Schrédinger equation: a set of plane waves; their frequency v and wave 
number vector @ are given by 


EH + 2 
eee o, = ©, o, = BY, o, = BE. (3-10) 


Comparing Eq. (3-10) with the de Broglie relations, we see that the 
constants pz, p,, and p, may be identified with the momentum components, 
and Eq. (3-9) is consistent with it. Substituting Eq. (3-8) in the right- 
hand side of Eq. (3-6), we have the general solution in the form of a 
superposition of plane waves, their dispersion equation being given by 
Eq. (3-10) and Eq. (3-9). 

Since the normalization condition determines the acceptable solutions, 
we now consider its consequence in the present case. At first look, the 
solution Eq. (38-8) cannot be normalized because 


Sf vnveg dr = Hh dr. (3-11) 


When the volume 7 increases to infinity, the value of the normalization 
integral becomes infinite, However, if we are willing to confine the free par- 
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ticle in a large but finite volume Q, then the normalization integral equals 
Q and the normalization constant has a finite value 1/\/Q. This unrealistic 
situation will approach the true situation if we allow Q to approach in- 
finity. The significant point is that many important results obtained by 
using such normalized wave functions turn out to be independent of Q 
and thus remain valid even when © becomes infinite (see applications in 
Sections 11-3 and 11-4). Thus the procedure of limiting the free particle 
in a finite volume © serves the purpose of completing many important 
calculations and therefore is perfectly legitimate. One important observa- 
tion is that although the normalization integral of a plane wave diverges, 
a wave packet formed by many plane waves is normalizable, because it 
vanishes at infinity. Thus the general solution may well be regarded as a 
superposition of many wave packets. Along this line of thought, in fact, 
a different method of normalization for the free-particle wave functions 
has been devised, which will not be discussed here.* 

The normalization of plane wave functions is justified from a physical 
consideration. A particle the probability distribution of which is every- 
where the same is perfectly possible from the physical point of view. The 
wave function corresponding to this distribution, i.e., the plane wave, 
therefore should be considered acceptable. 

According to the present normalization procedure, all plane wave solu- 
tions of Eq. (8-7) are acceptable, there being no restriction placed on the 
value of EF so long as it is positive. Thus the energy / may take any 
numerical value. In other words, the energy of a free particle is not 
quantized. 


3-3 Classical mechanics as a special case of quantum mechanics. For 
simplicity we limit ourselves to one-dimensional motion. Our purpose is 
to find from the general solution a special solution which reproduces the 
results of classical mechanics and thereby verifies the general theorem of 
Chapter 2 for the special case of a free particle. 

The general solution for one-dimensional motion is a general super- 
position of one-dimensional plane waves, 


ro} 


W(x, t) = i A(oz)e?**°*—” dor. (3-12) 


The summation is replaced by an integral, since the wave number o can 
take any value from — to o. This results from the fact that the energy 
value F is not quantized. Equation (3-9), taking the following form in 





“An exhaustive discussion on the normalization of plane wave functions is 


not imperative or pedagogieally profitable at this stage, 
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Figure 3-1 


the one-dimensional case, 
tiny? A 
E= aM Dr, (3-13) 
shows that the value of p, can be any from —o to «. The same is 
true for the value of o,, since 


a, = ©. (3-14) 
We consider a particular solution for which A(gz), the spectral distribution 
function, is a Gaussian function, 


A (oz) = ae *(24Fa—2400)" (3-15) 


a being a constant. Figure 3-1 shows the probability distribution in oz 
corresponding to Eq. (3-15). This particular solution represents a wave 
packet composed of waves with wave number o restricted in the im- 
mediate neighborhood of a fixed value go. The range of distribution Ao, 
defined by the Gaussian width, is given by 


1 
c= . 
27V 2a 


In carrying out the integration in Eq. (3-12) we remember that frequency v 
is related to energy E and thus to p, and o, through Eq. (3-13) and 
Kq. (8-14). Therefore, 





(3-16) 


; . kh 
Qrivt = it oM (270;)”. (3-17) 
A new variable y is introduced for convenience: 
y = 210, — 210». (3-18) 


The integration is performed by making a perfect square in the exponent 
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Figure 3-2 
after which we may make use of the known result of the Gaussian integral: 
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(38-19) 
Define po by 
Po = hoo. (3-20) 
The probability density function is then 
? 1 
W(x, 1)|? a om ete —(Pol M) 01? / 2a (0? B/ da ®)) (3-21) 


AW \/q2 + (h2t2/4M2) 


This function is plotted in lig. 8-2 for three values of the time t. At a 
given time, |W(x, ¢)|* gives a Gaussian curve centered at a point x equal 
to (po/M)t. As time goes on, this center moves along the waxis with a 
velocity po/M/. Thus the wave packet moves like & elasaical particle moving 
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with a constant velocity po/M. The Gaussian width of the wave packet 
is, according to Eq. (3-21), 





Aa = V2[a + (h2t?2/4aM 2)), (3-22) 


which gradually increases with time. Thus the wave packet tends to 
spread. The maximum height of |¥(z, t)|?, according to Eq. (3-21), 
decreases with time. It may be verified that as time goes on the increase 
in width and the decrease in height of the curve occur in such a manner 
that the area under the curve remains constant in time (Problem 3-2). 
This result is also expected by virtue of the normalization property of 
the wave function. 

After having established the kinematical equivalence of the results of 
quantum mechanics and classical mechanics by making use of Born’s first 
assumption, we want to establish the dynamical equivalence by Born’s 
second assumption. According to the second assumption the wave packet 
represents a particle having probable momentum values equal to the values 
of ho, of the component waves with a probability distribution given by 
the squares of the amplitudes of the component waves. Therefore the 
spectral distribution in Fig. 3-1 represents the momentum distribution 
which is centered around the value hoo, or po. If the distribution width 
Ao, is small enough (the value of a is large enough), we may roughly say 
that the particle has a definite momentum po. This momentum corre- 
sponds to a velocity po/M, and we expect the particle to move with such 
a velocity. That the wave packet actually moves with a velocity po/M 
establishes the equivalence of quantum mechanics and classical mechanics. 

The momentum spread of this particle is 


1 
Qrv/2a 





Ap: = hAo, =h (3-23) 


At the time ¢ = 0, the position spread is smallest. Its value, according 
to Eq. (3-22), is 


Ac = V2a. (3-24) 
Therefore we have 
h 
Ap, At = on’ (3-25) 


and the uncertainty relation is verified (see also Problem 2-6). The free 
particle described by a wave packet in quantum mechanics thus cannot 
have exact values of both position and momentum, and a complementary 
relation exists between the uncertainties of these two quantities, The 
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spread in momentum results in a spread in velocity, 








Apz h 
Avy = = : 3-26 
M V 2a M ( ) 


As time goes on, this spread in velocity causes a spread in position by the 
amount t Av, which equals ht/./2«M. On the other hand, when t is large, 
Eq. (3-22) gives a spread in position also equal to At/\/2aM, consistent 
with the above result. 

The momentum distribution determines the energy distribution, since 
the two are related by Eq. (3-13). Thus the spectral distribution function 
determines the energy distribution through the relation H = hv. 


3-4 Explanation of a quantum phenomenon: the wave property of 
matter. We return to the general solution of Section 3-2, i.e., 


i/h —Et ‘ 
¥(z, Y; 2, t) =F > Apr Py PE e" EET ETE : (3-27) 
Pz Py PzE 


The quantities H, pz, py, pz in this expression are integration constants. 
They determine the frequencies and wave numbers of the monochromatic 
plane waves. By the de Broglie relations we identify the parameter E as 
the energy and p;, py, pz as the momentum components. The relative 
probability of finding the particle to have energy / and momentum com- 
ponents pz, Py, Pz iS ldps,py.P2E| 

The particular solution discussed in Section 3-3 leads to results identical 
with those of classical mechanics. In this section we shall discuss another 
particular solution which describes a quantum phenomenon. This par- 
ticular solution is a monochromatic wave, obtained by letting dp,,,,p,,E 
equal unity for a particular set of indices pz0, Pyo; Pz0, Ho, and equal zero 
for all others. 

The physical meaning of this solution may be obtained by Born’s two 
assumptions. According to the second assumption, this wave function 
represents a particle with definite values of energy and momentum, i.e., 
Eo and pzo, Pyo, Pzo- According to the first assumption, it represents a 
particle, the probability of finding which at a given point in space is 
everywhere and always the same, since |W(z ,y, z, t)|? is a constant. In 
classical physics, we have never encountered a particle identified by such 
a description. However, in Chapter 6, we shall discuss why such a de- 
scription is allowed and even required in quantum mechanics, (In 
Chapter 6 we shall point out that once the momentum value of a particle 
is exactly known, the position can no longer be exactly located. This 
(result has a negligible effect on particles of macroscopic size, hence we 
were unaware of its existence, However, it becomes important in micro- 
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scopic physics and it is consistent with the description given by a mono- 
chromatic wave.) 

The fact that the probability density |¥(z, y, z, é)|? is constant in space 
and time gives rise to an illusion that the particle is not moving at all. 
This is not so, because the particle has momentum and energy. The 
motion of such a particle may be made evident if we consider the proba- 
bility current density, 

j= weve — we) = 2 wy. (3-28) 

2Mi M 

Equation (3-28) may be interpreted to mean that each probability density 
element Y*W dr is moving with a velocity p/M, ie., the actual velocity 
of the particle calculated from its momentum. Therefore, instead of the 
classical picture of a single point moving with a velocity v, the mono- 
chromatic wave depicts a motion of the whole probability density distri- 
bution with a uniform velocity v. Since the initial density distribution is 
uniform, such a uniform motion leads to a new density distribution iden- 
tical to the previous one. The situation resembles the flow of a stationary 
hydrodynamical current; the density remains constant in time while the 
current flows continuously. 

The above discussion makes it evident that a monochromatic plane wave 
is a natural representation of a uniform beam of particles all having the 
same energy. In many modern experiments, electrons or other particles 
are generated from a source and then accelerated by a potential to produce 
a uniform beam of a given energy. Each of the electrons, being a particle 
having definite energy and momentum, has its probability distribution 
of position described by a monochromatic wave. For a large number of 
electrons in a beam, the probability distribution of one electron gives the 
actual density distribution of all electrons, provided the beam is uniform. 
Therefore quantum-mechanical results may be interpreted in terms of the 
actual density of electrons instead of the probability density of a single 
electron, when a beam is represented by a monochromatic plane wave. 
Such results may be compared directly with the experimental results to 
verify the theory. 

We may imagine an experiment in which a beam of electrons is imping- 
ing on a single slit, with a screen placed behind to record the arrival of 
the electrons. If such an experiment were ever possible (if we could find 
a slit narrow enough to make it feasible), we would observe the electrons 
falling on the screen with a density distribution exactly the same as the 
single-slit diffraction pattern of light with a wavelength given by the 
de Broglie relation. Since the behavior of the electron beam in this case 
in the same as that of a light wave, and diffraction phenomena were thought 
to be explainable only in wave theory, a wave property is ascribed to the 
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electron beam. (Actually the wave property of electrons is established 
experimentally by passing electrons through crystals, which may be re- 
garded as gratings of extremely narrow spacings.) The discovery of the 
wave property of electrons poses a fundamental problem: Are electrons 
particles or waves? The answer to this problem by quantum mechanics is 
as follows. 

The motion of an electron as a particle is described by a wave function. 
Before reaching the slit, the wave function is a monochromatic plane wave; 
after passing through the slit, the wave function has to satisfy the time- 
dependent Schrédinger equation as well as the boundary conditions on 
the diaphragm and over the slit. Let us find such a solution having a 
frequency equal to the original one. The space-dependent part of this 
wave function must satisfy 


V(x, Y, 2) aan (270) "W(x, Y, z)> (3-29) 


This is the same as the differential equation for the diffraction of light. 
The boundary conditions are also the same as in the diffraction of light 
by a single slit. Therefore the wave function (2, y, z) behind the slit will 
be the same as the light wave amplitude behind the slit and |(2, y, 2)|? 
the same as the light intensity. Since |p(2, y, z)|? represents the electron 
density on the screen, the above argument shows that the electron density 
is the same as the diffraction pattern of light of wave number a. Thus the 
experimental result of electron diffraction (electrons behave like a wave 
of wavelength 1/o specified by the de Broglie relation) is theoretically 
derived from the equation of motion of the electron in quantum mechanics. 

The purpose of a physical theory is to predict correctly experimental 
results by the equation of motion which represents the fundamental 
physical law. To this end quantum mechanics has succeeded in “explain- 
ing” the wave property of matter, for the latter follows the Schrédinger 
equation as a necessary consequence. To the question whether the elec- 
tron is a particle or a wave, we may say that the electron is a particle whose 
motion is governed by the Schrodinger equation. The wave property of 
the electron is just one manifestation of the Schrédinger equation. It is 
important to note that no physical wave of any sort is introduced here to 
explain a wave phenomenon. The emphasis is placed on an explanation of 
the distribution pattern instead of on the wave which causes it. The 
monochromatic wave V(a, y, z, t) is not a real wave, not a physical entity. 
At best we may call it a probability wave which has only an abstract 
meaning. 

From a purely experimental point of view the particle and the wave 
aspects of matter (and also radiation) seem to be on an equal footing. 
Quantum mechanics of a particle discussed here takes an attitude stressing 
the particle aspect of matter; the symmetry of the wave-particle duality 
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is somewhat distorted. This attitude is reversed in the quantum theory of 
wave fields, which is outside the scope of this book (see Section 12-12 for 
a very brief description). 

The electron diffraction theory discussed in this section is useful for 
pedagogical purposes only. To obtain a theory able to produce experi- 
mentally verifiable results, we have to start from the scattering theory 
(see perturbation theory in Chapter 11). The experimentally observed 
electron diffraction pattern is a result of superposition of all scattered 
waves by all atoms in a crystal through which the electron beam passes. 

Many conclusions obtained in this chapter are expected from the gen- 
eral considerations of the last chapter (for example, the motion of the wave 
packet and the uncertainty relation). We elaborate them in this special 
case to illustrate the general principles of Chapter 2 and to familiarize the 
reader with some of the typical mathematical operations. 


PROBLEMS 


3-1. Consider the planet Mars as a particle, the motion of which is described 
by a wave packet. If Mars were free from the gravitational force of the sun, 
how much would the width of its wave packet increase in the period from its 
birth about 5 billion years ago to the present time? Assume that the original 
width at its birth is 1 cm (a fantastically small quantity in astronomy). The 
mass of Mars is 6.58 X 1026 gm. 

3-2. Verify that the areas under the curves in Fig. 3-2 are the same. 

3-3. What are the quantum-mechanical descriptions of the following phe- 
nomena which, in classical theory, must be described in terms of conflicting 
theories? (1), An a-particle produces a straight track in a Wilson cloud chamber. 
(2), A beam of a-particles passing through a crystal produces a diffraction pat- 
tern on a screen, Note: A detailed discussion of the cloud chamber tracks cannot 
be made here; compare with Problem 6-6 and Problem 12-11 later. 





CHAPTER 4 
THE LINEAR HARMONIC OSCILLATOR 


As the second example we consider the one-dimensional harmonic oscil- 
lator. After reviewing the results of classical mechanics we proceed to 
find the general solution in quantum mechanics. Once again a special 
solution representing a wave packet may be found which exhibits the 
classical properties of the oscillator. On the other hand, this example 
shows that quantum mechanics is able to account for another quantum 
phenomenon, the quantization of energy. 


4-1 The general solution in classical mechanics. The linear harmonic 
oscillator is specified by a potential proportional to the square of the 
displacement, 

U = tkz?, (4-1) 


where k is the force constant. The classical equation of motion is thus 


d?x 
the general solution of which may be written, where the arbitrary phase 
constant is set equal to zero for simplicity, 


z = Acos(W(k/M) t). (4-3) 
The angular frequency of oscillation, independent of the amplitude A, is 
w = Vk/M. (4-4) 


The kinetic energy at any time ¢ is 


— 1 gg? = © 42 gin? ([#2). - 
K=5Mi=35A4 sin? (fe ee) 


The total energy is a constant independent of time, 


E=K+U = }kA’, (4-6) 


4-2 The general solution in quantum mechanics, ‘lhe equation of 
motion for the linear harmonic oscillator is the time-dependent Schrédinger 
equation with the potential function specified by Hq. (4-1). Its general 
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solution, according to Eq. (2-85), may be written as follows: 
W(x, Y; %, ) = dice Vx(z, Y, ee (4-7) 
E 


where cg is a constant coefficient and Wx(z, y, 2) satisfies the time-inde- 
pendent Schrédinger equation 


ad? 2M 1 
an? We(2, y, 2) + Fz ( a) tx?) Vu(x, y, 2) = 0. (4-8) 


The Laplacian V? reduces to one term, as this is a one-dimensional prob- 
lem; Wz is thus a function of x only. The task before us is to find solutions 
of Eq. (4-8) which satisfy the normalization condition. 

To simplify the mathematical form of Eq. (4-8) we introduce a new 
variable £ and a new constant € defined as follows: 


£ = V(Mo/h) «, (4-9) 
-2. (4-10) 


Equation (4-8) thus takes the form: 


d*y 


qe + (© — P= 0. (4-11) 





In a region far away from the origin, the constant € is much smaller 
than £? (which increases as x”) and may be neglected. The resulting equa- 
tion, 

d*Wn 2 =. 

de Eo = 0, 
thus determines the asymptotic behavior of y at infinity. An approximate 
solution of this equation for large values of € is found by substitution: 

Yo = e F!2, (4-12) 

When substituting and carrying out the differentiation, a term —e~*”/? 
appears which may be neglected in comparison with £e~®/?. Another 
solution, ¥.. = et®/?, is excluded because it diverges at infinity. Equa- 
tion (4-12) gives the limit to which y approaches as x goes to infinity. 
It is then reasonable to assume that the complete solution y takes the 
following form: 


v = v(éeH/?, (4-13) 


where v() ia a function of £, presumably of a simpler structure than y(&). 
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Substituting Eq. (4-13) in Eq. (4-11), we obtain the following differential 
equation for v(&): 
d’v 
dé2 





— 2 ate G\g 20. (4-14) 


This equation may be solved by the power series method. Let the solu- 
tion v(&) be written in a power series 


v(é) = ap + ayé + agt? +--+ + ane +---. (4-15) 
We have 
2 
Gee = 2 Lag $B De agb-p ee + (mt mt Yanga” bo, 
(4-16) 
—2 = 2 2nan i" 4-17 
tae AayE—E — tte NAn€ es (4— ) 


(€ = Dv = (€ = Nag + (€ = Iae+ +++ + (= Lage +o. 
(4-18) 


In order to satisfy Eq. (4-14) the sum of the above three series must be 
zero, which is possible only when the coefficients of all powers of & in the 
sum vanish. Thus ; 

2a2 + (€ — 1)ao = 0 


3+ 2a3 + (€ = la, = 0 
(4-19) 


(n + 2)(n + l)an42 + (€ — 2n — l)a, = 0 
The last equation is called the recursion formula, from which a, may be 
calculated from a,_2. By successive application of the recursion formula 


we may obtain all coefficients a, once ay and a; are known. The results 


ae (l= §G~ 0+: Qn—3-0, 


n! 
Qn = (4-20) 
(3 — €(7 — €)--- (Qn —3-— 6) 

n! 





o, for 7 even, 





a, forn odd. 


The solution v(£) thus may be written 


v(é) = co( S f= 5 — ¢) me Gn 3 — 0) ") 


mt (= (3 suit - €)+++(2n —= 3 ») "): (4-21) 


n odd mI 
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Since a solution containing two arbitrary constants is the general solution 
of a differential equation of the second order, Eq. (4-21) is the general 
solution of Eq. (4-14). This solution contains two series, each containing 
terms increasing by £7. The ratio of the coefficients of two successive 
terms of either series, according to the recursion formula, takes the fol- 
lowing limiting form when n is large: 


Gn+2 _, 2, (4-22) 
Gn n 


Consider the well-known series 


2 ack g eh 
ee PEE or" Gam Taye 





which also contains terms increasing by £?. The ratio of the coefficients 
of successive terms approaches the following limit when n is large: 


Anta _, 2 (4-23) 
On n 

As Eq. (4-23) is identical with Eq. (4-22), we conclude that both series 
of Eq. (4-21) behave like et” when £ approaches infinity. Therefore the 
general solution of y, according to Eq. (4-13), behaves at infinity like the 
function e*®/?, and thus diverges. As a result, the general solution cannot 
be normalized and is not acceptable as a solution of the Schrédinger 
equation. 


However, the general solution, Eq. (4-21), includes some special solu- 


tions, for which the infinite series happens to terminate at a certain term 
and becomes a polynomial. The corresponding y, being the product of a 
polynomial and the factor e~®’/?, approaches zero rapidly enough at 
infinity and thus can be normalized. The termination of one of the two 
series happens when one of the coefficients a, equals zero, which makes 
all the following coefficients, an42, Qn44,-.-., Vanish in accordance with 
the recursion formula. Such a situation may arise when € assumes a certain 
particular value, since the value of the coefficient a, is dependent on e. 
Actually, from the recursion formula we learn that if 


e=2n+1, n=0,1,2,..., (4-24) 


the coefficient a, 42 will be zero and one of the series will terminate at the 
(orm ad», Since ¢€ is related to the energy /, Eq. (4-24) imposes a condition 
on #, The condition is that the energy / must take on one of the follow- 
ing values; 

Ey, = hu(n+$), nm 0,1,2,.... (4~25) 
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When FE equals one of the above values E,, one of the two series of 
Eq. (4-21) becomes a polynomial. By setting the coefficient (ap or a) of 
the other series equal to zero we obtain a particular solution of Eq. (4-21) 
in the form of a polynomial. These polynomials are denoted by the nota- 
tion H,(&). A few of them are listed below: 


A((é) = 1 
Ay(é) = 2€ 
H2(&) = 4&7 — 2 (4-26) 


H3(§) = 8° — 12¢ 
H4(t) = 16¢* — 48¢? 4+ 12 


For each polynomial H,(£), Eq. (4-13) gives one solution of Eq. (4-8), 
¥,(x), labeled by the index n corresponding to the energy value E,. The 
acceptable particular solutions are to be found only among the polynomials 
H,,(&). The general solution Eq. (4-7), in order to be normalizable, must 
therefore contain only terms corresponding to these polynomial solutions, 
ie., 


UE, t) = Do enHn (Qe Pe Fw, (4-27) 


n= () 


Transforming the variable & back to the variable x, we express the general 
solution thus: 


U(x, t) = Dy cnn Mah) xe Mol Meig— iain ti1/2)1t— (4_9g) 
n=0 


The polynomials H,(£) are known as the Hermite polynomials, the 
mathematical properties of which will not be discussed in detail here. 
A few important results will be stated without proof as follows. 

1. The explicit form of the Hermite polynomials may be obtained from 
either 


Ha() = (—1"e te er (4-29) 
or 
ae? _ Hoff s”. (4-30) 


n=0 


The left-hand side of Iq. (4-80) is called the generating function of the 
Hermite polynomials. : . 
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2. The Hermite polynomials satisfy the following recursion formulas: 


we) = Galt-(0, (4-31) 
and 
Ay4i(é) = 2&Hy() — 2nHy-1. (4-32) 


3. They give rise to the following result: 


in} 


i [Hn()e 7)? dé = Vr 2". (4-33) 


This equation helps us evaluate the normalization integral, 


y Va(x)n(x) dx = V(h/Mw) V7 2"n!. 


The normalized time-independent wave function W(x) is thus 





1/4 2 
¥n(2) - (4) WV sry Hal WZ) ale “MOlMe (4-84) 


A few of the wave functions are represented graphically in Fig. 4-1. 
We now consider the orthogonal property of the wave functions. The 
wave functions will be shown presently to satisfy the following equation: 


i) 


VrWm dx = 0, nA mM. (4-35) 


Functions satisfying Eq. (4-35) are said to be orthogonal to each other. 
If also normalized, a set of functions, such as that represented by Eq. 
(4-34), is called an orthonormal set. Orthogonality is a general property 
of the solutions of the wave equation. Equation (4-35) is a special case. 
To prove it we first write the differential equations for two solutions py» 
and Wm! 








Bn Be 

qee + (an — Fn = 0, (4-36) 
d'Wm 

age + (tm — Em = 0. (4-37) 


Multiply Eq. (4-86) by ¥» and Eq. (4-37) by wp and then take the dif- 
ference, The result is 


Vn Yin 
Yn Te — in Ut (an — cn Wan = 0, (A-88) 
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Integration over £ from — to gives the following result: 


a (, dn» Wm _ ie 7 ; 
[2 (vn Vn Me ae +(e Qm) __ Yan dE = 0, (4-39) 


or 


Mn al a 6h bab 
[vn dé Wn dé |» a (On Om) a VnWm dé 0. ( ) 
Since ¥, and W» vanish at infinity, the first term reduces to zero. Thus, 


/ Yn¥m dé = 0, if Gn FS Gm. (4-41) 


When a, = a», the integral may not be zero; in fact when ~y = Ym the 
integral is always greater than zero. We note that the proof remains 
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valid for any potential function U(x). Thus the orthogonality property 
is a general property of the wave functions. 

We note that ¥,(x) of Eq. (4-34) is an even function when n is even, 
and an odd function when 7 is odd. This may be expressed by 


Vn(xz) = (—1)"¥n(—2). 


Wave functions that are even are said to have even parity; odd, odd parity. 
Parity is an important property characterizing wave functions (see Prob- 
lem 4-10). 

A few terms commonly used are introduced here. The mathematical 
problem of solving a differential equation, like Eq. (4-11), which has 
permitted solutions only when a constant contained in it, such as € in 
Eq. (4-11), assumes certain particular values, is called a characteristic value 
problem. The values of the constant and the corresponding solutions are 
called characteristic values and characteristic functions. They are also called 
eigenvalue problems, eigenvalues, and eigenfunctions. A quantum state 
represented by an eigenfunction is said to be an ezgenstate. 

We shall state without proof a theorem which will be used later. An 
arbitrary function f(£) may be expanded in a series of ~,(£) (we shall not 
elaborate the mathematical conditions restricting f(&) except to say that 

_f( is well-behaved) : 


(H= > hal (4-42) 


n=0 


where the coefficients of expansion may be evaluated as follows: 


"== fe: S(E)Wn(&) dé. (4-43) 


Equation (4-43) is easily verified by multiplying Eq. (4-42) by Wa(é) and 
then performing integration. The above theorem is a special case of a 
more general theorem* stating that an arbitrary function (well-behaved) 
may be expanded in a series of a complete set of orthogonal functions. It 
may be noted that the Fourier series expansion is a special case of this 
general theorem. 


4-3 Classical mechanics as a special case of quantum mechanics. We 
shall verify the general theorem of Chapter 2 again for the special case of 
the oscillator not only for illustration but also for later application (see 
Section 12-11). Let us write the general solution of the Schrédinger equa- 


* oo, for example, Kaplan’s Advanced Calculus, pp. 414-423. Addison- 
Wealey Publishing Company, Ine, 
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tion for the linear harmonic oscillator in terms of the normalized wave 
functions yp, 


W(z, t) 


=D cada(zde emt 


n=0 


oo 1/4 5 
Co ce a 
par hl (Vr 2"n!) 


(4-44) 


I 





where ¢, is the coefficient of superposition. From the orthonormal prop- 
erty of ¥, we find 


J [W(a, |? dz = D> lonl?. (4-45) 
=e n=0 
The normalization condition thus imposes a restriction on the values of c,: 


> eal? (4-46) 


The physical meaning of the general solution is specified by Born’s 
two assumptions. According to the first assumption, |¥(x, t)|? represents 
the probability distribution of the position of the particle. The second 
assumption, as stated in Chapter 2, applies only to a superposition of 
plane waves; it has to be generalized for the interpretation of the other 
wave functions including the present one. As assumptions are justified 
by their consequences, we are free to generalize so long as the generalized 
assumption includes the previous one as a special case and produces 
results in agreement with experiments. The generalized version* may be 
stated as follows for the present purpose: 


“In a superposition of wave functions such as in Eq. (4-44), the value 
of \cn|? represents the probability of finding the particle, wpon an act of 
observation, to have energy value equal to Ey.” 


When applied to plane waves this statement is equivalent to the previous 
one. Furthermore, Eq. (4-46) is consistent with the fact that the total 
probability is 1. 


* The general statement of the Born assumptions is to be found in Section 12-4, 
which includes all previous statements as special cases, We begin with spec ial 
cases and then generalise it step by step | in the hope that the physical meaning 
may easily be brought out, 
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We now proceed to construct from Eq. (4-44) a special solution which, 
according to the interpretation by Born’s two assumptions, reproduces 
all essential results of classical mechanics set forth in Section 4-1. 

This particular solution is specified by the following coefficients of 
superposition: 





a >I, (4-47) 


where c is a constant adjusted to satisfy the normalization condition 
Eq. (4-46), and a is a fixed number much greater than unity. Substituting 
Eq. (4-47) in Iq. (4-44) we simplify the expression by making use of the 
properties of the generating function expressed in Eq. (4-80): 
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(4-48) 

The probability distribution of position is thus 

|U(x, t)|? = constant e~e-2°?”, 
Introducing a number A by 

a= V(Mo/h) A 

we have 

\W(x, t)|? = constant Pd lai coset)” (4-49) 


Which is & Gaussian distribution function, centered upon a point the 
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position of which is given by 
x = A cosat. (4-50) 


Once again, we have a wave packet in the form of a Gaussian function, 
the center of which changes in time in exactly the same way as a classical 
linear harmonic oscillator, as Eq. (4-50) and Eq. (4-3) are identical. 
Equation (4-50) enables us to interpret the constant A introduced above 
as the amplitude of oscillation. The Gaussian width of the wave packet 
is easily found to be 


Ar = Vh/Mw. (4-51) 


For macroscopic systems, for example, a mass of one gram and a fre- 
quency of one cycle per second, Az is of the order of magnitude of 10~14 cm, 
an extremely small quantity. The wave packet is therefore practically a 
point. Thus the kinematics of the classical theory is reproduced. However, 
for subatomic systems Av may not be a negligible quantity. 

While Born’s first assumption enables us to obtain the kinematical in- 
formation of a particle from its wave function, Born’s second assumption 
enables us to obtain the dynamical information. Accordingly, the proba- 
bility distribution of the energy value of the particle is given by 





(4-52) 


leg]? = o2 L(Meo/2h)A?|" _ pa (02/2) 
n n! 


n! 


Since a is a number much greater than 1, |c,|? increases with n ifn K a?/2 
but decreases if m >> a?/2. Thus Eq. (4-52) represents a peaked distri- 
bution, the maximum of which may be found by differentiating |c,|? with 
respect to n and setting the result equal to zero. In differentiating the 
factorial n!, we make use of the well-known Sterling formula 


Inn! = ninn — n, n> 1, (4-53) 


which is valid for large values of n. 


An approximate derivation of this formula will be given here. 


n! = n(n — 1)}, (4-54) 
Inn! — In (n — 1)! = Inn, (4-55) 
2S. (Inn!) = Inn, (4-56) 
dn 
Inn! = for ndn (4-57) 
=nln=—n, | QD, 
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From Eq. (4-53) we find 


d 

rs n! = (Inn)(n!), n> 1. (4-58) 

The maximum of |c,|? is found, with the help of Eq. (4-58), to be speci- 
fied by 2 

w 


a _ Mw 42 
7 = OF A’. (4-59) 


n= 
The corresponding energy value may be obtained from Eq. (4-25). Since 
a is much greater than unity, n’ must also be much greater than unity. 
Therefore the term 3 in Eq. (4-25) may be neglected: 


Ey’ = hon! 
— hy Me 42 
= hu = A 
= MwA?” 
= 4A? (4-60) 


Born’s second assumption thus leads to the conclusion that the most 
probable value of energy is the same as the classical value, as Eq. (4-60) 
and Eq. (4-6) are identical. The probability distribution of energy, like 
that of position, exhibits a spread around the most probable value. The 
width of the spread may be estimated as follows. We first determine the 
number n’’ such that |c,/-|? is less than |cn-|? by a factor of e, the base of 
natural logarithms. The difference L,,, — E,, is then the Gaussian width 
of the energy spread. We note that 
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Use was made of the fact that 1/n’ is much smaller than unity, so that the 
binomial expansion of [1 ++ (1/n’)]* may be approximated by [1 + (s/n’)]. 
When 

se+1)_., 


sO an’, (4-62) 
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the denominator in Eq. (4-61) approaches e. Thus Eq. (4-62) determines 
the value of s for which |c,|? decreases by a factor of e. As n’ > 1, the 
solution of Eq. (4-62) is 


s&vV2n’'. (4-63) 
Defining a by 
a=Vv2n', 
we have 
n’ =n +a. (4-64) 
The energy spread is thus 
AE = hwa 
a2 9 (4-68) 
a 


Since a is much larger than 1, the energy spread is a minute fraction of 
the total energy. The percentage error is thus small, and for practical 
purposes we may consider the energy as having one definite value given 
by Eq. (4-60). 

The solution specified by Eq. (4-47) thus represents a particle having 
“well-defined” position and energy values, both of which obey the clas- 
sical law. The spread in both position and energy, for macroscopic objects, 
is so small that it is beyond detection. This solution thus reproduces all 
the classical results, verifying that classical mechanics is a special case of 
quantum mechanics. 

We emphasize that the constant a in this solution must be a number 
much greater than unity. Following this, n’ must be a large number. 
Thus only in the region of high quantum numbers may quantum me- 
chanics be reduced to classical mechanics. 


Beginning students may be amazed at this moment by the beautiful display 
of mathematical operations leading to such elegant results. Inquisitive ones may 
ask, could it not be just a happy mathematical accident? What was going on 
backstage to make such a performance possible? To answer these questions, it 
may be pointed out that the results of this section may be obtained without 
any detailed knowledge of the mathematical properties of the Hermite poly- 
nomials. From the considerations of Section 2-7, we know that a localized 
wave function remains localized for some time and moves as a whole without 
spreading; the square of the amplitude of a wave function may be considered 
to represent the density distribution of a group of classical particles which 
move in a pack. According to the expansion theorem, an arbitrary function 
may be expanded in a series of wave functions, Thus a localized function around 
the point z = A may be written as a series of W,’s, If in this series we attach 
to each y, its time factor em!" n/*, the resultant series will be a particular solu- 
tion of the time-dependent Schrédinger equation, [It representa a localized 
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function around the point x = A at time t = 0; furthermore as time goes on 
the function it represents remains localized but, the point of localization moves 
back and forth like a classical particle. Thus Eq. (4-49) is expected from this 
qualitative consideration. It may be added parenthetically that the dominant 
wave functions in the expansion of the localized function at x = A are those 
whose values near x = A are large (see Fig. 4-3, below). By the so-called WKB 
method to be discussed in Chapter 7 it can be shown that in order that the 
maximum of W,(7) may be at « = A, n must be such that H, & 4kA?. The 
quantum-mechanical energy information thus agrees with the classical energy 
value. 


The mathematical complexity of the Hermite polynomials gives the 
impression that the solutions of the Schrédinger equation for the linear 
harmonic oscillator are drastically different from those of the free par- 
ticle. In fact, a close kinship between them is discernible. A glance at 
Vig. 4-1 and Fig. 4-3 later shows the wave nature of the functions Yp(&) 
when n is large. Actually, for large values of n the function p»(£) is ap- 
preciably different from zero in a large range of & We may divide this 
range into small sections; within each of them the function £? varies only 
a little and (EH — £) may be regarded as constant. The solution of 
Kq. (4-11) within a small section near x = wg is thus a sinusoidal function 
et VOm/W)E,—k/2x1% The fact that the function £? actually varies from 
section to section leads merely to the result that the sinusoidal wave is 
frequency-modulated as well as amplitude-modulated. Apart from such 
modulations, the behavior of ¥, when 7 is large is essentially sinusoidal. 
Thus the y, exhibits many of the properties of the plane waves discussed 
in Chapter 3. It is only natural that a superposition of a group of Wp, 
the n values of which are large and are limited within a narrow band, 
may result in a localized wave packet just as a narrow band of plane 
waves may. The point of phase agreement will move according to a ve- 
locity given by 

wet 
9 do 
d(E/h) 
dV (2M /h2)E — (k/2)x3| 


_(# 
- dp) r=r» 


= v(x), (4-66) 








where p is the classical momentum and v(2v9) is the classical velocity at 2x9. 
Nquation (4-66) demonstrates once again that the wave packet will move 
it vo with a velocity equal to the classical velocity at xo. (From this 
consideration the theorem that an arbitrary function may be expanded 
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in a series of wave functions may be regarded as a natural generalization 
of the Fourier theorem.) These general considerations apply not only to 
the linear harmonic oscillator but also to other problems specified by other 
kinds of potential function U(x). No matter how complicated the solu- 
tions may be in a particular problem, it is generally possible to form a 
particular solution in the form of a wave packet which reproduces the 
classical results and thus describes the classical motion. 


4-4 Explanation of a quantum phenomenon: the quantization of 
energy. The interpretation of the general solution, Eq. (4-44), based on 
Born’s second assumption, implies that the energy value of an oscillator, 
when determined by an act of observation, cannot be arbitrary but must 
be one of the following values: 


En = ho(n + 4), = 0315 2 ees (4-67) 


The set of constants c, in Eq. (4-44) specifies a state of motion (just as a 
set of initial conditions specifies a state of motion in classical mechanics). 
For different states of motion the probability distribution of energy is 
different, but the permitted energy values are limited to the above set. 
Thus the energy is quantized. The energy level scheme is shown in 
Fig. 4-2. 

On the experimental side we consider one example: the vibrational 
motion of a diatomic molecule about its equilibrium position. In this 
motion the interatomic distance of the diatomic molecule increases and 
decreases periodically. For small vibrations the diatomic molecule be- 
haves like a linear harmonic oscillator. The energies of the vibrations, or 
rather the differences among them, may be obtained by analyzing molec- 
ular spectra. It was found experimentally that the energy is quantized 
to equal intervals. The Wilson-Sommerfeld quantum condition leads to 
energy values E, = nhiw. It gives the correct energy spacings between 
successive levels just as they are given in Eq. (4-67). However, it differs 
from Eq. (4-67) by leaving out the half integer 1/2. It was found experi- 
mentally that in order to account for the observed isotope displacements 
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in the spectra of the diatomic molecules, the half integer is necessary.* 
Therefore quantum mechanics leads to the correct rule of quantization 
for the linear harmonic oscillator. 

The rule of quantization is a derived result in quantum mechanics 
instead of an arbitrary restriction imposed on an established theory as in 
the old quantum theory. The origin of energy quantization may be traced 
back to the normalization condition which requires the wave function 
not to diverge at infinity. This condition is natural to assume, and it leads 
to energy quantization in many other mechanical systems. Thus quantum 
mechanics offers a systematic method for study of the general problem of 
energy quantization. 

We now consider a special case of the general solution Eq. (4-44) in 
which the summation consists of only one term, ~,. According to Born’s 
second assumption, the particle described by this solution has unity 
probability of having an energy value /,, and zero probability for others; 
therefore the particle has a definite energy Z,. According to Born’s first 
assumption, the probability distribution in position is given by |~n(x)|?. 
For n = 10 this distribution is shown in Fig. 4-3. It is seen that the 
probability distribution is not localized and has an exponential tail ex- 
tending to infinity. This also brings out the fact that a certainty in the 
energy information is accompanied with a large uncertainty in the posi- 
tion information. This is similar to the fact that a certainty in momentum 
is accompanied with a large uncertainty in position according to the 
uncertainty relation. The classical amplitude A of an oscillator whose 
energy is 9 is calculated and marked out in Fig. 4-3 by dotted lines. 
According to classical mechanics, the oscillator should move only in the 
region between the two dotted lines. The quantum-mechanical probability 
distribution is largely confined in this region, but there is a small proba- 


"1k. 8. Mulliken, Phys. Rev, 25, 259 (1925), 
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bility outside of it. At the two endpoints of the classically permitted 
region the kinetic energy of the classical oscillator reduces to zero and the 
potential energy equals total energy. Outside this region the potential 
energy is higher than the total energy, and the particle would have a 
“negative kinetic energy” which is never possible in classical mechanics. 
The “explanation” in quantum mechanics for the existence of a small 
probability of finding a particle in a classically forbidden region will be 
postponed to Chapter 6. 

There is a close relationship between the probability distribution of 
position and the classical motion. Consider the motion of a classical 
oscillator. The relative probability P.. of finding it in a range dx in the 
neighborhood of x is proportional to the time it spends in dz, 


dx dx 


= ny 4-68 
v  V2/M[E — (1/2)kx?] oe 


Pou ~ 








P.1 is plotted as the dotted curve in lig. 4-3. This curve is like an 
envelope of |~19(£)|? except near the ends. This result holds true for wave 
functions y, with large values of n and may be proved mathematically 
(see the WKB method in Chapter 7). I'urthermore, for large n, the num- 
ber of peaks in the corrugated structure of |y,(£)|? (which is n + 1) is 
also large. The corrugated structure thus loses its practical significance 
and the relative probability of finding a particle in a region from x to 
x + dz, which may include a large number of corrugation peaks, is practi- 
cally determined by the envelope curve at x. Thus for large values of n, 
the quantum-mechanical density distribution is the same as the classical 
distribution (except at the endpoints and the fine structure of the 
corrugation). 


Is this merely a happy mathematical accident? No. From the discussion 
of Section 2-7, we know that |W,(r)e—*#n/™!|2, may be considered to represent 
the density distribution of a group of particles having the same energy F, and 
moving according to classical mechanics. Since |W,(x)e—#n’4|? turns out to be 
time independent, the corresponding group of particles must arrange them- 
selves in such a way that the density distribution is stationary (time independ- 
ent). Such a situation may be realized if we imagine that a series of particles 
are being ejected at the origin with the same initial velocity pointing along the 
positive z-axis, one after another at an even pace for a time interval equal to 
the period of oscillation. The density distribution of this group of classical par- 
ticles will be time independent, and its spatial dependence will be just like Pez. 
Therefore, when n is much greater than unity, the quantum-mechanical proba- 
bility distribution |,(x)|? agrees with the classical distribution P,.. 

The inquisitive student will hasten to ask why the two distributions differ at 
the endpoints and what is the origin of the corrugation of the quantum- 
mechanical probability distribution, It may be remembered that the analogy 


98 THE LINEAR HARMONIC OSCILLATOR [cHap. 4 


with a group of independent classical particles is valid only in the classical 
limit when the Planck constant h may be regarded as small (Section 2-7). If h 
is not negligible, the analogy will have to be modified in such a way that the 
group of particles or the probability elements are subject to a quantum force 
derived from the quantum potential of Eq. (2-65), in addition to the classical 
force derived from the potential U(x). The difference between the classical and 
quantum-mechanical results may thus be attributed to this quantum force. We 
may therefore satisfy ourselves by saying that the quantum force is acting on 
the group of hypothetical particles as a result of which the particles are re- 
grouped in a corrugated distribution, and at the endpoints some particles are 
sent by this force into the classically forbidden region, making the density at 
the endpoints finite instead of infinite as would be the case if the classical force 
alone were acting. 


PROBLEMS 


4-1. A simple pendulum may be regarded as a linear harmonic oscillator to 
the first approximation. Discuss the motion of a simple pendulum consisting 
of a mass of 1 gm attached to a string of length 980 cm, according to quantum 
mechanics. Deduce the quantum-mechanical results. Find the quantum- 
mechanical solution corresponding to a classical motion of amplitude 1 cm. 

4-2. Expand f(£) = e-®’ in series of WY, of Section 4-2. Calculate the first 
five coefficients. Compare the series and the function graphically by taking the 
first 1, 3, 5 terms of the series. 

4-3. Mathematical exercise: Verify the generating function of the Hermite 
polynomials. 

4-4. Mathematical exercise: Verify the recursion formulas of the Hermite 
polynomials. 

*4-5, Find the momentum distribution of the energy eigenstate , of a linear 
harmonic oscillator by determining the Fourier coefficients (see also Prob- 
lem 12-9). 

4-6. Find the algebraic equation determining the positions £; of the n+ 1 
maxima of y,(£). 

4-7. Let &, &,..., &n, be the zeros of y,(£). Evaluate }(7_1 &. 

4-8. Can a particle pass through the zeros £1, 2,..., &n? 

4-9. Determine the probability current density of an energy eigenstate. 

*4-10. Determine the probability current density of the solution discussed 
in Section 4-3. 

4-11. Under what conditions does a wave function exhibit a definite parity? 


* Indicates more difficult problems. 





CHAPTER 5 
ONE-DIMENSIONAL POTENTIAL BARRIER PROBLEMS 


So far we have considered problems in which the potential is a con- 
tinuous function of the coordinates. In this chapter we shall discuss 
another kind of one-dimensional problem in which the potential is dis- 
continuous and is such that between two points of discontinuity it is a 
constant. Two special cases, the potential well and the potential barrier 
of finite thickness, illustrating the essential features of this kind of prob- 
lem, will be discussed. As these problems differ from those discussed 
previously in the existence of discontinuities in the potential function, the 
continuity property of the wave function at these points of discontinuity 
is an important point of consideration. We shall not repeat the effort of 
deriving classical results from quantum mechanics; we shall discuss some 
special cases of practical importance and show that quantum mechanics 
accounts for another quantum phenomenon: the penetration of a particle 
through a potential barrier. 


5-1 The potential well problem. A potential well is a potential function 
which is zero in a certain region of the coordinate but assumes a positive 
constant value Vo elsewhere (I’ig. 5-1), 


0, for -a<u<a, 
= (5-1) 
Vo, for—-a>z>a, 
Vo > 0. 


The classical solution of the motion of a particle in a potential well is 
easily obtained. If the particle has an energy # less than Vo, it will 
move with a constant velocity /2H/M between « = —a and «= a, 





Miaurn 5-1 


0 
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and will reverse its direction of motion whenever it collides with the 
potential barrier at x = +a. It will never go into the regions x > a and 
x < —a. If the energy F is greater than Vo, then the particle will move 


to +0 or —oo depending on its initial direction of motion. The velocity . 


will be \1/2H/M for —a < x < a and 1/2(H — Vo)/M for the regions 
x < —aand z > a. 

The quantum-mechanical general solution may be obtained from the 
time-dependent Schrédinger equation and may be written in a series: 


i) 


W(x, t) = > Can (ae Eat (5-2) 


n=0 
where W(x) is a solution of the time-independent Schrédinger equation, 


dn 


dx? 





4 2M 


h2 [E, U(x) Wn — 0. (5-3) 


Inserting the potential function of Eq. (5-1) and dropping the index n 
for generality, we may replace Eq. (5-3) by three equations in the three 
regions: 








a? 2M 

ce +25 (E- Vow =0, for s < —a, 

d” dy 

da? +50 M ny = = 0, for —a < a <a, (5-4) 
d? 2M 

as + h2 (# Vo)v = 0, for x > a. 


As in the classical solution we have to distinguish two cases: EH < Vo 
and E > Vo. For the first case, 2 < Vo, we define two constants a and 8 
as follows: 


a= 


2 2M 
qe © 


p? = 20 (Vo — 2). (5-5) 


The general solution of Eq. (5-4) may then be expressed as follows: 
y= Ae*-+ A’e*, for x < —a, 
y = Be + Ce, for —a < x <a, (5-6) 
vy = De + Die, forz>a. 


The condition that ~ does not diverge at ao requires that the constants 
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A’ and D’ be zero. Thus we have four arbitrary constants, A, B,C and D, 
left. These constants will have to be related in some way so that the three 
functions above may join together to form an acceptable solution. Before 
we can determine these relations we have to investigate the continuity 
property of the wave function at the points where the potential U(x) is 
discontinuous. When the potential is represented by an analytic function, 
the wave function is also analytic,* ie., (x) and all its derivatives, 
dy/dx, d*p/dx”,..., are continuous. If the potential U(x) has a dis- 
continuity at xo, then d?y/dz?, being equal to —(2M/h?)(H — U)w in 
accordance with the Schrédinger equation, is also discontinuous at xo, 
and so are all the higher derivatives. Therefore the best we can ask for 
is that ¥(x) and dy(x)/dx are continuous at x2 9. We shall show that this 
is actually the continuity condition ~ must satisfy at xo. If py or dp/dx 
is not continuous at 29, the probability current density, given by Eq. 
(2-78), will be discontinuous at vp. As a result, xo will be a source or a 
sink of the probability current; this means that matter will be created or 
destroyed with a given rate at zo. Since matter cannot be created or de- 
stroyed (at least in low energy physics) we must require the continuity 
of y and dy/dx at the points where the potential is discontinuous. The 
above consideration may be restated as follows: a discontinuous potential 
function does not prevent us from obtaining physically meaningful solu- 
tions of the wave equation if y and dy/dx are required to be continuous 
at the points of discontinuity. 

Returning to Eq. (5-6) we note that the continuity of y(x) at « = —a 
and « = -+ta requires that 


Ae~8* — Be~*=* + Cet, 


, . (5-7) 
De~8* = Better + Cet", 
The continuity of dy/dz at x = —aand x = +a requires that 
BAe? = iaBe*** — iaCet'@*, 
(5-8) 


—BDe~** = iaBet*e* — iaCe—**. 


Thus we have four linear homogeneous equations for determining the four 
constants A, B,C, and D. In order that a set of nonvanishing solutions 





“The differential equation (5-3) defines an analytic function ¥(Z) over a 
region in the complex plane where U(Z) is analytic, By the theory of functions 
of a complex variable we learn the continuity property of ¥, However, only on 
the real axis where U(Z) and y(Z) reduced to U(#) and ¥(*) do these functions 
have physical significance, 
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may exist the determinant of these simultaneous equations must vanish, 
which leads to the following equation: 


(‘an aa — é) (‘an aa + “) ==.0: (5-9) 


Since a and 6 contain the energy EH, Eq. (5-9) imposes a restriction on 
the energy value. Only when the energy equals one of the values satisfy- 
ing Eq. (5-9), can we obtain a set of solutions A, B, C, D, from Eq. (5-7) 
and Eq. (5-8), and so an acceptable solution of Eq. (5-4). The energy 
values satisfying Hq. (5-9) are thus the allowed energy values and there- 
fore the energy is quantized. The solutions of Eq. (5-9) consist of the 
solutions of the following equations: 

) (5-10) 


tan aa = 
tan aa = — —- (5-11) 


These equations may be solved for the energy eigenvalues by graphical 
or numerical methods (Problem 5-6). For the solutions of Eq. (5-10), the 
corresponding solutions of A, B, C, and D are 


A= D, B=C, A = 2B cos (aa)e®. (5-12) 


Note that for a set of homogeneous equations the solution gives only the 
ratios of the variables. One of the four constants A, B, C, D is left arbi- 
trary. The corresponding wave function is 


2B cos (aa)e*t®, for a < —a,. 
yw 2B cos (ax), for -a <a <a, (5-13) 


2B cos (aaje*—,, for x > a. 


The constant B will be determined eventually by normalization. The 
wave function of the lowest energy in this group is graphically repre- 
sented in Fig. 5-2. As the energy eigenvalue increases, the cosine function 
in the middle region makes more crossings over the x-axis. The points 
where the curve crosses the x-axis are called nodal points. From Eq. (5-13) 
we note that all wave functions in this group are symmetric, i.e., 
V(x) = w(—«), and thus have even parity. 

lor the solutions of Iq. (5-11) the corresponding solutions of A, B, C, 
and D are 


A D, Bwaw=0, A 27B sin (aa)e", (S14) 
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The corresponding wave function is 
—2iB sin (aa)e®*t”, for « < —a, 
y= 27B sin (ax), for —a <u <a, (5-15) 


2iB sin (aa)e8"—”, for x > a. 


The wave function of the lowest energy in this group is graphically repre- 
sented in Fig. 5-3. As the energy cigenvalue increases, the sine function 
in the middle region makes more crossings over the x-axis. All wave 
functions in this group are antisymmetric, i.e., W(v) = —Y(—2), and thus 
have odd parity. 

To summarize for the case W < Vo: We have four constants A, B, C, 
and D, and four continuity conditions. But only three of the four con- 
stants are adjustable, the other being determined by normalization. Hence 
we have more conditions than necessary for determining the three con- 
stants and in general no solution exists. By allowing the energy value to 
vary we introduce an additional variable and the conditions may be satis- 
fied. Thus acceptable solutions may be obtained only for a selected set of 
energy values and the energy is quantized. 

We consider a special case in which Vo approaches infinity, i.e., the 
potential barrier is infinitely high. For the first group of solutions, 


tan aa = f > w, (5-16) 
T 
aa = (2n + 1) 5° (5-17) 


By Iq. (5-17) the characteristic energy values are 


(2n + 1)?r*n® 


8Mal (5-18) 


E, = 


The corresponding wave functions, the symmetric ones, reduce to pure 
cosine functions between the barriers and vanish at the boundary and 
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beyond (x = a are the nodal points of the cosine function). For the 
second group of solutions, 


tan aa = — ; — 0, (5-19) 


‘aa = nT. (5-20) 
The characteristic energy values are 


Qn)? 27h? 
E, = ae (5-21) 


The corresponding wave functions, the antisymmetric ones, reduce to 
pure sine functions between the barriers and vanish at the boundary and 
beyond (x = +a are the nodal points of the sine function). 

Having discussed the H < Vo case, we now turn our attention to the 
EK > Vo case. The solutions may be obtained by a similar procedure. 
They differ from those of the previous case in that the wave functions in 
all three regions are oscillatory, there being no exponential functions. 
Thus the boundary condition at infinity does not rule out any solution as 
unacceptable and we have a total of six arbitrary constants. This is 
more than necessary to satisfy the four continuity conditions in addition 
to that of normalization, and we can find acceptable solutions for any 
value of energy. Therefore the energy is not quantized. The details of 
this problem are left to the reader (Problem 5-1). 


5-2 The potential barrier problem. We now consider a problem in 
which the potential is zero everywhere except in a finite region 0 < x <a, 
where the potential is a positive constant Vo. This potential is represented 
graphically in Fig. 5-4. In classical mechanics a particle having energy H 
less than Vo, in region I (x < 0), if it moves in the positive x-axis direc- 
tion, will proceed with a constant velocity until it reaches the origin, after 


U(x) 
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which the direction of motion will be reversed while the speed will remain 
the same. The potential thus acts like a barrier which a particle with 
energy E less than Vo cannot penetrate. On the other hand, a particle 
with energy EF greater than Vo will move right into region II (0 < x < a) 
with a reduction of its kinetic energy. The kinetic energy will be restored 
to its original value when the particle moves into region III (2 > a). 

In quantum mechanics, the motion of a particle in this potential field 
is described by a wave function determined by the Schrédinger equation. 
The time-independent Schrédinger equation for this potential is 


2 

es de a Ey = 0 for region I, 
2 

oy t (E — Vo) =0 for region II, (5-22) 
2 

as 4 2s Ey = 0 for region ITI. 


Consider first the case EH < Vo. We define two constants a and 6 as 
follows: 


2ME 
oa? = oy ae (5-23) 
2M(V> — E 
B? = oM(Yo— 2). (5-24) 


The solutions of Eqs. (5-22) in the three regions are 
y = Ae + Be—*** in region I, 
y = Ce + De in region II, (5-25) 
y = Ee* + Fe in region III. 


Since the solutions are oscillatory at infinity instead of exponential, the 
boundary condition does not rule out any solution as unacceptable. Thus 
we have six arbitrary constants. As before, the continuity conditions for 
y and dy/dzx at x = 0 and x = a (where the potential is discontinuous) 
must be satisfied. This imposes four conditions among the six constants. 
Again the requirement of normalization imposes one additional condition. 
With only five conditions to satisfy, one of the six constants may be left 
arbitrary. We will consider one special solution in which the constant / 
is arbitrarily set to zero. This special solution has an application which 
interests us, while the general solution (Ff y# 0) does not correspond to 
any practical physical situation (explained later), When /’ = 0, the other 
five constants are uniquely determined by the five conditions mentioned 
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before. The four continuity conditions are as follows: 


for continuity of Y atx = 0, A+B=C+D, (5-26) 
for continuity of ® at x= 0, ia(A —B)= BC —D), (6-27) 
for continuity of y at «=a, Ceé* + De** = Ee’, (5-28) 
for continuity of a atx =a, B(Ce&* — De®) = iaKke’™. (5-29) 


T'rom these four equations we solve for B, C, D, EH, in terms of A. The 
results are: 


EE ee a 2) 











A 
; —Ba 
C=aA 2{1 + eee ; 
‘ (5-30) 

—2[1 — (B/ia)|e” 

D=A A ’ 
|, 4(B/ia)e=**4 
H=A ay eae 

where 


[1 — (8/a)|* [1 + (B/ia)]e** 


What kind of physical situation does this special solution represent? In 


7 


region III, the wave function is Ke'**. Applying Eq. (2-78), we find the 
current density to be 


j= % oB*E. (5-32) 


Its direction points along the positive x-axis. Analogously, the terms 
Ae’ and Be~'* represent two currents: 


i= a aA*A, jp, = — a aB*B, (5-33) 


in region I, with 7; in the +<2-direction and 7, in the opposite direction. 
l'urthermore, it may be shown by straightforward calculation that 


A*A = BY*B + E*E, (5-84) 
no that 
dil mm Wael be [dul (5-35) 
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From these results we may interpret this solution as follows. A uniform 
beam of particles (j;) traveling along the +-2-axis in region I is split into 
two beams when it reaches the potential barrier, one (j,) traveling in the 
backward direction in region I corresponding to a reflected beam, the 
other (j,) traveling in the forward direction in region III corresponding 
to a transmitted beam. Quantum mechanics thus implies that when a beam 
of particles with energy FE less than Vo impinges upon a potential barrier 
of finite thickness, a part of the beam may go through the barrier and 
reappear on the other side of it. If there is only one particle in the beam, 
then the intensity of the transmitted beam represents the probability of 
finding this particle passing through the potential barrier. According to 
classical mechanics, the whole beam will be reflected and none of it will 
go through. This quantum-mechanical result, contrary to classical me- 
chanics, is the basis of the explanation of a quantum phenomenon—the 
penetration of potential barrier in radioactive decay, which will be dis- 
cussed in the next section. 

We see from Eqs. (5-26) to (5-29) that if # = 0,C and D must be zero 
and consequently A and B must be zero. Therefore it is impossible to 
construct a nontrivial wave function without a transmitted beam. In 
other words, any beam falling upon a potential barrier of finite thickness 
will have to be partially transmitted. In the general solution in which the 
constant F is not zero, the additional term simply represents another 
incident beam impinging upon the potential barrier from the right in addi- 
tion to the incident beam from the left. This beam, in turn, will be par- 
tially reflected and partially transmitted for the same reason. Thus the 
general solution does not introduce anything physically new. It merely 
represents a physical situation which rarely occurs in practice. 

Let us define a transmission coefficient T by the ratio of the current 
densities of the transmitted and incident beams: 


T= 


se lo 


7’ may be obtained by straightforward calculation (Problem 5-8), the 
result, being 
1662 1 pds 
—S———— oe 6 un ( 
a? A/2 (5-86) 
The rate of transmission depends on the energy J’, the barrier height Vo, 
and the barrier width a, these quantities entering the transmission coef- 
ficient through a, 8, and A. 
Since we have enough constants to satisfy the continuity and normaliza- 
tion conditions, an acceptable solution may be obtained for any energy 
value 7, Therefore, the energy is not quantised, 
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It remains to discuss the solution for the case H > Vo. The solution is 
oscillatory in all three regions. The energy is not quantized. The fact 
that the solution must satsify continuity conditions leads to the result 
that an incident beam will be partially reflected at the boundary z = 0. 
This result is contrary to the classical result that the whole beam will 
enter region II without reflection. The details of this problem will be left 
to the reader (Problem 5-2). 


5-3 Explanation of a quantum phenomenon: the penetration of poten- 
tial barrier in radioactive decay. In radioactive decay, some materials 
such as radium spontaneously emit a-particles which are doubly-charged 
particles identified as the nuclei of helium atoms. This phenomenon poses 
great difficulty to classical mechanics. 

The first difficulty concerns the energy of the a-particle in the field of 
the nucleus. From Rutherford’s scattering experiments in which a- 
particles were used as a tool to probe the interior of a heavy atom, it was 
found that the force experienced by the a-particles is a Coulomb force 
down to a very small distance (~10~1? cm) from the center of the nucleus 
of the atom. The point at which Coulomb’s law breaks down may be 
considered as the boundary of the nucleus. Thus the potential experienced 
by an a-particle outside the nucleus is a Coulomb potential as shown in 
Fig. 5-5. When an a-particle enters the nucleus (0 < r < a), it will 
experience very strong attractive nuclear forces from the nuclear con- 
stituents. These forces nearly balance out in the interior of the nucleus 
but show up strongly at the surface. Hence they may be approximately 
represented by a potential well as shown in Fig. 5-5. Taking the radius 
of the radium nucleus to be 9.1 X 107! em we calculate the Coulomb 
potential energy of an a-particle just outside the nucleus to be 4.4 X 
10~° erg or 27.8 Mev. However, in the radioactive decay of radium, the 


U(r) 
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a-particle emitted from the nucleus has an energy H,. equal to 4.88 Mev, 
which is much lower than the Coulomb energy barrier. The following 
question thus arises: How can an a-particle of 4.88 Mev energy go through 
a potential barrier of 27.8 Mev? 

The second difficulty concerns the law of causality. The rate of emis- 
sion of a-particles from a radioactive material is governed by the law of 
radioactive decay according to which the number of a-particles emitted 
per unit time is proportional to the number of radioactive atoms present. 
For radium the decay rate is such that the amount of radium will be 
reduced by half after 1620 years. After several periods of 1620 years there 
will still be a small fraction of radium left. Since all radium atoms are 
supposed to be exactly the same, the following question arises: Why do 
some radium atoms decay in the first few years while others survive for 
thousands of years? In other words, why do the same initial conditions 
lead to different results, contrary to the law of causality? It may be noted 
that this problem arises because of the indivisibility of the atom. One 
atom must act as a whole; it cannot be partly radium and partly radon. 
If matter (radium) were continuous, instead of being quantized in the 
unit of atom, this problem would not arise. Once again we see that 
indeterminism is intimately related to quantization. 

These difficulties of classical mechanics disappear in quantum mechan- 
ics. In the last section we have seen that a particle impinging upon a 
potential barrier, according to quantum mechanics, has a certain proba- 
bility to go through it even though the energy of the particle is less than 
the barrier height. Thus the first difficulty ceases to exist. Moreover, 
the result of the last section implies that the number of a-particles emitted 
per unit time is equal to the total number of radioactive atoms multiplied 
by the probability of penetration through the potential barrier per unit 
time. The latter quantity equals the transmission coefficient multiplied 
by the frequency of bombardment; it is a constant in time. Thus the law 
of radioactive decay is derived and we are able to derive the radioactive 
constant on a theoretical basis. The question of causality does not arise, 
for the behavior of a particle in quantum mechanics is probabilistic. 
What can be predicted in quantum mechanics about a particle is its 
probability of doing something; this probability may be realized in a few 
years or after many thousand years. These points will be discussed further 
in Chapter 6. 

The success of the quantum-mechanical treatment of a-decay soon 
after the establishment of quantum mechanics was considered a major 
triumph of the new theory. We shall return to this topic in Chapter 8 
because the emission of an a-particle is actually a three-dimensional prob- 
lem. However, some qualitative features of the theory may be inferred 
from the expression of the transmission coefficient, Hq, (6-86), If @ and B 
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are of the same order of magnitude, we have very roughly 
Tow e724 — 9 2V QM IP \Vo— Ee (5-37) 


provided 26a is much larger than 1. Equation (5-37) shows that the proba- 
bility of transmission, being an exponential function, is strongly depend- 
ent on the thickness of the barrier a as well as on (Vo — £), the barrier 
height above the energy of the a-particle. Therefore, in a-decay, we 
expect a strong dependence of the radioactive constant on the energy Ez 
of the a-particle. In fact, the variation of ZH, among the a-emitters is 
not more than a few Mev, while the variation of half-life ranges from a 
fraction of a second to several billion years. 


PROBLEMS 


5-1. What is a fast-moving automobile’s chance of being rebounded at a 
river bank instead of plunging into the river? [Hint: Approximate this problem 
by a potential well problem in which Z > Vo.] 

5-2. Discuss the potential barrier problem for the case H > Vo. 

*5-3. Two identical potential wells are separated by a distance b comparable 
to the well width a (Fig. 5-6). Discuss the motion of a particle in this potential 
field. When b — 0, the solution of this problem reduces to that of Section 5-1. 
When a — ©, the solution reduces to that of Section 5-2. 


U 
4 
: 
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Figure 5-6 Figure 5-7 


*5-4. Determine the energy eigenvalues of a particle in the potential of Fig. 5-7. 

*5-5. Discuss the problem in which the potential function is as shown in 
Fig. 5-8. Show that in the energy range 0 < EH < Vo there exist a number of 
energy values , in the neighborhood of which the corresponding wave func- 
tions have much larger amplitude in the region between the two barriers than 
elsewhere. A proper superposition of such wave functions within a range AF; 
results in a wave packet confined between the two barriers. However, it gradu- 
ally “leaks” out of the confinement. The particle described by the wave packet 


* Indiontos more difficult problems, 
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is said to be in a virtual state, the energy being /; with an uncertainty AE;. Let 
At; be the time the wave packet takes to “leak” out. Show that for a virtual 
state of energy H;, the following equation holds: 


AE; At; ~ h. (5-38) 


This is another uncertainty relation which will be discussed further in Chapter 6. 
When a is held constant and 6 is made to approach infinity, show that the 
unbound virtual states H; approach the bound energy eigenstates of the po- 
tential well problem discussed in Section 5-1. 

5-6. Solve Eq. (5-10) by the graphical method. Assume M to be the neutron 
mass, a to be the radius of the uranium nucleus, and Vo to be 30 Mev. Find 
the first three energy eigenvalues. How many bound states are there in this 
problem? 

5-7. In the last problem let M be the electron mass. How many bound states 
are there? What conclusion may one draw concerning the possibility of the 
existence of an electron inside the nucleus as a nuclear constituent? Note: The 
actual problem is three-dimensional. 

5-8. Derive the expression for the transmission coefficient, Eq. (5-36). 


CHAPTER 6 
THE PHYSICAL MEANING OF QUANTUM MECHANICS 


We have introduced the mathematical formalism of quantum mechanics 
and discussed some of its applications. In this chapter we turn our atten- 
tion to its physical meaning. 

As mentioned in the historical introduction (Chapter 1), the mathe- 
matical formalism of quantum mechanics was developed rapidly around 
1925. Its many successful applications left no doubt of its correctness, yet 
its abstractness had created a feeling of uneasiness among physicists. In 
1927 Heisenberg* first propounded the uncertainty principle; then Bohrt 
advocated a point of view termed complementarity. Their efforts not only 
gave rise to a rational interpretation of the mathematical formalism 
of quantum mechanics but also aroused a widespread and deeply 
felt’ discussion on the philosophy of science. Their study, despite the 
dissident opinions expressed by a few physicists,{ has been regarded 
by many as conclusive and their views are adopted conventionally. The 
basic elements of their work will be discussed in Sections 6-1 and 6-2. 

Section 6-1 is concerned with a critical analysis of some of the basic 
concepts used in classical mechanics, which leads to the uncertainty 
principle. The nature of the quantum-mechanical description of physical 
processes is expounded in Section 6-2. As mentioned in the summary of 
Chapter 2, the relation between the quantum phenomena and the uncer- 
tainty relation or the quantum force will be discussed here in Section 6-3, 
which is intended to explain the paradoxes often associated with the 
quantum phenomena. The chapter ends with a few concluding remarks 
in Section 6-4. 


6-1 Critiques of the classical concepts in mechanics. Heisenberg’s 
uncertainty principle. The validity of classical mechanics would not be 
doubted were it not for the discovery of the quantum phenomena, which 
are incomprehensible in terms of classical concepts and laws. It appears 
that if these quantum phenomena are to be accounted for in a coherent 
physical theory, some elements of classical mechanics will have to be 
renounced. In the last few chapters we have seen in a few examples that 
quantum mechanics accounts for the quantum phenomena successfully. 


“W. Heisenberg, Z. Phys. 43, 172 (1927); The Physical Principles of the 
Quantum Theory, University of Chicago Press, 1930. 
1 N, Bohr, Naturwiss. 16, 245 (1928); 17, 483 (1929); 18, 73 (1930); Atomic 
Theory and the Description of Nature, Cambridge University Press, 1934. 
} Including A. Binstein, 
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On the other hand, it introduces some concepts alien to the classical theory, 
notably the adoption of a probabilistic point of view. We recognize that 
the use of probability in describing and predicting physical processes is 
the basic tenet of quantum mechanics. This attitude is contrary to the 
deterministic attitude in classical theory according to which all dynamical 
quantities have definite values at any time and they change in time ac- 
cording to deterministic laws—in short, the motion of a particle may be 
described by a trajectory. Our argument thus unavoidably leads to the 
following question: Are we prepared to renounce the determinism of 
classical mechanics? 

In considering this basic problem it may well be kept in mind that the 
use of probability is not completely new in physics. Statistical mechanics 
is based on the probability theory; however the probability theory is used 
as a mathematical expedient for treating very complicated mechanical 
systems, the fundamental physical laws remaining deterministic. This 
leads some physicists to suspect that the use of probability in quantum 
theory might also be an expedient and that determinism might prevail in 
fundamental laws on a deeper level yet to be discovered. 

The conventional attitude following Heisenberg and Bohr, on the con- 
trary, is to renounce determinism (as defined above), to accept the proba- 
bilistic point of view as fundamental, and to proceed to correlate and 
coordinate the vast amount of experimental knowledge in atomic physics 
within the formalism of quantum mechanics. This view is strengthened 
by an analysis of some of the classical concepts from a point of view of 
the actual possibility of verifying them by experimental procedure. After 
all, experimental verification is the last judgment of any physical theory. 
The results of the analysis, to be described below, seem to show that there 
is no reason why some of the classical concepts should not. be renounced 
and that the formalism of quantum mechanics provides exactly what we 
may rightly hope for in a physically meaningful description of natural 
processes. 

Emphasis on the possibility of experimental verification has played an 
important role in the development of the theory of relatively. Although 
the Lorentz transformation follows inescapably any sensible discussion of 
the Maxwell equations, its implication for the space-time transformation 
was greatly clarified when Einstein pointed out the relativity of simul- 
taneity by considering the experimental procedures of synchronizing clocks 
at different places. The concept of absolute simultaneity, not being 
definable by experimental procedures, is said to have no operational 
meaning, and is considered useless in physics. ‘This line of thought leads 
to the development of an operational point of view* according to which 





” Percy Bridgman, The Logic of Modern Physica, 
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any quantity appearing in a physical theory must be definable in terms 
of the result of measurement in an actual experiment. It has become 
fashionable to re-examine the many physical concepts which we use by 
tradition, without assurance of their being capable of experimental veri- 
fication. 

In classical mechanics, the position of a particle in one-dimensional 
motion is described by a function x(t) and the momentum is described by 
a function p(t). These functions obey the classical equation of motion 
and thus are obtainable by solving the equation of motion with given 
initial conditions. At any time ¢ these two functions give definite values 
of position and momentum of the particle. The development of the sys- 
tem in time is thus completely determined by the initial conditions (deter- 
minism). We consider the classical theory to be verifiable by experiments 
in the following sense. We are able to perform a series of observations on 
the position and momentum at a number of times ¢,, t2,..., and to com- 
pare the results obtained with those calculated from x(t) and p(t). If they 
agree, the theory is verified. Actually classical mechanics has been verified 
this way, for example, in its applications in astronomy. The position of a 
planet may be observed night after night for many years, and the observed 
data agree remarkably well with the calculations of classical mechanics. 

In the above argument we have rightly ignored one complication: the 
disturbance of the object. being observed by the process of observation. 
For example, in order to observe the position of an object, we have to direct 
a beam of light on it; the energy and momentum carried by the light beam 
may change the motion of the object so that after the act of observation 
it may not follow what was predicted before. However, in astronomical 
observations, a planet, because of its massiveness, is hardly disturbed by 
acts of observation no matter how numerous they may be. 

In terrestrial observations involving objects much less massive than a 
planet, the disturbance due to an act of observation may be noticeable. 
In measuring the temperature of an object the thermometer exchanges 
heat with the measured system and thus disturbs it. However, this dis- 
turbance is controllable. The heat loss or gain may be corrected for, and 
the original temperature may be deduced by c.|!culation. Throughout 
classical physics, disturbance due to observation is ignored; it becomes 
possible to make the tacit assumption that physical properties of a ma- 
terial object have an objective existence and are accessible upon ob- 
servation. 

This concept, unwittingly formed in macroscopic physics, was carried 
over into microscopic physics in its early period. An atom was pictured 
i & planetary system modeled on the solar system. However, if we try 
(o aseertain the electronic orbit in the atom, following the method we used 
to find & planetary orbit in the solar system, we meet a number of diffi- 
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Figure 6-1 


culties. In order to determine the position of an electron we may direct 
a beam of light on it. The energy and momentum of the light disturbs 
the electron and changes its position and momentum. If light were con- 
tinuous, as the wave theory had supposed, we could reduce the disturbance 
to as little as we desired by reducing indefinitely the light intensity. But 
this is not feasible because of the fact that light has a discontinuous struc- 
ture: it can transfer energy and momentum only in whole units of a quan- 
tum, not fractions thereof. (We are not considering the corpuscular theory 
of light but simply stating an experimental fact.) Since a photon* cannot 
be divided further, the disturbance produced by the minimum available 
amount of light, i.e., a photon, is a finite amount which cannot be reduced 
further. 

Another difficulty will be brought out in connection with the Compton 
scattering. In this process the electron may receive an amount of energy 4 
from the light and thus move in a direction making an angle @ with the 
incident direction (Fig. 6-1). The light may change its frequency from 
v to v’ and then propagate along a direction making an angle ¢ with the 
incident direction. There are four unknown quantities involved, , v’, 6, 
and gy, but we have only three equations, obtained by considering conserva- 
tion of energy and momentum, to solve them (Problem 1-1). Thus the 
outcome of the interaction is not uniquely determined and the electron 
may move in any direction 6 (once @ is specified, the other quantities, LZ, 
v’, y, are determined). Actually electrons are found, in Compton scattering 
experiments, in all directions with definite proportions. Therefore, we can- 
not predict deterministically the final result of the interaction; the best we can 
say is that the electron has a certain probability to be scattered in a cer- . 
tain direction 6 (and thus to receive a certain amount of energy 1’, etc.). 
In other words, the disturbance imparted to the electron by the photon 
is uncontrollable. Unlike the disturbance produced by a thermometer, it 





“The photon, or the light quantum, is the fundamental unit of energy and 
momentum of light; it need not be associated with the kinematical attributes 
of a particle, 
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cannot be calculated exactly. Therefore we have no way of eliminating it 
from the observed results. The reader may wonder why a similar problem 
in classical mechanics, 1.e., the collision of two billiard balls, has a de- 
terministic solution. In that case, we have to know the line of collision, 
i.e., the line joining the centers of the two balls at the moment of collision. 
If the photon and the electron were tiny billiard balls and we had ways 
of ascertaining along which line they collide, then the outcome of the 
collision would be uniquely determined and the disturbance would be 
controllable. If, in addition to the conservation laws of energy and mo- 
mentum, there were another physical law we could apply to determine the 
outcome of the collision, then the disturbance would also be controllable. 
As such conditions have not been realized, we must conclude that the 
disturbance is uncontrollable. In the final analysis this indeterminacy 
may again be traced to the indzvisibility of the quantum. If the photon 
could be subdivided without limit, the recoil of the electron might be re- 
duced to zero and there would be no uncontrollable disturbance. If the 
light energy were not quantized, as the classical theory asserted, then the 
energy of the light would be spread over the beam continuously and the 
light beam would be scattered continuously in all directions. The outcome 
of the process would be deterministically ascertainable: the electron would 
be accelerated in the @ = 0 direction due to the pressure of light and even 
the angular dependence of the wavelength change would be accountable 
by the Doppler effect of the forward motion of the electron (Problem 6-2). 

As the disturbance incurred by an act of observation is finite and un- 
controllable, cannot be eliminated and separated from the intrinsic property 
of the system being observed, it seems meaningless to speak of the intrinsic 
property independent of any act of observation, for such a property is not 
verifiable by experimental procedure. Moreover, it becomes perfectly 
legitimate to consider the “observer” and the “observed” as forming one 
inseparable system and to consider as the only physically meaningful 
information the probabilistic description of the possible outcomes of an 
act of observation. Successive measurements ‘will not serve the purpose 
of verifying a theory predicting the change of the intrinsic properties 
(position x(t) and momentum p(é)) in the course of time because each 
measurement disturbs the system and changes it into a new state of 
motion with which the previous theoretical prediction has no connection 
at all. Such a theory thus seems of little use. Its correctness does not help 
us and its falseness does not hurt us. The more important concern seems 
to be: What are the possible results that may happen after an act of observation 
is carried out and what are the relative probabilities for them to happen? 
Since a system is disturbed to an uncontrollable amount after an act of 
observation, the prediction based on the original system no longer applies 
afterward, and we must treat the future development as a new system. 
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Whereas in classical mechanics we could predict the future behavior of 
a system at all times, we now have to satisfy ourselves in making pre- 
dictions for the outcome of the next act of observation. These changes 
of viewpoint, in the final analysis, all originate from the indivisibility of 
the quantum. 

Returning to the mathematical formalism of quantum mechanics, we 
note that the viewpoints made mandatory in the above analysis are al- 
ready embodied in it. The preceding discussion thus implies that the 
quantum-mechanical description is actually the physically meaningful 
description. 

In classical mechanics it is tacitly assumed that we can exactly specify 
several quantities simultaneously. Thus both the position and momentum 
of a particle at a given time may be precisely specified simultaneously. 
In atomic physics, because of the uncontrollable disturbance intro- 
duced by an act of observation, this concept must come under careful 
scrutiny. When a measurement is made to ascertain the position of a 
particle, the consequent uncontrollable disturbance changes the physical 
system being observed to a new state uncorrelated to the original state, 
so that the original momentum information sought is lost before a measure- 
ment may be made to ascertain it. The accessibility of simultaneous in- 
formation may be realized in exceptional cases (when the quantities are 
“compatible”; see Section’ 12-2) but cannot be taken for granted. To 
illustrate how a measurement of position may affect the information on 
momentum, let us consider the following hypothetical experiment. 

A beam of electrons is directed along the x-axis (see Fig. 6-2). A single 
slit is placed at the point (0, y) and a flucrescent screen is placed behind it. 
If a scintillation is observed on the screen we know that an electron has 
passed through the slit and that its position along the y-direction when 
it passes the x = 0 line is y. However, its position is not exactly y because 








Fraurn 6-2 


118 THE PHYSICAL MEANING OF QUANTUM MECHANICS [cHaP. 6 


the slit has a width of d. We know only that the electron has passed 
through the slit, but we do not know exactly where within the slit it 
passed. Therefore the position y is accompanied with an uncertainty 


Ay = d. (6-1) 


If electrons were miniature billiard balls, the beam would cast a sharp 
image of the slit on the screen. However, it is an experimental fact that 
a beam of electrons passing through a slit does not cast a sharp image of 
the slit, but instead forms a pattern on the screen similar to the diffraction 
pattern of light of wavelength equal to h/p where h is the Planck constant 
and p is the momentum of the electron. (We are not considering the wave 
theory of the electron but simply stating a fact. We regard the electrons 
as particles and are interested in the necessary modifications of the concept 
of particle which may enable us to explain all experimental facts.) The 
central maximum of this pattern subtends an angle 26 at the center of 
the slit with 

; r h 

sin 0 = a ar (6-2) 
a well-known result in the diffraction of light. The intensity distribution 
of this pattern represents the density distribution of the electrons arriving 
at the screen. If the beam is made so weak that only one electron arrives 
at a time, we shall not see the diffraction pattern but shall see only one 
scintillation at a time appearing in the area which used to be covered by 
the diffraction pattern. If a camera with its shutter fixed open is used to 
record the scintillations for a long time, the diffraction pattern will be 
reproduced. We must conclude that an individual electron may go any- 
where within the diffraction pattern and that there is a certain probability 
of finding the electron at a given spot, its value being proportional to the 
intensity of the diffraction pattern at this spot. The behavior of an individual 
electron ts thus probabilistic, and the best we can predict is the probabilities 
of its possible positions. (This is merely a logically consistent way to 
modify the concept of a particle to accommodate the diffraction phe- 
nomena without having to assume a physical wave.) Since we cannot 
predict definitely where the individual electron lands on the screen or 
where it originates in the slit, we do not know along which line the electron 
travels from the slit to the screen. Since most of the probability is as- 
sociated with the central maximum, we may say roughly that the electron 
travels in a direction within the angle 20. The uncertainty of the direction 
due to the width of the slit is negligible, this being usually the case in 
diffraction experiments. For a given direction, the momentum of the 
electron has a component along the y-axis. The uncertainty of the landing 
place of the electron within the central maximum thus gives rise to an 
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uncertainty of the y-component of the momentum, the order of magnitude 
of which is p sin 6. Thus 
Apy ~ p sin 8. (6-3) 


To summarize: The act of observation (using a single slit) enables one to 
locate the y-position of an electron, at the time to when it passes the slit, 
within an uncertainty Ay. At the same time, the y-component of momen- 
tum of the electron after and including time ¢o will have an uncertainty 
Ap,. The product of these two uncertainties (at time fo) is 


Ap, Ay ~ pd sin @ = pd A (6-4) 


a 
Therefore 
Ap, Ay & h. (6-5) 


The > sign is added because actual uncertainties may be greater than 
the theoretical minimum values discussed above. Equation (6-5) means 
that the product of the uncertainty of position along one direction and 
the uncertainty of momentum along the same direction at time to is always 
greater than a finite quantity h. If one is made smaller, the other will 
become larger. By using a narrower slit, the position information may be 
known more accurately but the diffraction pattern will spread out more, 
causing a larger uncertainty in momentum information. In order to reduce 
the spread of the diffraction pattern, the width of the slit must be made 
large; but this worsens the position information. It is not impossible to 
make one piece of information known exactly (Ay or Ap, equal to zero) 
but this will be accompanied by a complete ignorance of the other informa- 
tion (Ap, or Ay equal to infinity). The simultaneous exact determination 
of position and momentum is thus impossible, the errors being subject to 
the restriction of Eq. (6-5). 

Heisenberg and Bohr conceived a number of hypothetical experiments 
of a similar nature; some will be discussed later in this section. In all 
cases the same relation of Eq. (6-5) is obtained. These results mean that 
the simultaneous specification of position and momentum (x and pz, 
y and p,, z and p,) by actual experimental procedures (not by procedures 
impossible to carry out or involving entities nonexistent in nature) cannot 
be more accurate than that specified by Eq. (6-5) and that the lowest 
limit of accuracy is the same in all such procedures. In classical mechanics 
we tacitly assume that both zx and p, may be precisely specified simul- 
taneously (or both Ax and Ap; may be reduced to zero). In making such 
an assertion we have not considered if it can be verified by actual experi- 
mental procedures; we merely assumed it, though its plausibility in macro- 
scopic physics is obvious. In view of the above discussion, such a specifica- 
tion cannot be realized in practice (is void of operational meaning) and the 
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theory based on it runs the risk of leading to results contrary to the actual 
situation. Although the classical theory is logically self-consistent, even- 
tually a time must come when the theory is to be compared with results 
obtained by concrete experimental procedures. Any restriction on the 
experimental possibilities may not be ignored in the theory or contra- 
dictions may arise. The restriction of Eq. (6-5) may be ignored in con- 
sidering objects of macroscopic size; it is precisely for this reason that 
the classical theory may be successfully applied in macroscopic physics. 
Usually concepts and theories established in a limited range of validity 
are unthinkingly assumed to be valid beyond their proper areas of appli- 
cation, the uncritical generalization eventually leading to contradictions. 
The uncritical use of the classical concepts, particularly the precise speci- 
fication of x and p;, in atomic physics, is a good example. Ignoring 
the restriction of Eq. (6-5) gives rise to a number of paradoxes associated 
with the quantum phenomena. In investigating the operational meaning 
of the classical concepts we try to find just how far such concepts may 
be applied; the result is that the classical concepts must be restricted by 
Kq. (6-5) in order not to lead to erroneous conclusions. 

We note that the lowest limit of accuracy specified by Eq. (6-6) turns out 
to be identical with Eq. (2-88), the uncertainty relation derived from the 
solutions of the Schrédinger equation. This equivalence means that the 
physical principles underlining the results of the hypothetical experiments 
are already contained in the mathematical formalism of quantum mechan- 
ics and that the hypothetical experiments furnish concrete illustrations 
of the uncertainty relation. The discussions of the hypothetical experi- 
ments thus provide us with the physical interpretation of the mathematical 
result of quantum mechanics. As mentioned earlier, the uncertainty rela- 
tion thus serves as a point of departure for exploring the physical meaning 
of the new mechanics. In addition, it sets a limit within which the classical 
concepts may be valid. It is therefore convenient as well as legitimate to 
postulate the validity of Eq. (6-5) as a general principle. When we do so, 
the principle embodied in Eq. (6-5) is called the uncertainty principle. 

Classical mechanics makes deterministic predictions of the future of a 
system once the initial conditions are given. To specify the initial condi- 
tions we require the simultaneous information of position and momentum. 
Equation (6-5) shows that the simultaneous, exact specification of position 
and momentum at a given time ég is impossible and therefore we have no 
way of making deterministic predictions. 

Another point may be made here in connection with the single-slit 
experiment. Before entering the slit, the electron has no velocity com- 
ponent along the y-direction. After passing through the slit, it has one. 
Thus the momentum of the electron is changed by the interposition of the 
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slit. This is an illustration of the assertion that an act of observation, in 
this case the measurement of position by means of a slit, disturbs the 
system being observed and changes it from one state of motion to another. 

It may be emphasized that Eq. (6-5) places a restriction on the un- 
certainties of position and momentum along the same direction. It does 
not imply the same for position and momentum along different directions, 
e.g., Ax and Ap, (Problem 6-3). 

In the single-slit experiment, the registration of the electron on the 
screen may be regarded as a second measurement of position. After this 
is done, we may draw a line from the slit to the spot on the screen and 
consider this line as the direction of motion of the electron.* Thus the 
momentum of the electron in the time period between the two successive 
position measurements at to and ¢; may be known exactly. Consequently 
the position and momentum of this particular electron immediately after 
the first position measurement, t = to + 0, may be known exactly by 
retroactive calculation. This result seems to contradict the uncertainty 
principle. However, it may be remarked that such simultaneous informa- 
tion does not help the cause of determinism for predicting the future from 
specified initial conditions. The simultaneous information of position and 
momentum obtained immediately after to is not useful for predicting the 
system from to to t;, because the information is not yet available before 
the second measurement is performed at ¢;. Also it is not useful for pre- 
dicting future behavior after ¢;, because the act of observation at t, 
disturbs the state of motion so that the information at fo is no longer 
the correct initial condition for the system after t;. Accordingly, the 
uncertainty principle should be understood to mean that 7 is emposszble 
to specify both position and momentum exactly for the purpose of predicting 
the future behavior of a physical system. 

We shall now discuss another hypothetical experiment to illustrate the 
Heisenberg uncertainty principle. A microscope is used as the apparatus 
to determine the position of an electron} (see Fig. 6-3). Light must be 
used to illuminate the object; let the wavelength be A, the direction being 
along the y-axis. Assume that the objective lens subtends an angle of 26 
at the point where the electron is situated. The theory of microscope tells 
us that the resolving power of the apparatus is such that a distance 


(6-6) 





™~ sin 6 
* The uncertainty of this direction, due to the width of the slit which is as- 
sumed to be much narrower than the central band of the diffraction pattern as 
is usually the case in diffraction experiments, may be lessened by increasing 
the distance between the slit and the screen. 
} N. Bohr, Nature, 121, 580 (1928). 





122 THE PHYSICAL MEANING OF QUANTUM MECHANICS [cHAP. 6 





FIGuRE 6-3 


may be resolved. In other words, the uncertainty in the position determi- 
nation in the present experimental arrangement is \/sin 6. On the other 
hand, light may transfer momentum to the electron. As noted in the 
discussion of the Compton effect, the disturbance is finite and uncon- 
trollable. After the interaction the photon may propogate in any direc- 
tion © within the angle 26 to enter the microscope. By conservation of 
momentum the electron is to receive a recoil momentum along the z-axis 
the amount of which, (h/d) sin O, depends on the direction of the scat- 
tered photon © and therefore is also uncertain. The range of this recoil 
momentum is from 0 to (h/A) sin 6. Thus 


Ap; ~ sin 6. (6-7) 


It follows that 
Ap, Ax ~ h, (6-8) 


and Eq. (6-5) is again reproduced. 

When more than one photon is used, the uncertainty of position will 
be reduced but that of momentum will be enlarged. Though the recoil 
momenta of the photons add at random they do not cancel exactly. It 
may be shown that Eq. (6-8) holds also for the multiphoton experiment 
(Problem 6-4). 

From the uncertainty relation between position and momentum, another 
relation may be derived. Let v and F be the velocity and energy corre- 
sponding to momentum p,. Then, 


» Apes a zh, (6-9) 


or 
AE At & h, (6-10) 
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where AF is the uncertainty of energy corresponding to the uncertainty 
of momentum Ap,, and At is the uncertainty in time within which the 
particle (or the wave packet) passes over a fixed point on the z-axis. 
Equation (6-10) expresses the uncertainty relation between energy and 
time. 

We shall not describe the many other hypothetical experiments for the 
measurement of position (by scintillations, cloud chamber tracks, etc.), 
of momentum (by the Doppler effect, magnetic deflections, etc.), of time 
and energy. In all cases the validity of the uncertainty relation, Eq. (6-5) 
or (6-10), may be established.* Although no general proof is given, the 
following argument will help to show the plausibility of the general validity 
of the uncertainty relation. 

A physical measurement in atomic physics is based on an interaction, 
or an exchange of energy and momentum, between the measuring ap- 
paratus and the atomic system being measured. By the change of the 
energy and momentum of the apparatus, we may deduce some informa- 
tion about the system by invoking conservation of energy and momentum. 
If a system does not interact with any of our apparatus and thus leaves 
no trace of any kind, we will never know of its existence and it will not make 
its appearance in physics. We may use as probing tools either matter or 
radiation, both carriers of energy and momentum. Let us first consider 
radiation. The propagation of radiation may be described by a wave, 
and a wavelength may be assigned. The energy and momentum of the 
wave may be localized in space-time (as in a wave packet) but the space 
extension is at least one wavelength and the time extension is at least 
one period of vibration. When interaction takes place we know only that 
the energy and momentum exchange is taking place within this space- 
time extension, but we have no way of knowing exactly at which point 
and at what time. Therefore the event of interaction is to be registered 
in space-time within the following uncertainties: 

Ar ®}, At . (6-11) 
These are the uncertainties of the space-time information of the system 
being observed. On the other hand, the minimum amount of energy and 
momentum that may participate in an interaction are, according to the 


Einstein relations, 


Po= => Eo = hy. (6-12) 


~|> 


After the interaction the uncertain amounts of momentum and energy 
transferred may be anything from 0 to po and 0 to Hp respectively. ‘Thus 


*Sce Heisenberg, op. eit, and Bohr, op. cit. 
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the uncertainties of momentum and energy of the system being observed 
are 


es , AE & bv. (6-13) 


From Eqs. (6-11) and (6-13) it follows that 
Ap Ax & h, AE At Zh; (6-14) 


these are the Heisenberg uncertainty relations. Next let us consider 
matter as an agent of observation. Since the dual behavior of matter 
expressed in the de Broglie relations is exactly the same as that of radia- 
tion expressed in the Einstein relations, the same results follow. Thus, 
we have the Heisenberg uncertainty relations again. As matter and 
radiation seem to be the only agents available for making measurements, 
the conclusion seems unavoidable that in all measurements the uncer- 
tainty relations hold. This argument makes it clear that the uncertainty 
relations are necessary consequences of the Einstein relations and the 
de Broglie relations, and are a manifestation of the wave-particle duality 
of all physical entities. In fact, in all of the hypothetical experiments 
ever considered, both the wave and the particle properties of either 
radiation or matter are invoked to arrive at the uncertainty relation. 
This free use of two conflicting views of a physical entity does not involve 
any logical contradiction, since we simply take the dual property of both 
radiation and matter as facts and in no case have we used two conflicting 
theories. 

That our knowledge concerning an atomic system is derived from the 
interaction between the system and an apparatus was emphasized by 
Bohr who advocated a point of view termed complementarity. If the dis- 
turbance incurred in a process of measurement cannot be eliminated and 
separated from the intrinsic behavior of the system, then different sets 
of information obtained under different experimental arrangements may 
not be correlated and understood within the framework of a single picture, 
either that of a wave or of a particle. They bring out various aspects of 
the system and are complementary to one another. It is characteristic 
that when one piece of information becomes more accurate, another be- 
comes more obscure. Thus in the microscope experiment as well as in the 
single-slit experiment, the more exact the position information is, the more 
uncertain the momentum information, and vice versa. The position and 
momentum information thus are complementary. Following this we con- 
clude that the space-time description and the causal description (energy 
and momentum conservation) are complementary; kinematics and dy- 
namics are complementary; the wave picture and the particle picture are 
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complementary. In classical mechanics where the interaction between 
the observed and the observer is ignored, all physical quantities, kine- 
matical and dynamical, such as position and momentum, may be specified 
precisely. A complete description of a physical system is characterized 
by a complete, precise specification of all physical quantities involved. 
Such a specification gives rise to a clear-cut physical picture, either that 
of a wave or of a particle. On the other hand, in quantum mechanics 
where the interaction between the observed and the observer is considered 
to be important, only an incomplete specification of pairs of complemen- 
tary quantities is possible. The complete description of a physical system 
can be formed only by putting together all such complementary informa- 
tion. This inexactness also allows us to make a complementary use of two 
conflicting pictures, i.e., the wave picture and the particle picture, for 
describing a given physical system. Having mentioned the complementary 
nature of the physical description, Bohr then pointed out that such a de- 
scription is provided precisely by the mathematical formalism of quantum 
mechanics. 


6-2 Quantum-mechanical description of physical processes. The law 
of causality. Since the physical quantities may not be exactly specified, 
a measurement of a quantity may result in a number of possible values, 
each having a definite probability of occurring. Therefore, the main 
concern of a physical theory is the prediction of the possible outcomes 
of an observation. Also, an act of observation disturbs the system being 
observed to a finite, uncontrollable amount, so that the state of motion 
of the system after the measurement becomes completely unrelated to 
that before. Thus the most a theory can predict seems to be the out- 
come of a particular measurement at a particular time instead of a 
complete picture of the system’s future. These conclusions, derived from 
an analysis of the elementary physical concepts, are actually embodied 
in the formalism of quantum mechanics. There, the important quantity 
is the wave function W(z, t) which, according to Born’s assumptions, 
tells us which positions may be observed with what probabilities upon 
a measurement of position at time ¢, and which momentum or energy 
values may be observed with what probabilities upon a measurement of 
momentum or energy at time ¢. We shall assume further in the formalism 
of quantum mechanics that the prediction given by a wave function V(x, t) 
applies only for the time before an actual measurement is carried out, After 
a measurement has been performed, the physical system is changed to a 
new state of motion, and we have to find a new wave function, unrelated 
to the one before the measurement, to represent the new state of motion 
of the system, 
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The assumption that a sudden change of the wave function takes place 
after a measurement is an integral part of the formalism of quantum me- 
chanics. Since quantum mechanics is committed to describe discontinuous 
processes (quantum jumps) by a continuous differential equation (the 
Schrédinger equation), an element of discontinuity is unavoidable in the 
interpretation of the solution of the differential equation. From the 
operational point of view, a quantum jump is ascertained only by an act 
of observation. It is thus most natural to introduce the discontinuity by 
assuming a sudden change of the wave function to be associated with an 
act of observation. Einstein once expressed his concern over the statis- 
tical interpretation of the de Broglie wave: if an electron is observed 
at point A, this immediately wipes out any probability of its being ob- 
served at point B. Such a correlation is not provided for in the ordinary 
wave theory. The assumption of a sudden change of the wave function 
after a measurement provides precisely the mathematical instrument for 
describing such a correlation. It also made it possible to describe dis- 
continuous processes by a continuous differential equation. 

Quantum mechanics is a complete system in the sense that it has answers 
for all questions that may legitimately be asked within the system. (In 
this sense the old quantum theory is not complete.) At a given initial 
time to the particle may be known with some position and momentum 
information described by a wave function W(x, y, z, fo). The time-depend- 
ent Schrédinger equation, which is the equation of motion in quantum 
mechanics, may be written as follows: 


ov _ A (oa, _ 2M z 
SK (ve 2 uv) (6-15) 


Since the solution of a first-order differential equation in t is completely 
determined by the initial condition at to, the specification of V(x, y, 2, to) 
completely determines W(x, y, z, t) by virtue of the equation of motion. 
Therefore the specification of initial position and momentum information 
by a wave function W(z, y, z, to) completely determines the possible out- 
comes of any measurement at any time ¢ by the wave function V(z, y, z, t). 
The problem is thus completely solved. After a measurement has been 
performed, we are not able to predict anything from W(a, y, z, to), because 
of the uncontrollable disturbance incurred. 

It seems appropriate at this moment to discuss the law of causality in 
quantum mechanics. In classical mechanics, the specification of initial 
conditions (x9, Yo, 20} Pro) Pyo, P20) completely determines the future of a 
dynamical system [x(t), y(t), 2(); pelt), py(t), pz(]. This fact may be 
regarded as the mathematical expression of the causality law in classical 
mechaniea, which is deterministic. A similar situation exists in quantum 
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mechanics. The specification of initial wave function W(a, y, 2, to) com- 
pletely determines the wave function W(z, y, z,¢) which describes the 
future of the dynamical system. This fact may thus be regarded as the 
mathematical expression of the causality law in quantum mechanics, which 
is probabilistic. The physical meaning of the two causality laws is dif- 
ferent. In classical mechanics, it means that for identically prepared 
systems, the results of similar observations are the same. This follows 
directly from the mathematical expression of the causality law and the 
assumption that the disturbance due to an act of observation may be 
ignored. In quantum mechanics, for identically prepared systems, the 
results of similar observations may not be the same. Thus the causality 
law of classical mechanics does not hold in quantum mechanics. On the 
other hand, the fact that a definite probability distribution of dynamical 
information at an initial time to specified by V(x, y, 2, to) leads to a definite 
probability distribution of the future dynamical information specified by 
W(x, y, z, t), seems to indicate the existence of a certain sense of causality. 
It is on this basis that the quantum-mechanical causality law is estab- 
lished. The following discussion should make clear the operational meaning 
of causality in quantum mechanics. 


Let us consider the scattering of a-particles by a heavy atom. We know how 
to prepare a beam of a-particles by using a source and several collimating slits. 
The force field of the nucleus of the heavy atom is also known. Our problem is 
to find what will happen when a beam so prepared passes through this force 
field. The experimental results are such that the particles are scattered in all 
directions with definite relative intensities. Thus starting from a well-defined 
initial situation (a specified beam), we end up with a definite final result 
(differential scattering cross section). This is a good illustration of the opera- 
tional meaning of the causality law. If we can determine WV(z, y, z, to) from the 
initial information describing the beam (namely, the source of the a-particles 
and the arrangement of the collimating slits, ete.—enough information to specify 
the beam uniquely), then we are able to make definite predictions of the dif- 
ferential scattering cross section, for the mathematical machinery of quantum 
mechanics completely determines V(z, y, z, t) from W(a, y, z, to), and the differ- 
ential cross section may be derived from W(z, y, z, £) according to the physical 
interpretation of the wave function. It is thus clear that the causality law in 
quantum mechanics has an operational meaning if we know how to determine 
the wave function V(a, y, z, to) from the initial physical information. 

The beam of a-particles described above has a definite density distribution 
which is proportioned to |W(z, y, z, to)|?.. If we know the density distribution 
experimentally, the amplitude of the wave function |W(a, y, 2, to)| may be 
determined. ‘To ascertain the density distribution, we may prepare a large 
number of identical beams according to the same specifications, perform accurate 
position observations on each of them, and obtain the statiatioal distribution of 
the positions, The result approaches the density distribution function when 
the statistical accuracy is indefinitely increased, THowever, the amplitude 
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|\W(z, y, 2, to)| alone is not enough to determine the wave function because we 
have not determined the phase ¢(z, y, z, to) of the wave function: 


V(x, Y, 2, to) iar |W(z, Y, 2, to) [etry *, to), (6-16) 


(The phase indeterminacy representing incomplete initial conditions has an 
important role to play in quantum statistical mechanics.) In order to determine 
v(x, y, 2, to) we have to get additional information about the beam, such as 
momentum. It is thus necessary to prepare another set of identical beams, 
perform accurate momentum measurements on each of them, and obtain the 
statistical distribution of the momentum values. The result approaches the 
probability distribution function of momentum. This procedure enables us to 
determine experimentally the squares of the Fourier coefficients of Y(z, y, z, to); 
we thus have obtained additional information for the purpose of determining 
¢(2, y, 2, to). Mathematically, given two arbitrary distribution functions of posi- 
tion and momentum for the purpose of determining V(z, y, z, to), we may have 
too many conditions to satisfy. For example, when the two arbitrary distribu- 
tions did not conform to the uncertainty relation, the corresponding W(z, y, z, to) 
simply did not exist. Thus the two distributions cannot be independent of each 
other; they have to be compatible (at least, the uncertainty relation must be 
satisfied). Therefore the experimental information obtained in the two sets of 
operations is more than enough to determine Y(z, y, z, to). Once V(z, y, 2, to) 
has been determined, the causality law in quantum mechanics has an operational 
meaning, as we have shown above. Incidentally, if there existed a system, 
the position and momentum information of which, obtained according to the 
above procedure, could not be expressed in terms of a wave function, then 
quantum mechanics would not be applicable to this system and would have 
to be revised. That both position and momentum information are needed 
to specify the initial condition W(z, y, z, to) is evident in the classical limit, for 
classical mechanics needs both position and momentum to specify the initial 
condition. 


We shall illustrate in the following and in Fig. 6-4 the way by which 
physical processes are described according to quantum mechanics. Con- 
sider a particle of mass M moving in a potential field. We first write down 
the time-dependent Schrédinger equation. At the initial time ¢ = 0, if we 
know exactly the wave function W(z, y, z, £9) describing the motion of the 
particle (obtained by the series of operations described above), then the 
time-dependent Schrodinger equation, with W(z, y, z, #9) as initial condi- 
tion, gives rise to a unique solution V(z, y, z, t) from which we may predict 
the position and momentum information of the particle at any later time. 
At a later time t; the wave function is W(z, y, z, t;) which means: (1), -if 
& position measurement is made at ¢;, the probability of finding the par- 
ticle at (x, y, 2) within dx dy dz is |W(x, y, 2, t:)|? dx dy dz; (2), if a mo- 
mentum measurement is made at t,, the probability of finding the particle 
having momentum p is the square of the absolute value of the Fourier 
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coefficient ap, of V(x, y, z,t,). This is the legitimate information that we 
may hope to obtain and it is provided by quantum mechanics, If a posi- 
tion measurement is carried out at the time tj), as a result of which the 
particle is found to be at «, (consider the x-coordinate only for simplicity), 
then the position and momentum information of the particle just after the 
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measurement will be drastically different from that just before. Prior to 
time ¢, the particle has various probabilities of being observed at various 
positions [Figs. 6-4(a) and 6-4(b)]; after ¢,, the particle is definitely known 
to be at x1. Because of this change in position and momentum information, 
we need a new wave function to describe the particle just after t;. A 
wave packet centered at 2, with a very narrow width, denoted by ¥(2, t1+), 
may serve the purpose [Fig. 6-4(c)]. This illustrates the point that the 
wave function describing a physical system undergoes a sudden change 
right after a measurement is carried out. The wave function after the 
measurement is completely unrelated to that before, as the position x, is 
not dictated by the previous wave function and is quite arbitrary. Thus 
the prediction of the Schrédinger equation is valid only up to the moment 
just before a measurement, after which a new wave function unrelated 
to the previous one has to be introduced. This sudden, unpredictable 
change of the wave function, as mentioned earlier, is the mathematical 
expression of the fact that an act of observation disturbs the system being 
observed and changes its state of motion by an uncontrollable amount. 
The sudden change of the wave function represents a sudden change in 
position and momentum information of the system due to the act of 
observation. After the time ¢;, the system will evolve according to the 
dictation of the time-dependent Schrédinger equation with the wave 
function W(x, t;4) as the initial condition until a second measurement is 
made. At a later time, ts, the solution of the wave equation, denoted by 
W(x, tg_), specifies the probability distribution of position and momentum 
values [Fig. 6-4(d)]. If another measurement of position is carried out 
at tg, as a result of which the particle is found to be at position x2, then 
the wave function W(x, t2_) will undergo a sudden change and become a 
new wave function W(x, t24), which will be a narrow wave packet centered 
around x2, completely unrelated to W(z, tg_) [Fig. 6-4(e)]. After the 
time tg, the system evolves again according to the dictation of the time- 
dependent Schrédinger equation with (2, t21) as the initial condition. 
The solution of the wave equation at a later time tz, denoted by Y(2, t3_), 
determines the probability distribution of the position and momentum 
information of the system at tg [Iig. 6-4(f)]. If now a momentum meas- 
urement is carried out and the momentum value is found to be py, then 
the wave function right after the measurement, denoted by W(z, t3+), 
will be a plane wave e’”)* (Fig. 6-4(g)]; once again the wave function has 
suffered a sudden change due to an act of observation. Since the result 
of the momentum measurement may be po, ps3, . . . as well as p1, the wave 
function after tg may be plane waves of other wavelengths Ag, 3, . . . as well 
as \,. The wave function V(x, tg) is thus unrelated to the previous wave 
function W(x, tg—). After the time tg, the system again evolves according 
(o the dietation of the time-dependent Schrédinger equation with W(x, ty 4.) 
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as the initial condition [Fig. 6-4(h)]._ The same situation will arise over 
and over again whenever measurements are made. 


It may be remarked that either an exact specification of the position or an exact 
specification of the momentum constitutes a complete specification of the initial 
condition, and the question of phase indeterminacy docs not arise. When the 
position is exactly 21, the wave function y(x)e'* is zero everywhere except 
at 21, and the phase factor e'* reduces to a trivial constant e’?*), When the 
momentum is exactly p1, the wave function is e'?1**+'?0 (usually go is set equal 
to zero) and the phase factor e’*™ is again a trivial constant e‘*o, Consequently, 
in each of the above-discussed measurements the position or momentum de- 
termination gives us enough information to determine the wave function to be 
used as the initial condition for the prediction of the future of the system. 


6-3 Explanation of the quantum phenomena. Let it be stated cate- 
gorically at the very outset that quantum phenomena owe no explanation 
for their appearance. These phenomena, for example, the wave property 
of matter, the quantization of energy, and the penetration of potential 
barrier, were regarded as paradoxical because they were not comprehen- 
sible in terms of the concepts and laws of classical mechanics. However, 
they are satisfactorily accounted for in quantum mechanics and in the 
new theory they are no longer associated with conceptual difficulties. 
Still, it is instructive and illuminating to see just how the difficulties of 
classical mechanics disappear in quantum mechanics. As noted earlier, 
quantum mechanics implies the uncertainty relation while classical me- 
chanics does not. It is thus quite possible that the quantum phenomena 
are related to the uncertainty relation. Furthermore, we have mentioned 
that the classical concepts must be restricted by the uncertainty relation. 
In the following we shall show that when the classical concepts, particu- 
larly that of the trajectory of a particle, are limited by the uncertainty 
relation, the paradoxes associated with the quantum phenomena disappear. 
Loosely speaking, the quantum phenomena may thus be explained by the 
uncertainty principle. However, the uncertainty relation is not an exact 
equation (it is not stated by an equality sign, but by “&”). It is not the 
expression of a fundamental law; it is merely a loosely stated relation 
marking out one outstanding feature of the new mechanics. Therefore 
we cannot hope to deduce the quantitative details of all quantum phenom- 
ena from the uncertainty relation. (For the same reason we cannot hope 
to derive a system of mechanics starting with the uncertainty principle 
as the fundamental postulate.) In addition to this approach based on the 
uncertainty principle, we may take an alternative approach to explain 
the quantum phenomena, The discussion of Section 2-7 shows that quan- 
tum mechanics may be analyzed within the framework of the Hamiltonian 
theory of classical mechanics and that quantum meehanics differs from 
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classical mechanics by the introduction of a quantum potential operating 
among the probability elements. The quantum potential, according to 
Eq. (2-65), is expressed by 

h? V?A(a, y, 2) 
2M A(x, y, 2) 





C= (6-17) 
where A is the amplitude of the wave function (or the square root of the 
density distribution function of the probability elements). From this 
mathematical point of view, anything found in quantum mechanics but 
not found in classical mechanics may have its origin rooted in the quantum 
potential. As a result, the quantum phenomena may be related to the 
quantum potential and in the following discussion this relation will be 
spelled out in detail. The two approaches probe two facets of the mathe- 
matical structure of the new theory, and we hope they will shed light on 
the physical meaning of quantum mechanics. 

(A) The wave property of matter. To show that the wave property of 
matter may be inferred from the uncertainty principle, we may reverse 
the argument of the single-slit experiment discussed in Section 6-1. Since 
the slit limits the position of the electron to within Ay, there is, according 
to the uncertainty principle, a corresponding Ap, equal to about h/Ay; 
the electron thus emerges from the slit within an angle of about h/p Ay. 
The electron distribution is thus similar to the central maximum of a 
diffraction pattern of light with wavelength h/p. Thus the wave property 
may be inferred and the de Broglie relation obtained. However, the un- 
certainty principle does not enable us to predict the intensity distribution 
quantitatively, or to predict the existence of the secondary maxima beyond 
the central maximum. As mentioned before, the reason is that the un- 
certainty relation is not the expression of an exact law. 

On the other hand, from the viewpoint of the Hamiltonian theory, the 
wave property of matter may be shown to be a result of the quantum 
potential of Hq. (6-17). A system of particles are in equilibrium when the 
resultant forces on them are zero. For a free particle, the distribution of 
probability elements of an energy eigenfunction is stationary and there- 
fore is in equilibrium. Hence, the quantum force must be zero. This 
requires the quantum potential to be either zero or a constant independent 
of position. For U, equal to zero, A must be a constant. For U, equal 
to a constant, A must be an oscillatory or exponential function. When 
A is an oscillatory function, the distribution of probability elements 
exhibits a wave character. Thus the quantum potential leads to the ap- 
pearance of what was called the wave property of matter. 

This argument also helps us to understand the appearance of oscillatory 
and exponential functions in the wave functions discussed in the last three 





6-3] EXPLANATION OF THE QUANTUM PHENOMENA 133 


chapters. It also justifies our previous conjecture regarding the corrugated 
structure of the wave functions of the linear harmonic oscillator. The 
corrugated structure (representing a modulated oscillatory function) is 
necessary to make the quantum force vanish. 

(B) The quantization of energy. We consider the linear harmonic oscil- 
lator as an example. According to classical mechanics, the oscillator may 
have any amount of energy from 0 to «. The state of motion corresponding 
to the smallest possible energy H = 0 is no motion at all. In this special 
case we know exactly the position of the oscillator; it stays always at the 
origin. We also know exactly the momentum of the oscillator, which is 
zero. Therefore, both Az and Ap, are zero and their product is zero. 
According to the uncertainty principle, this product must not be less than 
h, a finite quantity. Therefore, the state of motion specified by H = 0 is 
impossible. If H is not zero but barely above zero, the oscillator, according 
to classical mechanics, will be confined in a very small region in the 
neighborhood of the origin and the momentum will be barely above zero. 
Thus Az and Ap, are both very small. If the product of Ax and Ap, is 
smaller than h, such a motion still will be excluded by the uncertainty 
principle. Hence no motion will be possible for energy values from zero 
up to a certain value Hy large enough that the uncertainty relation may 
be satisfied. This energy J’) is the energy of the first quantum state. 
Thus the energy is quantized, i.e., it cannot take on any arbitrary value, at 
least in the immediate neighborhood of / = 0 on the energy scale. Ac- 
tually, for the first quantum state of the linear harmonic oscillator, the 
Aa may be estimated to be about /i/Mw. The momentum corresponding 
to the energy thw is \/2M4hw. Therefore the momentum ranges from 
0 to WMhw. Consequently, 


Az Ap, ~ V(h/Mw) V Mhw = h, (6-18) 


showing that the appearance of the first quantum state actually is dictated 
by the uncertainty principle. However, by the uncertainty principle alone, 
we cannot show that the energy after the first quantum state is also 
quantized. Again the reason is that the uncertainty principle is not an 
exact law. 

We cannot present very illuminating arguments for the quantization of 
energy from the viewpoint of the quantum potential, yet it is not impos- 
sible to argue in this direction. For an energy value not on the list of 
energy eigenvalues, the solution of the time-independent Schrédinger equa- 
tion diverges at infinity. We may argue that the quantum foree among 
the probability elements acts in such a way that all probability elements 
are repelled to infinity, When the energy equals one of the eigenvalues, 
the quantum force balances itself out with all probability elements staying 
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in a finite region. Therefore, all oscillators observed in a finite region 
must have energy values on the list of eigenvalues, i.e., the energy is 
quantized. 

(C) The penetration of potential barrier. We consider the emission of an 
a-particle by a radioactive nucleus as an example. The a-particle is con- 
fined in a potential well surrounded by a Coulomb potential barrier 
(Fig. 5-5). If the a-particle stays in the well all the time, then we know 
the position of this e-particle, i.e., inside the nucleus, to an accuracy Ax 
equal to the width D of the potential well. According to the uncertainty 
principle, Av = D is accompanied by Ap & h/D. The spread in mo- 
mentum value causes a spread in energy value. But experimental results 
are that the a-particles do not have such a spread in energy. The premise 
Az = D thus cannot be true. Therefore the a-particle cannot stay always 
inside the nucleus, but instead may be found outside the potential barrier. 
Another argument based on the uncertainty principle may be made con- 
cerning the relation between energy and time. Since the a-particles are 
observed to have the same energy, we have AH’ = 0. This leads to the 
result At — oo, where At is the time interval within which the particle 
goes through a certain point in space (say, the edge of the nucleus); this 
time interval is thus infinitely long. This means that we have no way 
of predicting when the a-particle may come out of the nucleus, whether 
in the next hour or a thousand years hence. The bearing of this point on 
causality has been discussed in Chapter 5. 

There is one question left unanswered: How can an a-particle go through 
a classically forbidden region where the potential energy is higher than the 
total energy of the particle? (In other words, how can an a-particle have 
a negative kinetic energy in this region?) Actually this situation is found 
not only in a-radioactivity. In the linear harmonic oscillator, all eigen- 
functions have a tail extending to infinity in the classically forbidden 
region. In the potential well problem we also know that the wave function 
is not vanishing in the classically forbidden region. The existence of a 
nonvanishing wave function in a forbidden region means there is a non- 
vanishing probability to have the particle observed there; the question 
might be asked how can a particle be found in such a region. 

The origin of this question is the classical concept that motion is contin- 
uous. However, we can best answer it from the point of view of the 
quantum force. Within the framework of the Hamiltonian theory, the 
wave function may be regarded as representing the distribution of the 
probability elements, each moving under the influence of the classical 
potential plus the quantum potential. The above question may thus be 
reformulated as follows: How can some probability elements move into 
(he classically forbidden region? ‘The answer is that the quantum force 
ia nol a conservative force. Therefore conservation of energy in the classical 
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sense is not valid. Those probability elements moving into the classically 
forbidden region receive the necessary energy to do so from the noncon- 
servative quantum force. We hasten to add that this has no physical sig- 
nificance. The quantum force is but a mathematical fiction. This 
explanation merely brings out the formal mathematical relations and 
points out the origin of the paradox. 

One other point remains to be mentioned. Suppose that an observation 
on position is made in the classically forbidden region and according to 
the probability specified by the wave function, a particle is actually ob- 
served there. What is the energy value of the particle? Take the linear 
harmonic oscillator as an example. Suppose the wave function concerned 
is an eigenfunction of energy value Z,. Before the observation, the energy 
value of the particle is definitely E, and its position distribution is |Wn(z)|?, 
according to Born’s assumptions. After the observation, if the particle is 
found at a point in the forbidden region where the potential energy is 
greater than E,,, the particle is to be represented by a new wave function 
which is a narrow wave packet. The wave packet expresses the momentum 
information from which we derive a probability distribution of the kinetic 
energy. The total energy, being the sum of the kinetic energy, which is 
always positive, and the potential energy, undoubtedly will be greater 
than E,, for the potential energy alone is greater. We may ask how can 
the energy be increased and where has the energy come from. The answer 
is that an act of observation disturbs the system being observed and im- 
parts to it an uncontrollable amount of energy and momentum. The 
particle observed in the classically forbidden region makes its observation 
possible at the expense of the energy of the measuring apparatus. 


Combining the mathematical and physical aspects, we may say that quantum 
mechanics generalizes classical mechanics by (1), introducing the probability 
elements in kinematics; and (2), introducing the quantum force in dynamics; 
the latter is responsible for the amount of energy or momentum imparted to 
a system by an act of observation and the former makes the amount uncertain. 


What about the law of conservation of energy? Does it hold in quantum 
mechanics? First of all, the energy of a system after a measurement is 
made, in general, is not the same as before because of the transfer of an 
uncontrollable amount of energy from the measuring apparatus. However, 
between two measurements, when no energy transfer takes place, the 
energy information, specified by the probabilities |a,|’ of finding the 
energy value equal /’,, is independent of time. ‘That the distribution \a,|? 
is time independent is considered as the quantum-mechanical law of energy 
conservation. (See Chapter 12 for further discussion.) We note paren- 
thetically that in the classical limit this law reduces to the classical law 
of energy conservation, : 
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6-4 Concluding remarks.* The development of quantum mechanics has 
elicited drastic changes in our physical concepts, mathematical methods, 
and philosophical thought. Many issues have fascinated, if not confused, 
its students: duality (wave-particle) versus unity, abstract algebrat versus 
mathematical analysis, indeterminism versus determinism, etc. 

However, the revolutionary tide does not completely sweep away clas- 
sical mechanics; instead, quantum mechanics finds for classical mechanics 
its rightful place in physical theory and clarifies the conditions under which 
it is valid. Quantum mechanics, successful in the microscopic realm, is 
actually a rational generalization of classical mechanics, incorporating in 
it new elements which are forced on us in view of the existence of the 
quantum phenomena, though these elements may be rightfully ignored in 
the macroscopic realm. 

A basic element thus introduced is the concept of discontinuity or more 
specifically the concept of quantization (the indivisibility of the quantum). 
It is a fundamental concept because the Planck constant h is introduced, 
not derived. It cannot be subject to further analysis unless the Planck 
constant can be expressed in terms of other universal constants. It does 
not originate from any epistemological considerations; it is forced upon 
us by the experimental evidence which we described in some detail in 
Chapter 1. We have seen case after case where physical quantities are 
quantized. Once quantization is established, it becomes inevitable to 
regard a physical process as the progression of a series of individual, 
discontinuous, elementary processes (quantum jumps), each of which 
cannot be analyzed further. This then leads to the conclusion that a 
completely specified initial condition does not necessarily lead to a definite 
result at a later time. These concepts and results are incompatible with 
classical mechanics, in which a physical system evolves in a deterministic, 
continuous way. In order to incorporate these concepts in the framework 
of classical mechanics the concept of probability has to be introduced, 
perhaps less as a physical assumption but more as a logical instrument. 
In Chapters 1, 5, and 6, we have expounded time and again the relation 
between quantization and probability. Once we elect a probabilistic point 
of view, we are still left with the freedom of choice between at least two 
alternatives. Hither we regard the concept of probability as an elementary 
concept which cannot be analyzed further or we consider it as a concept 
built upon another, more fundamental concept—the probability amplitude. 
The use of probability in classical statistical mechanics follows the first 
alternative. The choice we have to make in quantum mechanics is again 
based not on some epistemological considerations, but on the experimental 


* Students are advised to review this section after having finished Chapter 12. 
| Seo Chapter 12, 
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evidence. The concept of probability amplitude is forced upon us because 
it manifests itself in a variety of interference phenomena: in the diffraction 
of electrons, atoms, and molecules (discussed in Chapter 3), in the prop- 
erties of the helium atom, in the homopolar bond of chemical binding, and 
in the phenomena of scattering of identical particles (these three we do not 
discuss in this volume). In the further development of quantum mechanics 
additional new elements have to be introduced, such as the spin and the 
statistics, which are not included in this volume. For the present purpose 
we may conclude from the above discussion that the concepts of quantiza- 
tion and interference are two independent, basic concepts that distinguish 
quantum mechanics from classical mechanics. 

The development of the quantum theory thus revolves around the theme: 
how to generalize classical mechanics to accommodate the concepts of 
quantization and interference. The old quantum theory embraces the 
concept of quantization by incorporating in it the Wilson-Sommerfeld 
quantum condition which introduces Planck’s constant h. But the con- 
cept of interference is not included. Though the concept of probability is 
introduced by the correspondence principle, the probability amplitude is 
not introduced. Thus it is only natural that the helium atom should 
present the first major failure of the old quantum theory. De Broglie’s 
important contribution lies in the introduction of the concept of inter- 
ference by means of the matter wave. In our formulation of quantum 
mechanics as presented in Chapter 2, Eq. (2-30), introducing h into the 
theory, serves the purpose of the quantum condition and gives rise to 
quantization. The concept of interference is incorporated into the theory 
through Born’s two assumptions in which the probability is related to 
the square of the wave function itself or its Fourier coefficients. In matrix 
mechanics and in the general formulation of quantum mechanics, briefly 
described in Chapter 12, quantization is achieved by introducing the 
so-called commutation relations [see Eqs. (12-92, 93, 94)]. These relations 
are the quantum conditions because not only the Planck constant is 
thereby introduced but also they reduce to the Wilson-Sommerfeld quan- 
tum condition in the high quantum number region. On the other hand, 
the concept of interference finds expression in the principle of swperposition 
(Section 12-4), of which Born’s two assumptions are special cases. Through- 
out the history of the quantum theory, classical mechanics is always in 
the background and is generalized in each step of the development, 

A word concerning the role of the uncertainty principle will be in order 
here. This principle is often considered as the fundamental principle, if 
not the fundamental law, of quantum mechanics and is usually accorded a 
place in the first page of a treatise. In this connection it may be mentioned 
that this principle as conventionally stated does not imply the concept of 
interference, In faet, the demand of the uncertainty principle may be 
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satisfied by a classical, statistical mechanics by virtue of the Liouville 
theorem. This principle is a result of the quantum condition (Theorem 8, 
Section 12-2). Therefore it speaks part of the truth contained in the 
quantum condition (quantization). Its essence seems to be, as illustrated 
on previous occasions, that there exists a first quantum state, for atomic 
systems as well as for radiation fields, characterized by one unit of the 
universal quantum of action h. 

That the quantum condition in its various forms is the mathematical 
expression of the physical fact of quantization, and the principle of super- 
position or its equivalent is the mathematical expression of the physical 
fact of interference, is the essence of the physical meaning of quantum 
mechanics. 


PROBLEMS 


6-1. The wave packet of a free particle tends to spread, whereas that of a 
linear harmonic oscillator does not. Will the wave packet of a particle moving 
in the potential U = Kx* spread? What is the general condition governing 
the spread of the wave packet? 

6-2. Discuss the classical theory of the Compton effect. The angular de- 
pendence of the wavelength change may be attributable to the Doppler effect 
of the recoil of the electron. 

6-3. Discuss the possibility of measuring z and p, simultaneously. 

*6-4, Derive the uncertainty relation in the multiphoton microscope experi- 
ment. [Hint: The recoil momenta due to the photons add themselves at random 
but do not cancel themselves out exactly. Make use of the result of the random 
walk problem in statistics.] 

*6—5, A superposition of energy eigenfunctions of the linear harmonic oscillator, 
with their time factors attached, in the high quantum number region but limited 
to the even quantum numbers n, results in a wave packet at the origin at ¢ = 0. 
Predict the future of this quantum-mechanical state, assuming that position, 
momentum, and energy measurements are being made at different times in the 
future in various order of succession. (The arbitrary phases of the eigenfunctions 
are assumed to be zero.) 

6-6. Discuss the determination of the “trajectory” of an a-particle by its 
cloud chamber track from the point of view discussed in Section 6-2, each 
ionization of the water molecule being considered as a position measurement. 
Discuss the straggling of the track. (See also Problem 12-11.) 

6-7. In determining the position of an electron by a microscope, the amount 
of momentum transferred to the electron is related to the momentum of the 
photon. If a measurement of the recoil of the microscope (now considered 
movable) is carried out to ascertain the momentum of the photon, are we able 
to escape the restriction of the uncertainty relation? 


* Indicates more difficult problems, 
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6-8. Discuss the result of Problem 5-5, i.e., Eq. (5-38), from the point of 
view of the uncertainty principle. 

6-9. A beam of electrons passing through a single crystal displays a diffraction 
pattern of Laue spots. Considering the interaction between an electron and the 
atoms in the crystal, those atoms along the path of the electron affect the motion 
of the electron most. On the other hand, the sharpness of the diffraction spots, 
according to the theory of the diffraction grating, is essentially due to the exist- 
ence of the atoms far away from the path of the electron. How is this paradox 
explained? 

6-10. Show by an example that a wave function localized in a time interval 
At may be analyzed into monochromatic waves with a frequency range Ay such 
that 

AtAv = 1 


What is the relation between this equation and the uncertainty relation between 
energy and time? [Hint: Make use of the result of Problem 2-6 with the sub- 
stitution of the variable x by t.] 

*6-11. A stationary, monochromatic light source is placed in front of a slit 
which is opened and closed by a shutter. If the slit is left open for a time in- 
terval At, the photon appearing behind the slit will have an energy uncertainty 
AE, or equivalently the light will have a frequency uncertainty Av, governed 
by an uncertainty relation. Derive this uncertainty relation by the wave theory 
point of view which considers space-time propagation, and then by the cor- 
puscular theory which considers energy-momentum conservation. Show that 
the two viewpoints are equivalent. This equivalence means that the wave and 
the particle pictures are compatible if uncertainty relations are taken into 
consideration. 

*6-12. Repeat the above problem with the following changes: no movable 
shutter is used and the light source is made to move with a velocity v parallel 
to the diaphragm so that only when the source moves over the opening of the 
slit does an appreciable amount of light come through the slit (the Einstein- 
Rupp experiment). The moving light source produces the same effect caused 
by the moving shutter in the preceding problem. 


CHAPTER 7 
GENERAL METHODS FOR ONE-DIMENSIONAL PROBLEMS 


In Chapters 3, 4, and 5 we discussed three one-dimensional problems. 
The wave functions in these three problems are found to have many 
properties in common. We shall see that these are general properties of 
the one-dimensional wave function and that they may be derived qualita- 
tively from the Schrédinger equation. The quantitative solution of a 
general one-dimensional problem is complicated. However, an approxi- 
mate method, known as the WKB method, usually enables us to obtain 
the essential information on wave functions and energy eigenvalues. This 
method will be discussed. 


7-1 Qualitative properties of the one-dimensional wave function. In 
Section 5-1 we saw that the wave function in the potential well problem 
consists of a section of a sine (or cosine) curve joined with two exponential 
curves which extend to infinity. The sine curve may cross the z-axis a 
number of times. We find that a similar situation exists in the wave 
function of the linear harmonic oscillator. In the classically permitted 
region the eigenfunction has a wavelike structure, crossing the z-axis a 
number of times; it extends with exponential tails into the classically 
forbidden region. These features will be shown to be general properties 
of all one-dimensional wave functions. 

The Schrédinger equation for a one-dimensional problem specified by 
a potential function U(x) is 


2 
as = =o o (7-1) 


Without solving the differential equation, many properties of the solution y 
may be obtained qualitatively. For convenience we define 


2M . 
g(x) = 55 (E — U@)). (7-2) 
Equation (7-1) may thus be written as follows: 


day 7 
aa ov. (7-3) 

HWaquation (7-3) means that the curvature of ¥(x) is determined by the 
, 140 





7-1] THE ONE-DIMENSIONAL WAVE FUNCTION 141 


U(a) 
4 








E = 
I | 
Classically Classically | Classically 
forbidden | permitted | forbidden 
ide —— l - —_—_—___—_——_—_ > v 
a b 
¥(x) 
4 
g(x) <0 | §=g(x)>0 g(x) <0 





a ae Ie IR ay 
ae. i a 








-——— +] — — — —— — 


Figure 7-1 


product of g(x) and y(x). In the classically permitted region where 
g(x) > 0, positive ¥(x) corresponds to negative d?y/dx?, and consequently 
the curve of ¥(x) above the z-axis is concave downward. Likewise, nega- 
tive y corresponds to positive d*p~/dx*, and the curve below the x-axis is 
concave upward. These facts may be summarized by saying that in the 
classically permitted region the curve of ¥(x) is concave toward the x-axis. 
On the other hand, in the classically forbidden region where g(x) < 0, 
positive ¥(z) corresponds to positive d?y/dx? and the curve above the 
x-axis is concave upward. Likewise, negative y corresponds to negative 
d*y/dx” and the curve of ¥(x) below: the z-axis is concave downward. 
These facts may be summarized by saying that in the classically forbidden 
region the curve ¥(x) is concave away from the x-axis. The conclusions 
are represented graphically in Fig. 7-1. 

Consider the solution of Eq. (7-1) for a given energy value H. First of 
all, the value of H cannot be less than the minimum of U(a) if U(x) has 
a minimum. Otherwise g(x) would be negative for all values of # and 
v would diverge to infinity as 7 — o. For H# greater than the minimum 
of U(x), the horizontal line representing energy // intersects the potential 
curve U(x) at least twice. Let the two points of intersection be a and b. 
The region between a and 6 is classically permitted; the rest is classically 
forbidden. In the region x > 6, if the curve is above the w-axis, its slope 
cannot be positive; otherwise, » diverges when a ~* #, Similarly, if the 
curve is below the w-axia, its slope cannot be negative, Furthermore, the 
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¥(2) 














Figure 7-2 


curve cannot cross the x-axis, since the curvature and slope after the 
crossing are such that y increases to infinity when x — #. Consequently 
in the region x > 6, the curve representing y(x), either above or below 
the w-axis, must approach the z-axis asymptotically. As a result, the 
wave function in this region has no nodal point. The situation is similar 
in the region « < a. On the other hand, in the region between a and b, 
the curve representing ~(x) is allowed to cross the x-axis and therefore 
nodal points may exist. Incidentally, points a and b are the points of 
inflection. 

Since both y and dy/dzx must be continuous at a and b, we may not be 
able to construct an acceptable wave function for an arbitrary value of LH. 
This is illustrated in Fig. 7-2 and explained below. When F is just above 
the minimum of U(x), g(x) between a and b is very small and the corre- 
sponding curvature of ¥(x) is small. Thus the curve ¥(x) is almost a 
straight line such as the curve P?Q, in Vig. 7-2. If y and dy/dx of the 
two sides are matched at P, they may not be matched at Q;. As a result 
no acceptable wave function may be obtained for such an energy value. 
Now let E increase. A corresponding increase in g(x) and consequently 
in the curvature will result. When the curvature has become so large that 
the slope of the curve just before x = b turns out to be negative, it be- 
comes possible to satisfy the continuity conditions at « = b. As FE in- 
creases, sooner or later we shall come across a certain value of H at which 
the slope of y to the right of x = b equals that to the left, and an ac- 
ceptable wave function may be constructed. This corresponds to the first 
quantum state and the energy is the first eigenvalue. It may be seen 
in Fig. 7-2 that the first quantum state is represented by a curve which 
has no nodal point (curve PQ2). If we increase the energy beyond the 
first eigenvalue, then the slopes of ~ to the left and to the right of « = b 
will no longer be matched. As / inereases the point Q will move down- 
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ward and eventually will come up again. At Q3 the curve PQ3 may be 
joined smoothly with a curve in the region x > b to give rise to an ac- 
ceptable wave function. This corresponds to the second quantum state. 
It is seen-in Fig. 7-2 that this wave function has one nodal point. As 
increases further we may construct additional wave functions in a similar 
manner. Before the next acceptable wave function is reached, the curve y 
has to cross the z-axis once more. Thus the number of nodal points in- 
creases accordingly, the nth quantum state having n — 1 nodal points. 


7-2 Approximate solution by the WKB method. It is usually difficult 
to solve the Schrédinger equation with an arbitrary potential. I*or a 
potential as simple as that of the linear harmonic oscillator, the solution 
of the corresponding Schrédinger equation in Section 4-2 is fairly compli- 
cated. However, an approximate method, known as the WKB method 
after its originators Wentzel,* Kramers,{ and Brillouin,{ is available, by 
which important information on energy eigenvalues and eigenfunctions 
may be obtained. This method will be described below. 

Let us rewrite Eq. (7-3) as follows: 


v+q=0. (7-4) 


If g is a constant, we may distinguish two cases: (1), if g > 0, » equals 
sin /g x or cos V/g x; (2), if g < 0, » equals e~Y~%* or et¥%*. The 
argument or the exponent is a constant »/|g| multiplied by 2; the amplitude 
is a constant. If g(x) is not a constant but nearly a constant, the solu- 
tion will be only slightly different from that just mentioned. It is thus a 
reasonable guess that »/|g| will be replaced by its average value and 
V|g| x will be replaced by f{* V/|g(x)| dz; also that the amplitude will be 
slowly varying. These guesses will be shown to be correct in the following. 
Let us write 


v(x) = e™, . (7-5) 


As Z(x) reduces to \/g x or \/—g z in the first approximation, Z(x) is not 
far from a linear function of x. A linear function has the property that 
its second and higher derivatives vanish. Therefore we may expect the 
second and higher derivatives of Z(x) to be small. Substituting Iq. (7-5) 
in Eq. (7-4) we have the differential equation for Z(x), 


Z? — iZ = g(z). (7-6) 
"G, Wentzel, Zeita, f, Physik, 38, 518 (1926), 
{ H. A. Kramers, Zeita, f, Physik, 39, 828 (1926), 
L. Brillouin, Comptea Rendus, 183, 24 (1926), 
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The first-approximation solution of this equation may be obtained by 
setting Z equal to zero. Thus 


Z = +VoQ(2). (7-7) 
The solution is 3 
Z= I +V/Q(a) dr. (7-8) 


The first approximation of y is thus what we had guessed. We now pro- 
ceed to obtain the second approximation. Let 


Z = £V (x) + €(x) (7-9) 


where €(x) is a small correction. Since €(x) is a small quantity, its deriva- 
tives are even smaller. Differentiating Eq. (7-9) and neglecting é(x), we 
have , 


g = + SOL. 7-10 
~ 29 oe 


Substituting Eq. (7-10) in Eq. (7-6) and neglecting e?, we have 


_ tga) 


It follows that 


Z= £VG(2) +4 Hoe (7-12) 
Therefore 


Z= i V9(x) de + © log g(2). 


Equation (7-5) thus becomes 


1 iS* Vom) dz 
¥(z) = a ct VO) Oe, (7-18) 
V Q(x) 
When g > 0, the general solution of Eq. (7-4) thus takes the following 
form: 





Ae df B 7 : 
¥ = yAasin (f Vale) da) + P= cos {| Vale) ae) (7-14) 


where A and B are arbitrary constants. When g < 0, the general solution 
may be written as follows: 








c¢ ae ef V0) de | eon’ San ef V0) de (7-15) 


9 oe aoreraee 
V — g(x) V— g(x) 
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Figure 7-3 


where C and D are arbitrary constants. Hquation (7-14) applies to the 
region a < x < b in Fig. 7-3; Eq. (7-15) applies to regions « > b and 
x <a. A restriction on their applicability must be mentioned here. 
Both solutions fail in the immediate neighborhood of the points « = a 
and « = b because both g(a) and g(b) vanish and both Eqs. (7-14) and 
(7-15) diverge to infinity. The reason is that when g equals zero, the 
right-hand sides of Eqs. (7-10), (7-11), and (7-12) become infinite, and 
the assumption that Z and € are small is no longer valid. In the regions 
sufficiently remote from a and b, the assumption is valid and Eqs. (7-14) 
and (7-15) apply. We are thus confronted with two problems. Jrst, 
what is the expression of y in the immediate neighborhood of the points 
x = aand x = b? Second, how can the solutions in the regions to the 
left of a, to the right of a, and in the immediate neighborhood of a be 
matched to form a continuous solution (the same applies to the point 
x = b)? To solve the first problem we may approximate the potential 
function near the point a (or b) by a straight line and then shift the origin 
of the coordinate to a. Then g(x) takes the form of # multiplied by a 
constant. The Schrédinger equation thus obtained may be solved in terms 
of the Bessel functions. Once this solution is obtained, the arbitrary con- 
stants A, B, C, D of the solutions in the regions to the right and to the 
left of a may be determined in such a way that these two solutions join 
smoothly with the solution in the immediate neighborhood of a. The 
procedure for joining the solutions is complicated; we shall state only the 
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results, omitting the mathematical derivation. The results are that the 
constants of Eqs. (7-14) and (7-15) must be related in the following way 
(the solution in the immediate neighborhood of a (or 6) will not be written 
down because it is seldom used in practice): 
(1) The solution 
a eo 2V—O@) de 


V—g(x) 


to the left of a is related to the solution 





Tia “(vasa — 4) 


to the right of a, a being an arbitrary constant. 
(2) The solution 
B : etlsV—0@) dx 
WV — g(x) 


to the left of a is related to the solution 


aa a ain ( f : V g(x) dx — *) 


to the right of a, 6 being an arbitrary constant. 
(3) The solution 





=e ew Va) de 
V—g(c) 
to the right of b is related to the solution 


b 
27 7 
Feo (/ Vata) dz — 7) 


to the left of b, Y being an arbitrary constant. 
(4) The solution 


6 etlov—9@) dz 


V— g(a) 
to the right of b is related to the solution 


Yao isle Vale) dx — 7) 


_ to the left of 6, 6 being an arbitrary constant, 
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If the horizontal line representing energy / in Fig. 7-3 intersects the 
potential energy curve at two points a and b only, then of the two expo- 
nential solutions in the region x > b or x < a, only the descending one 
may be acceptable because of the boundary condition at infinity. Thus 
only relations (1) and (3) need be considered. The solution y in the 
region a < x < b, joined smoothly with the others at a and b, may be 
determined by either relation (1) or (3). The two determinations must be 
identical. Hence 


Ft eos Valeide ~ 8) = 2 oos( J Vata) az — ). 
(7-16) 





Equation (7-16) may be satisfied if 


([ Vale de — 7) + (f Vata) de — 7) = ne, n=0,1,2,..., 


v= (—1)"a. (7-17) 


The first condition may be rewritten as follows: 


b 
/ V g(x) dz = (n | s) T, (7-18) 


b 
V2M(E — U) dx = (n + 3) r. (7-19) 


or 


An equivalent form is 


$ pe dx = (n+ 4)h. (7-20) 


The last equation resembles the Wilson-Sommerfeld quantum condition 
except for the appearance of the half-integer; it serves the same purpose 
of determining the permitted energy values. In order that the solution be 
joined smoothly at a and 6 and satisfy the boundary condition at infinity, 
the energy value E must satisfy Eq. (7-19) or its equivalent. Thus 
Eq. (7-19) is the condition determining the energy eigenvalues. It is now 
clear that the Wilson-Sommerfeld quantum condition is a rough approxi- 
mation of the correct quantum-mechanical formula for energy quantization 
because it does not contain the half-integer. In practical applications, the 
integral of Eq. (7-19) may be evaluated by the method of contour inte- 
gration in the complex plane; the energy eigenvalues may thus be 
determined, 

Having obtained the energy eigenvalues and eigenfunetions we have 
solved the general one-dimensional problem, The condition for this ap- 
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proximate method to be valid is that g(x) be slowing varying. This condi- 
tion is usually satisfied in the high quantum number region where the wave 
function is nearly sinusoidal in a small section of the coordinate. 

Some general properties of the eigenfunctions may be noted here. 
Between a and b the wave function in the high quantum number region 
is essentially a sine (or cosine) function the wavelength and amplitude of 
which are modulated according to the potential function. The wavelength 
is 27//g(x) in the neighborhood of x; the amplitude is proportional to 
1/Vg(x). The probability distribution is represented by the square of the 
wave function. When there are many wave crests in a small region dz, 
the average value of the square of the wave function over dz is simply 
one-half of the square of the amplitude and thus is proportional to 1/+/g(z). 
Since 


Bats ! wi, (7-21) 
Voz) V2M(E—U) » 


where v is the classical velocity, the quantum-mechanical probability 
distribution is inversely proportional to the classical velocity. Now con- 
sider the motion of a classical particle in the region between a and b. The 
time it spends in dx is dx/v. Thus the statistical distribution of the posi- 
tion of the particle in a long period of time is represented by a function 
inversely proportional to the velocity. Therefore the quantum-mechanical 
probability distribution is the same as the classical statistical distribution. 
A special case of this result, i.e., the linear harmonic oscillator, was dis- 
cussed in Chapter 4. Its general validity is again expected from what we 
discussed in Section 2-7, the minor differences between the quantum- 
mechanical and the classical distributions i.e., the peculiar wavelike 
structure and the peculiar behavior at and beyond the endpoints a and b 
of the quantum-mechanical distribution being again attributable to the 
quantum force of Eq. (2-65). 





PROBLEMS 


7-1. Solve the problem of the linear harmonic oscillator by the WKB method 
and compare the results with those of Chapter 4. 

7-2. Determine the energy eigenvalues by the WKB method when the po- 
tential of a linear harmonic oscillator is changed slightly by adding a term dz? 
where A is a small constant: 7 


U(x) = tha? + dAz3. (7-22) 
Repeat for the potential 
U(x) = Hex? ++ dx, (7-28) 
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7-3. Is the WKB method applicable to the potential well problem? Work 
out some simple results and compare with those of Section 5-1. Explain. 
7-4. Determine the energy eigenvalues of a particle in the following potential: 


U(x) = kext. (7-24) 


7-5. When the potential energy curve has two minima, how may the Schréd- 
inger equation be solved by the WKB method? 

7-6. Calculate the probability current density of a wave function obtained 
by the WKB method. How is this result related to classical mechanics? 

*7_7, Show that the phase of the time-dependent wave function (for a given 
energy) obtained by the WKB method, after being multiplied by h, satisfies 
the Hamilton-Jacobi differential equation (2-59). The results of this and the 
last problem thus verify the relation between classical and quantum mechanics 
discussed in Section 2-7. 


U(x) 





| 

| 

| 

| rary 
b 


Fiaurn 7-4 


*7-8. Derive the expression for the transmission coefficient 7’ of a particle 
penetrating through a potential barrier as shown in Fig. 7-4, the potential 
function U(x) being such that the WKB method is applicable. Answer: T & 
eS 5 Ve) dz. 

7-9. Show that Eq. (5-35) holds also for the above potential barrier. 


* Indicates more difficult problems. 


CHAPTER 8 
THREE-DIMENSIONAL PROBLEMS 


Having discussed one-dimensional problems in quantum mechanics, we 
now consider three-dimensional problems in this chapter. After a discus- 
sion of the space rotator, the central force problems will be considered. 
In particular the hydrogen atom will be dealt with in detail. 


8-1 The space rotator. As mentioned earlier, the general solution of 
the time-dependent Schrédinger equation may be expressed as a Fourier 
series in time t, the coefficients of which, being functions of x, y, z, satisfy 
the time-independent Schrédinger equation, 


ay 
oy? 


ay 


0x2 


any 
+34 428 UW =0. (8-1) 





+ 


Equation (8-1) may be written in different coordinate systems. In spher- 
ical coordinates it takes the form 


Lofew)y, 11 o v 
rar WY ES (sino 
eal ay 
r2 sin2 0 dp2 





+ +58 Mie —UW=0. (8-2) 


In cylindrical coordinates it becomes 


19 (oy 1 a°y any - 2 
p op (0 ) + p2 dg? 1 92 (E — Up = 0. (8-3) 





For a particular problem we shall choose a coordinate system in which the 
equation may be solved most easily. 

The space rotator is defined as a particle constrained to move on a 
spherical surface without any other forces acting on it. Let the radius of 
the sphere be a. Clearly, the spherical coordinate system is the most 
convenient for treating the space rotator; Eq. (8-2) takes the following 


form: : 
- 2 (sin 9 %) 4 De aM yey Ged) 


a? sin 0 00 a? sin? 0 dp? h2 








The wave function y is a function of @ and ¢ only. Solutions of Eq. (8-4) 
may be obtained by the method of separation of variables described below. 


150 
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Assume a solution of the following form 
¥(8, e) = O(4)(y) (8-5) 


where ©(@) is a function of @ only and #(y) is a function of ¢ only. Sub- 
stituting in Eq. (8-4) we have 








1 df{. ,d0 1 d’h 2M 
a? sin 6 do (sin a )+ Octane ap Tye eee OS) 
or 


2 
5 sine & (sin 0 4°) : oe ~ Ea’ sin? 6 = 0. (8-7) 


dp? h2 
Define a quantity m? by the following equation: 
> ee (8-8) 


then we have 


1 oa (« 4 19 n 2Ma? 
re) sin do sin do h2 


Equation (8-8) asserts that m? is independent of 6; on the other hand 
Eq. (8-9) requires that m? be independent of yg. The quantity m*, being 
independent of both variables, thus must be a constant. The partial dif- 
ferential equation (8-4) is thus replaced by two ordinary differential 
equations, (8-8) and (8-9). Solutions of Eq. (8-4) may thus be obtained 
from the solutions 0 and ® of Eqs. (8-8) and (8-9). 

The solutions of Eq. (8-8) are readily obtained, i.e., 


—~ FE sin? 6 = m? (8-9) 


&:=—Cetme (8-10) 


where C is an arbitrary constant. Since the longitude angle ¢ has a period 
of 27 radians, the @ function must also have a period of 27; otherwise, 
© will not be a single-valued function and will not represent a single-valued 
probability distribution with respect to y. This condition limits the value 
of min Eq. (8-10). First of all, m cannot be an imaginary number, Among 
the real numbers, m can only be integers so that & may be a periodic func- 
tion of period 27. Thus 


m= 0, +1, +2,.... (8-11) 


The constant C is to be determined by normalization, 
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Equation (8-9) may be solved as follows: We first make the following 
substitution: 


x = cos 4, 0(0) = y(z), sin 6 40 _ = —(1 — a) » (8-12) 
2M 
d= ae E. (8-13) 


The transformed equation is thus 





d’y dy m? 
(l— 2) 3 at ( Foy = 0. (8-14) 


This differential equation is not ready to be solved by the power series 
method as we used in the linear harmonic oscillator. The reason is that it 
contains poles at the points z = +1. A pole of a differential equation 


9+ plx)y + a(x)y = 0 (8-15) 
at a point, say x = ¢, is defined as a singularity such that when x — ¢, . 


p(t) > «© but (x — c)p(x) — finite value, (8-16) 
q(x) > © but (a — c)*q(x) — finite value. 


When a pole exists at x = c, y(x) must vanish at x = c. From Kgs. (8-15) 
and (8-16) we find that y(x) may be written in the following form: 


y(x) = (« — ¢)*0(z), (8-17) 


where v(x) satisfies a differential equation free from the pole at the point 
x = c. By substitution of Eq. (8-17) in Eq. (8-15) we may determine 


the value of a and the differential equation v(x) has to satisfy; the latter, - 


free from the pole, may be solved by expanding v(x) into a power series. 
This procedure will be applied to remove the poles of Eq. (8-14). For 
the pole at x = 1, we rewrite Eq. (8-14) as follows: 





2 — 
Capa » atl pty) Lp tyao. (8-18) 
z=1—2; (8-19) 


‘ _ 2 
ey + a y- (r | cs) spy = 9 (8-20) 
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Putting 
y= ge v, (8-21) 
we have 
a PE) on elm! 
aca 1) + —2 z—2 (z — 2)2 : 
+|24 += a= — =| z+25%=0. (8-22) 


Equation (8-22) should be valid for z = 0, ie., 


ale —1)+a— (a =0 (8-23) 
or 
a= at: (8-24) 


Only the positive root is acceptable, as the negative root makes y diverge 
at x = 1. Thus we have 


y = (1 — 2)'™"/?y(2), (8-25) 


The other pole at x = —1 may be treated in a similar manner. The 
result, together with Eq. (8-25), may be written 


y= (1 <. ry Wiad @ ac a)! 2u(2) = (1 _ ao?) !l2 u(x). (8-26) ; 


The differential equation u(x) has to satisfy may be found by substitution 
of Eq. (8-26) in Eq. (8-18); the result is as follows: 


(1 — x?) — 2(\m| + Dat + (A — |m| — m?)u= 0. (8-27) 
Equation (8-27) may be solved by the power series method. Let 


u(x) = ae. (8-28) 


The recursion formula for the coefficients a, is found to be 


_ vv — 1) + 2(|m| + Lv — A+ |m| + m? 


yin Ca CE ED Si 


For an arbitrary value of \ the series diverges at # adel, ‘To obtain 
acceptable wave functions the series must terminate after a finite number 
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of terms. The condition that the series terminates after the term a,v* is 


k(k — 1) + 2(\m| + 1)k — A+ |[m| +m? =0 (8-30) 
or 
A = k(k — 1) + 2(lm| + 1k + [mm] + ||? 

= (|m| + k)(\m| +k +1) (8-31) 

where 

1= |m| + k. 

Since 

B= 0 Ve Dee ley (8-32) 


and |m| is an integer, the value of | is always a positive integer: 
b= 0) 159) sic: (8-33) 


Equation (8-31) thus determines the eigenvalues of Eq. (8-14) ; Eqs. (8-26) 

(8-28), and (8-29) determine the eigenfunctions. We have thus solved 
Eq. (8-9). 

From the solutions @ and © we may construct the solutions y of 
Eq. (8-4): 

; m= 0, +1, +2,..., 
Vim(9, ¢) = Nime’”® sin’! 6 ae a,cos’ 6, k=0,1,2,..., (8-34) 
pet L= |m| +k =0,1,2,..., 


where Nj is a normalization constant which depends on / and m, and the 
coefficients ay are given by Eq. (8-29). The indices / and m are limited 
to the values listed above. Each set of values of 1 and m corresponds to 
a solution Yim. The functions representing ~i» are called spherical harmonics 
in mathematics and are usually denoted by the notation Yz,(0, ¢). The 
functions © are called associated Legendre functions, usually denoted by 
the notation P;" (cos 6). Thus we may write: 


Yim(9, ¢) = NimY m(O, ¢) = Nim me pT (cos 6). (8-35) 
The corresponding eigenvalue of Pi» is 


h? 


Ei = sya +2, a is Oe aera (8-36) 


Introducing the moment of inertia J = Ma”, we have 


. n? 
Ey= > Ul+1), §=0,1,2,.... (8-37) 
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Thus the energy is quantized. The energy level diagram is shown in 
Fig. 8-1. The spacings of the energy levels have characteristic ratios. It 
was found experimentally that the spacings of energy levels of a diatomic 
molecule (within a band) actually exhibit these characteristic ratios. Such 
energy levels may thus be regarded as due to the rotational motion of the 
molecule as a space rotator. And the rule of energy quantization according 
to quantum mechanics is thus experimentally verified (Problem 8-1). 

A few mathematical properties of the functions ~i» will be summarized 
below without proof. 

1. The associated Legendre functions P/"(x) are related to the Legendre 
functions Pi(x) by the following equation: 


qi™! 





Phe) = 1 — 2?) P(x) (8-38) 


(Problem 8-2), the Legendre functions being defined by the formula 





Pi. 1 d@ 42 _ 8-39 
(2) = or] agi @ — 1) 82) 


A few of them are listed below: 
Po(x) = 1, 
P,(t) = 2, 
P2(z) = $2” ca 1 
P3(t) = §x° — #, 
Py(z) = 4fc* — Ahn? + ff. 


2. The spherical harmonics are orthogonal to one another, i.e., 


// Y im(9, ¢) Yum(0, ¢) sin Odd dy = 0, Lett, om wt m’, (8-40) 





156 THREE-DIMENSIONAL PROBLEMS [cHaP. 8 


3. The normalization constant is given by the expression 


1) fae DT— mi 
Pn 2(1-+ m)! 


4. Any function (well-behaved) of 6 and ¢ over a sphere may be ex- 
panded in a series of spherical harmonics. 

In the one-dimensional problems of the previous chapters we have only 
one quantum number. In this two-dimensional problem there appear two 
quantum numbers, m and |. We call m the magnetic quantum number* 
and l, the azimuthal quantum number. In two-dimensional problems the cor- 
respondence between eigenvalues and eigenfunctions may not be one-to- 
one. Equation (8-37) states that the eigenvalue is dependent only on the 
azimuthal quantum number l. For a given value of 1, the magnetic quan- 
tum number m can take on any integral value from —l to +l as 1 = 
|m| +- k. Thus there are 2/ + 1 possible values of m for a given l. Conse- 
quently there are 21 + 1 wave functions Yim corresponding to the same 
energy eigenvalue #;. When there are several wave functions correspond- 
ing to the same energy eigenvalue, the wave functions are said to be 
degenerate. 

We have found thus far a set of particular solutions of Eq. (8-4) by the 
method of separation of variables. Inasmuch as the set of solutions Yim 
form an orthogonal set in terms of which any arbitrary function may be 
expanded, the general solution of Eq. (8-4) may be expressed by a series 


f Wim: 
ae Ve = Daimdim- (8-42) 
lm 


Nin 





(8-41) 


Substituting Eq. (8-42) in Eq. (8-4), we obtain 


2 


Tamn| Meo — 10+ 1] bin = 0 (8-43) 
lm 





In order to satisfy Eq. (8-43), all the coefficients of Yi, in Eq. (8-48) 
must vanish. To prove this, we may multiply Eq. (8-43) by a wave 
function Wj'm’ and then integrate with respect to 6 and y. Because of the 
orthogonal property of the spherical harmonics, all terms except that con- 
taining Ym drop out. Thus the coefficient of Yim must equal zero. 
Similarly all the other coefficients must also vanish. To satisfy these con- 
ditions F must be one of the values given by Eq. (8-36); say, 
h? 


Ey = Maa vv + 1), (8-44) 


a 


* Because of the role it plays in the Zeeman effect (see Section 12-10), 
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and the coefficients azm for values of | other than l’ must vanish, 1.e., 
Aim = 0, sl, (8-45) 


Consequently, an acceptable general solution of Eq. (8-4) exists only 
when E equals one of the energy eigenvalues given by Eq. (8-36). For a 
given eigenvalue specified by l’ the general solution of Eq. (8-4) is a series 
of wm summed over ™, i.e., 


l 


ve = DD anWim (8-46) 


m=—l 


8-2 Central force problems. The central force problem is one in which 
the potential depends only on the distance between the particle and a 
fixed point in space (the force center). It is natural to take the force center 
as the origin and to employ the spherical coordinate system. The time- 
independent Schrédinger equation is thus 


La(.2v\, 1 9 (54a 

r2 or (- ) 7 r2 sin 0 00 (sin 06 
13% | 2M yy 
r2 sin2 @ dy? 2 





- U(r)|y = 0. (8-47) 


Particular solutions of Eq. (8-47) may be obtained by the method of 
separation of variables which we have used in Section 8-1. General solu- 
tions may thus be obtained by superposition of particular solutions. On 
the other hand, we may also start from the general solution and obtain 
the same results. Consider the value of the general solution y(r, 6, ¢) over 
a sphere of radius a. y(a, 6, ¢), being a function of the variables @ and ¢ 
over a sphere, may be expanded in a series of the spherical harmonics. 
The coefficients of expansion are dependent on a: 


¥(a, 8, ¢) = 2Cim(a) Yim(9, 9). (8-48) 
Considering all possible values of a, we may write 

V(r, 8) = 2 Rim(r) Vim(6, ¢)) (8-49) 
where Ry»(7r) is a function of r. Substituting Eq, (8-49) in (8-47) we have 


2 
Bs) E& +2 atm ie 4 Ul + 1) Rim + ae (k= U)Rin| Yin = 0 
| (8-50) 


im 
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because 








a ae ee oe eee 
EET (sin FY) \+ ais ag2 “i+ 1)Yim. (8-51) 


To satisfy Eq. (8-50) it is necessary that all coefficients of Yzm vanish: 





@’Rim | 2dRim Ul+1) yp , 2M 


ar + igs: 72 im + Fp (E — U)Rim = 0. = (8-52) 
Equation (8-52) specifies the condition Ri» has to satisfy; it is called the 
radial equation. Since the equation contains only the azimuthal quantum 
number J, not the magnetic quantum number m, Rim is dependent on 1 
only and we may drop the index m. This means that Rym’s for Y33, 
Y3o,..., Y3,—3, for example, are all the same, they being denoted by R3. 
To solve Eq. (8-52), we introduce the transformation 


y = rR, (8-53) 


Equation (8-52) thus takes the form 


d’y 2M f[,, wWUult+iy\ _ 


This equation has the same form as a one-dimensional Schrédinger equa- 
tion, the potential function of which is 


wn? i+ 1) 

Utomo 

Thus the general methods for one-dimensional problems developed in 
Chapter 7 may be applied to solve Eq. (8-54). All qualitative and quanti- 
tative results of Chapter 7 remain valid provided the potential U is re- 
placed by U + (h?/2M)[U(L + 1)/r?]. Once Eq. (8-54) is solved, the solu- 
tions y of Eq. (8-47) are readily obtained and the central force problem 
is thus solved. It may be interesting to look into the physical meaning of 
the additional term (h?/2M)[I(l + 1)/r?]. This additional potential repre- 
sents a force h71(1 + 1)/Mr? obtained by differentiation of the potential 
with respect to r. We recall that in classical mechanics the central force 
problem may be solved with two equations, the radial and the angular 
equations. The radial equation is identical with the one-dimensional equa- 
tion except that in this equation is added a centrifugal force pj/Mr® 
where pp is the angular momentum. It seems a reasonable guess that the 
force h®U(l +- 1)/Mr® here may be identified with the centrifugal force. 
Later in Chapter 12 we shall identify A°/(1 +- 1) with the square of the 
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angular momentum [Kq. (12-62)]; the additional term is thus actually the 
centrifugal force. 

Having obtained the general solution of the central force problem we 
shall briefly discuss in this section a few applications. In Chapter 5 we 
considered the one-dimensional potential well problem. The correspond- 
ing three-dimensional problem will now be discussed. The potential is 
specified by 


—Vo, forr <a, 
U = (8-55) 
0, for r > a, 


where Vo is a positive constant representing the well depth and a is the 
well radius. To solve Eq. (8-54) with this potential for negative energy 
values, we have to obtain separate solutions in the regions inside and out- 
side the well. The interior solutions for r < a may be expressed in terms 
of the spherical Bessel functions. The exterior solutions for r > a@ may be 
expressed in terms of the spherical Hankel functions. Continuity conditions 
at r = a may be satisfied only when the energy assumes certain selected 
values. Thus the energy is quantized; the eigenvalues may be obtained 
from the continuity conditions at r = a (usually solved by numerical or 
graphical methods). The solution of this problem has important applica- 
tions in nuclear physics, as the potential for a nucleon inside a nucleus 
may be approximated by a square well function. The energy eigenvalues 
represent the bound-state energy levels of the nucleon. 

A second example concerns the motion of a particle confined by a 
spherical potential barrier of finite thickness. The motion of an a-particle 
inside a radioactive nucleus is a special case of this. The detailed solution 
of this problem is complicated and we will discuss only an approximate 
solution. The transmission coefficient in the three-dimensional problem 
is the ratio of 4r?R? outside the barrier to 4r?R7 inside. This ratio is 
the same as that of y? outside to y? inside, which may be calculated from 
Eq. (8-54) in the same way as in the one-dimensional case. The only 
change we have to make in passing from the one- to the three-dimensional 
case is to include the centrifugal potential. In the one-dimensional case 
the transmission coefficient of a square barrier is approximately given by 
Iq. (5-87), ie., 

Pe ea 2V (2M It )(Vo—E) a (8-56) 


When the barrier is not square but curved such as that in Fig. 5-5 for the 


a-particle, \/(2M/h®)(U — EF) in the exponent of Iq, (8-56) is not a 
constant. We may replace it approximately by its average value over the 


barrier. Thus we obtain the approximate formula 


as) VaM NUR) de (8-57) 


T' =o 
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A rigorous calculation verifies this result. In the three-dimensional case 
the corresponding expression is 





b 2 2 2) __ 
Tom en efa VOM PUFF /2M E41) | 771) dr (8-58) 


The potential function shown in Fig. 5-5 is known explicitly and the 
integral may be evaluated. Omitting the centrifugal potential for states 
of small values of / as an approximation, we obtain the gamow formula: 


5 a 
T ~ ena V(2M /h*)[(2Ze?/r)—E] dr 


— 922M 2267/1? feoat a/b —Via/)—a/ 01 (8-59) 
the parameter H being expressed in terms of b since H = 2Ze?/b. Knowing 
the transmission coefficient we may proceed to determine the radioactive 
constant \ in a-decay which represents the probability of the a-particle’s 
escaping the nucleus per unit time. Let vin be the velocity of the a-particle 
inside the nucleus. The number of collisions the «-particle makes on the 
barrier wall per unit time is of the order of magnitude v;,/a where a is 
the nuclear radius. Upon each collision there is a probability 7 of escaping. 
The total probability of escaping per unit time is thus 


Vin —2V2McZe2b/h2 [cos7! ~alfaT iat BY 
oe “Be 2V2M zZe2b/h?2 [cos Va/b —V(a/b) (a?/0?)1 (8-60) 


Equation (8-60) expresses the radioactive constant, or the reciprocal of 
the mean life 7, in terms of the nuclear parameters and the energy E of 
the escaping a-particle. In the example shown in Fig. 5-5, a/b is about 4 
when a/b — 0, Eq. (8-60) leads to the following equation: 


pas Vin erator V2M |h)/ VE 
re Tae 5) 
a 


Ale 


which expresses roughly the dependence of the mean life of an a-emitter 
on the energy of the a-particle emitted. 

Having considered two potential barrier problems, we may include 
here another one, namely, the free particle in a rectangular box, although 
this is not a central force problem. A box of dimensions a X b X c with 
nonpenetrable walls may be represented by a potential well with infinitely 
high barriers: 


0, for O<a<a0<y<b0<2z<e, ; 
U = (8-61) 
o, fr O>a>a0>y>b0>z>c. 


The time-independent Schrédinger equation for this three-dimensional 
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problem may be solved most easily in the rectangular coordinate system, 


2 2 
cr taet ov | 2M oe — uy = 0. (8-62) 


Ox? 





Applying the method of separation or variables we let 
¥(2z, y, 2) = X(x)Y(y)Z(2), (8-63) 
E=£8,4+ H,+ E,. (8-64) 


Equation (8-62) may thus be broken up in three equations, the first of 
which is 
d’X , 2M 
de? | Fe 





[E; U(x)|X = 0, (8-65) 


where 
0, for0 <2 <a, 
U(2) = (8-66) 
«©, ford0>xe>a. 


The other two equations may be obtained by replacing x by y and z. 
Each equation represents a one-dimensional problem which has been 
solved in Chapter 5. The eigenfunctions are sine (or cosine) functions with 
nodal points at the boundaries, i.e., 





, t= 1,2,3,.... (8-67) 


The fact that the length a must contain an integral number of half-waves 
leads to the quantization of energy Ez, ie., 


2_2 
how 2 


Ez = 2Ma2 ™ 


(8-68) 


The product of the eigenfunctions of the three equations XYZ is the 
eigenfunction of Eq. (8-62); the sum of the eigenvalues of the three equa- 
tions EH, + HE, + EH, is the eigenvalue of the energy. Thus 


a 2) sin Ce uv) sin e ae (8-69) 





(a, y, 2) = Csin 





and 


hn 8-70 
rp) = “OM (+4 + oe v4 my, ( a ) 


where Nz, Ny, and Ny are positive integers, These resulta will be used later 
in Chapter 11, 
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8-3 The hydrogen atom. The hydrogen atom has one electron outside 
the nucleus. This electron moves under the influence of the Coulomb 
force of the nucleus. As the electronic motion is the main concern in atomic 
physics, we may regard the nucleus as a dimensionless point-charge of 
amount Ze, Z being the atomic number and e the absolute value of the 
electronic charge. As e is defined to be positive, the charge of an electron 
is —e. The potential of the electron in the field of the nucleus is thus 
2 
ee (8-71) 
r 
where r is the radius vector of the electron, the origin being at the center 
of the nucleus. For the hydrogen atom, Z equals unity. However, we shall 
carry Z in the formulation for the sake of generality. As the Coulomb force 
is a central force, we may apply the general theory developed in the last 
section. The time-independent Schrédinger equation becomes 


2 
rp (x as ze") v0 (8-72) 
h r 
Its general solution takes the form 


V(r, 6, ¢) = do Rilr) Yin(9, ¢), (8-73) 
lm 


where F)(r), after the transformation y = rR, is to be determined by the 
radial equation 


d’y _2M[,, , Ze Ww gn] 2 
8 aM Ve + UM ee fe eo) 





This differential equation may be solved exactly. Introducing a constant 
ro defined by 


ro = Vi2/2M |B), (8-75) 
and changing the scale of the radius vector according to the equation 
ge (8-76) 
TO 


we may rewrite the radial equation in the following form: 


dy 1 4_ +0) _ +3 for E>0, 
wi+[ei+4 Bo oe —i for E < 0, oe 
where A is defined by 

Ze? 


i 8-78 
2ro|L| ( ) 
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In classical mechanics negative energies correspond to elliptical orbits 
while positive energies correspond to hyperbolic orbits. We shall see in 
the following that in quantum mechanics negative energies correspond to 
bound states and positive energies to unbound states in analogy with the 
results of classical mechanics. The case of negative energy will be con- 
sidered in detail while that of positive energy will be discussed briefly at 
the end. 
For E < 0, Eq. (8-77) becomes 


2 
#u+[-1+4 tly =0. (8-79) 


dx2 4 x x2 








The asymptotic equation, when x approaches infinity, is 


d*y. 1 
SF — fe = 0, (8-80) 


which may be solved to obtain the asymptotic solution at infinity. This 
procedure has been employed in solving the differential equation for the 
linear harmonic oscillator. The solution of Eq. (8-80) is easily found to be 


Vem Ce, (8-81) 


where C is an arbitrary constant. In order that the solution may be 
normalizable we have to discard the solution et*/? which diverges at 
infinity. The solution of Eq. (8-79) may thus be written in the following 
form: 

y = e7y(x), (8-82) 


where v(x) is a function of x, presumably of a simpler structure than y(z). 
By substitution, we find the differential equation v(x) has to satisfy to be 


pg +(4 = at Do ~0. (8-83) 


x 





To remove the pole at x = 0 we let 
v= wu. (8-84) 

By substitution, Eq. (8-83) becomes 
[x(a — 1) — U0 + 1)Jues—? + [+++ Jammt + [++ Jot me 0. (8-85) 


Equation (8-85) must be satisfied for all values of v, including « = 0, 
which requires, after dividing Eq. (8-85) by x", 
lala 1)—Ul+1))—=0, . (8-86) 
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The above equation has two roots: 


1+ 1, 
a= " (8-87) 


The negative root is rejected because it makes v(x), and consequently y(z), 
diverge at x = 0. Thus we have 


v= ai tty, (8-88) 
The differential equation for uw may be obtained by substitution: 
ati + [20 +1) —azJu+(A —1—1lu=0. (8-89) 


This equation may be solved by the power series method. Let 
u(x) = D> age’. (8-90) 
k=0 


The recursion formula for the coefficients a, is found to be 


2. MERTELES A : 
+4 = EP Hhe+a+2 ae 


Consider the ratio of two successive coefficients. We find 


Qett_, 1 when k > o. (8-92) 
Ak k 

For large values of k, the series u(x) behaves like ¢x (1 /k!)a*, which is 

the series expansion of e”. Thus R(x) behaves like x’e+*/? which diverges 

at infinity. In order that the solution y may be normalizable it is neces- 

sary that the series terminate and become a polynomial. This condition 

will be fulfilled and the series will terminate after the term a,x* when 


yee ag ae (8-93) 


Since A contains the energy |E|, Eq. (8-93) imposes a condition on the 
energy value. Therefore the energy is quantized and Eq. (8-93) determines 
the energy eigenvalues. As both k and J are positive integers, A must be 

a positive integer greater than 1. Let the sum k + 1 + 1 be denoted by n, 
which is called the principal quantum number, 


k = 0,1,2,..., 


ne=k+lI+1, 
T= 0,1, 2). 
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n=4 1=0, 1, 2, 3 
n=3 1=0, 1, 2 
n=2 1=0, 1 
n=1 l=0 
Figurr 8-2 


Equation (8-78) thus gives 





Ze?/2M|E| _ ' 
| na n=1,2,..., (8-94) 
or 
MZ"e* MZ"e4 
B= — oa +I 2 en2’? §- M = 1% ---+ (B95) 


Equation (8-95) gives the quantized energy values. We note that they 
are identical with those of Sommerfeld’s theory if the number k is identified 
with the radial quantum number n, of Eq. (1-34), and J 4+- 1 is identified 
with the azimuthal quantum number ny of Eq. (1-35). Sommerfeld’s ng 
takes integral values starting from 1. This is also the case for | + 1. 
The success of the old quantum theory in the energy quantization of the 
hydrogen atom is thus retained in quantum mechanics. The energy levels 
according to Eq. (8-95) are shown in Fig. 8-2. 

We now return to Eq. (8-74). This equation is specified by one definite 
value of l. The energy EF of this equation must be one of the values listed 
in Eq. (8-95) and thus is characterized by the quantum number n. Since 
n= k-+I1+1 and k is not negative, we must requiren >1-+ 1. On 
the other hand, once an energy value H,, is specified by an integer n, the 
general solution of Eq. (8-72) corresponding to H#,, is a summation given 
by Eq. (8-73), each term of which leads to an equation of the form of 
Iq. (8-74). Since n > 1+ 1, the summation includes all terms whose 
values of J are smaller than or equal to n — 1. For each J, all possible 
values of m, i.e., —l1 < m < l, are to be included in the summation, since 
Iq. (8-74) is equally satisfied for all values of m. Thus the general solution 
vp, corresponding to , is 


1 t 
>> Grin Rei(t)Yin(9, ~), Kee n=t—l, (8-96) 


n 


iM 
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where R,i(r) is the radial solution containing a polynomial of the kth order 
and dem is an arbitrary constant. When we let axim equal unity for a par- 
ticular set of values of k, 1, and m but equal zero for all the others, we ob- 
tain a particular solution 


Wnim eae Rnlr) Yim(9, ¢), l < n— 1, |m| < I. (8-97) 


Here the index k is replaced by n since they are one-to-one related. From 
now on we shall always use the quantum numbers nlm to designate the 
eigenvalues and eigenfunctions. For n = 3, for example, the particular 
solutions are W322, ¥321, ¥320, ¥32—-1, ¥32—2; W311, ¥310, ¥31-13 ¥300- In 
general there are n? particular solutions for a given energy E,, since 


n—1 
(+1) =n’. (8-98) 
1=0 

These n? solutions are independent of one another since the spherical 
harmonics Yim(, ¢) are mutually independent. As these n? independent 
solutions all correspond to the same energy value H,,, we have a degenerate 
case with a multiplicity equal to n?. In later discussions the particular 
solutions Yrim Will be used more often than the general solution. It may 
be remarked here that the degeneracy with respect to lis accidental. It 
arises as a result of the peculiar nature of the Coulomb potential. In a 
general central force problem, different values of / usually correspond to 
different energy values. An analogy with the Sommerfeld theory will also 
be mentioned here. Solutions of different / but of the same energy H may 
be regarded as corresponding to the Sommerfeld elliptical orbits of dif- 
ferent angular momenta but of the same energy (see Section 1-4). For a 
given 1, solutions of different m may be regarded as corresponding to dif- 
ferent’ spatial orientations of one elliptical orbit when spatial quantization 
is applied. The relation between the quantum number / and the angular 
momentum will be discussed in Chapter 12. 

Turning our attention to the eigenfunctions, we write down the radial 
solution Ryi(x): 


Rxeu(x) 


1 
- (8-99) 
: ew! 2y! thy (nr) 


ey 


—2/2 
e72/2y 


(agp aya 4 apx” S | ap”), 
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The coefficients a;,..., a, may be expressed in terms of ag by successive 
application of Eq. (8-91). ag itself is to be determined by normalization. - 
The radial solution given by Eq. (8-99) may be expressed in terms of the 
associated Laguerre functions, the properties of which will be briefly stated 
below without proof. 

1. The Laguerre polynomials L;(x) are defined as follows: 


ay ere 
L,(z) = e aa (e~*x*). (8-100) 


A few of them are listed below: 

Lo(x) = 1, 

Ly(z) = 1— a2, 

Lo(z) = 2 — 4a 4 2?, 

L3(x) = 6 — 184 + 9x? — 2°. 
They satisfy the differential equation 

al, + (1 — aby + kL, = 0, (8-101) 
and also the recursion formula 

Lyyi(z) + (@ — 1 — 2k)Ly(z) + b?Lp_1(v) = 0 = (8-102) 


(Problem 8-5). 
2. The jth derivative of L;,(x) is called the assoczated Laguerre polynomial 
of degree k — j and order j which is denoted by Li(x); thus 


Li(z) = & L,(z). (8-103) 


The differential equation satisfied by Lj(x) may be obtained by differ- 
entiating Eq. (8-102) 7 times, the result being 
oki t+ G+1—alit (k— pL = 0 (8-104) 


(Problem 8-5). 
3. The solution u(x) of Eq. (8-89) may be obtained by comparing 
lq. (8-89) with Eq. (8-104). They become identical if we set 
20+ 1) =j+1, 


8-105 
A-—1-l mh pais 
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Solving Eq. (8-105) for & and 7, we obtain 





k=n+l1, 
(8-106) 
j= 21+1. 
Hence the solution of Eq. (8-89) is 
u(x) = L2'%} (2). (8-107) 
4, By the relations 
2 2 2 MZe? 2r 
Bae Vault =o i na! (8-108) 
where a is the Bohr radius of the first quantized orbit, i.e., 
o = = 053 x 10-*) dem (8-109) 
ZMe? : Zo 


we may rewrite Ry: in terms of the associated Laguerre functions 


eel 2gl ptt (eg): 
2r 2r 
—r/na 21+1 : ex 
Rar) = e (*) Eni (=) (8-110) 


The radial extension of the wave function, for n = 1, is thus of the order 
of a. This justifies the use of the Bohr radius for qualitative discussions 
in quantum mechanics. 

5. The normalization constant of the radial function is 


—_ Am—ti—))! e 
Nn = Vantin E'S pis (8-111) 


Making use of these results we may write the eigenfunction Ynim as 
follows: ; 


—T—D! I 

bain = fea Oe (22) na (2) vin(, #9), 112) 
where Yim(8, ¢) is the normalized spherical harmonic. The physical 
meaning of Ynim Will now be considered. According to Born’s first assump- 
tion, the probability density distribution of the electron is to be repre- 
sented by W*imWnim- The ¢g-dependence of this distribution is given by 
etime.e—ime which is a constant. Thus the probability density distribution 
of all Ynrm is symmetric with respect to the z-axis. The 6-dependence of 
this distribution is given by @*O, For 1 = 0, Qoo is a constant, and the 
distribution is spherically symmetric, For 1 = 1 there are three pos- 
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Figure 8-3 


sible values of m and two 9 functions. ©19 equals cos @ except for a con- 
stant factor and 01,41 equals sin 6 except for a constant factor. The 
probability density distributions of these eigenfunctions are shown in 
Vig. 8-3. A slightly more complicated wave function @, 41 is also shown 
in lig. 8-3. Note that when / — |m| is large, the curve representing @j» 
consists of a large number of lobes because the @-dependence of @ has a 
wavelike structure, The r-dependence of the probability density distri- 
bution is illustrated in l’ig, 8-4. The wavy structure of the distribution 
is demonstrated most clearly in the last curve, As /y:(r) contains a poly- 
nomial of the kth order, the curve representing it eroasen the r-axis k times 
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in the region 0 < r < ow. For large values of k (k = n — 1 — 1) the 
curve contains a large number of wave crests. Having discussed the 
probability density distribution we now turn our attention to the dynam- 
ical quantities. Born’s second assumption states that the energy value in 
the state Wntm is definitely known to be Z,. Once again, an exact knowledge 
of energy is accompanied with an uncertainty of position. States with 
the same value of n but different values of J and m are to have the same 
energy but, as will be noted in Chapter 12, different dynamical properties 
in other respects. 

From the eigenfunctions we may derive another interesting quantity, 
namely, the probability current density given by Eq. (2-78), 


> oh + , 7 
J = oMi (W*VY — WVW*). (8-113) 
As we are using the spherical coordinates, the gradient V must be expressed 
in this coordinate system, i.e., 


1 te) 


us iO. 
rsin 6 dg” 


i 00 





I 


r-+0—-s+¢ (8-114) 
where 7, 6, ¢ are the three unit vectors in the spherical coordinate system. 
As the time-dependent wave function corresponding to the eigenfunction 
Wain is me 

Vrain = Ryilr) Oin(O) Pn (ye Ent, (8115) 
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the corresponding probability current density vector is 


h 2 ORnt ORnt 
2Mi ta (us or Rni Bat) 


IOI IOm 
300 Om “59 ) 


> => 
1 








> h 
+ 9 oui Ri (Or 





> h 2 Q2 ( —ime 1 0 ime ime 1 0 —ime 
+ ° oni Rn @im \e rsin 6 dp ° . rsin 6 dp © 


= 0+ 0+ GR2O% 7s hen 
> mh Valm Vnim 

~ °"Mrsind — (8-116) 
It is zero along the radius vector and along the longitude, but not zero 
along the latitude. Furthermore, it is independent of time. Hence the 
current is stationary. This may be interpreted to mean that the proba- 
bility elements circulate around the z-axis while maintaining the sym- 
metry about the z-axis all the time. Since the electron carries a charge of 
—e, the probability current about the z-axis gives rise to an electric cur- 
rent which in turn produces a magnetic moment. The current ring passing 
through the area element r dr d@ has a magnetic moment 


dm = ; a(r sin 6)°(—ejy)r dr dé. 


The total magnetic moment is 
ee em 3: 2 mhyry 
Mw = ; IE sin 9 iran 9 2" 29 


= — ont [ [vane sin 6 dr dé, 


Bae 
2Mc ’ 





which is m times the Bohr magneton eh/2Mc (Section 1-3). The quantum 
number m is thus seen to be related to the magnetic moment (hence the 
name magnetic quantum number). Incidentally, the same result was 
obtained in the old quantum theory, assuming space quantization, 

The electronic motion specified by Vprm as deseribed above is a kind 
quite foreign to our experience, The relation between this kind of quantum- 
mechanical description and the classical description based on the particle 
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trajectory will now be discussed. The general solution of the time-de- 
pendent Schrédinger equation consists of a superposition of eigenfunctions 
each with a time factor e~'@»/! attached. Since the wave functions 
&, 0, R, all have a sort of wavelike structure, a superposition of Ynim in 
the high quantum number region may result in a localized wave packet 
which moves as a whole. Its center of gravity is to move on an elliptic 
orbit determined by classical mechanics (see Section 2-6). Accompanying 
this localization of the particle in the space and time there is a dispersion 
in the dynamical quantities. As a wave packet is made of many nim of 
different » values, there is a probability distribution of the energy value 
(and other dynamical properties specified by 1 and m). For a wave packet 
representing a macroscopic object, both the dimension of the wave packet 
and the dispersion of the energy are small; both are beyond experimental 
detection. In such a case quantum mechanics is identical with classical 
mechanics for all practical purposes. We remark parenthetically that for 
a superposition of Vnrm, the probability current density components along 
the radius vector and the longitude no longer equal zero and the current 
is no longer stationary. The results of Eq. (8-116) apply only to a single 
eigenfunction. 

A few normalized eigenfunctions of the hydrogen atom are listed below 
as examples and for later use. For convenience r is changed to a by the 
following transformation: 


I 











1 | re 
n=1,l=0, a = Wa . 
1 1 = 
n=2,1l=0, Vata: = 7 Foe gaia OE oe 
T 
1 1 —o/2.: ip 
n= 2, l= 1, You = gfe “3/2 7° sin #e", (8-117) 
Ta 
1 1 = 
Yo10 = Waa wh ae *'* cos 8, 
Ta 
Wei-1 = ve — oe"? sin 0 e—®, 
Ta 
: 1 1 2\.—0/3 
nm 3,1 = 0, ¥s00 = ——— (27 — 180 + 20~)e . 


81V 37 a 
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= —_ os 1 1 > —a/3 |: ig 
= 3, b=; vais 7 awe ee sin 6 e"®, 
4/2> Pf y = 
¥310 = Bin/m atl (6 — o)oe~7'* cos 8, 
T a 
1 o/3 + A 
31-1 = Re L (6 — o)oe~ '3 sin 6 e7*?, 
T a 
1 1 2 -a/3 . 29,129 
n= 3,1 = 2, Mali = ge gala sin* 6e°**, 
T 
her, ly, “asia: ; (8-117 
W321 = ie ID a’e~*'® sin 0 cos 6 e"”, cont'd) 
1 = 
¥320 = Ee ae o7e—7!'8(3 cos? 6 — 1), 
T a 
1 1 2 —0/3 .: —ig 
¥32-1 = —~ o*e~*'* sin 8 cos 6 e®, 
81V 7 a®!? 
V32-2 = — 1 1 429-218 gin? 9 9120 
81/40 a!? : 


A remark concerning the spectrum of the hydrogen atom is in order here. 
The energy eigenvalues we have obtained, together with the Bohr fre- 
quency condition,* lead correctly to the Balmer formula. However, with 
better experimental resolution, a fine structure of the hydrogen lines was 
observed, the explanation of which is not included in the derivation of the 
Balmer formula. This phenomenon is attributed to the relativistic and 
spin effects (not to be discussed in this volume) and has been satisfactorily 
accounted for in quantum mechanics. It is interesting to note that in the 
old quantum theory, Sommerfeld obtained the experimentally correct 
formula by considering the relativistic effect only without the spin. How- 
ever, this agreement is fortuitous. A recent development concerning the 
hydrogen spectrum is the discovery of the Lamb shift and its explanation 
by quantum electrodynamics. This topic is also beyond the scope of this 
book. 

Up to this point we have limited our discussion to the solutions of 
negative energy values. These solutions correspond to bound states, Their 


“The justification of applying the Bohr frequency condition, which is an 
assumption in the old quantum theory, in quantum mechanioa will be discussed 
in the theory of radiation in Chapter 11. 
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wave functions are more or less localized in a finite region around the origin, 
as the radial wave function contains a declining exponential function. We 
now turn our attention to the positive energy solutions which correspond 
to unbound states. The radial equation (8-77) becomes 


d’y E Ge Dy = 0. 


dx? '|4 ' a x2 





Its asymptotic equation 
Yo + FY = 0 (8-118) 


has solutions of the oscillatory type, 
Yo = Cet!?, (8-119) 


Unlike the exponential solutions, both solutions in Eq. (8-119) are com- 
patible with the boundary condition at infinity, i.e., they may be normal- 
ized in the sense that a plane wave may be normalized. The general 
solution of y is thus 


y = Cyet**!?y, (2) + C_e—**!"v_(z), (8-120) 


where C, and C_ are arbitrary constants, and v(x) and v_(x) are two 
functions, presumably of a simpler structure than y(x). The differential 
equation of v,, found by substitution, is 





de ti +(4 — Het D)o 2h, (8-121) 


x 
Removing the pole at « = 0 we obtain the result 

4. = oh tty. (8-122) 
The differential equation of w4 is found by substitution: 


its + (20+ 1) + izjuy + [A + 10+ lug = 0. (8-123) 


This equation may be solved by the power series method. The recursion 
formula is found to be 


Fick +1+1)—A 
+t = EE 1) + 2 + 2) 


This equation is similar to Eq. (8-9) except that a factor Fi is placed in 
front of (k + l-+ 1). For large values of k, the series behaves like e*'”, 
which is normalizable at infinity. Consequently there is no need to termi- 


nate the series and the energy is not quantized, The energy eigenvalues of 





(8-124) 
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the hydrogen atom thus consist of a discrete spectrum in the negative 
energy region and a continuous spectrum in the positive energy region (as 
shown in Fig. 8-2). The continuous spectrum gives rise to a continuous 
band in the emission and absorption spectra beyond the series limit, 
which is observed experimentally. The eigenfunctions for positive energy 
values are mathematically complicated and we shall not discuss them 
further. Suffice it to say that they may be expressed in confluent hyper- 
geometric functions, that the asymptotic behavior of the radial wave func- 
tion is like a spherical wave (1/x)e*“”/”, and that in the region near the 
nucleus the spherical wave is strongly distorted by the Coulomb field. 


8-4 The positronium, mesic atoms, ionized atoms, alkali atoms, and 
exciton. The theory of the hydrogen atom may be applied to a number 
of hydrogenlike systems such as the positronium, mesic atoms, ionized 
atoms, alkali atoms, and exciton. These systems will be briefly discussed 
to show the wide applicability of quantum mechanics. They may be partly 
or wholly omitted without breaking the continuity of the book. 

A positron is a positive counterpart of an electron, the two having the 
same mass but opposite charge. It annihilates with an electron, the mass 
of the two particles being converted to energy in the form of Y-rays. 
However, before the annihilation takes place, the electron may exist, for 
a very brief period, in the attractive force field of the positron. In this 
short time period the two charged particles form an “atom” which is 
identical with the hydrogen atom except that the nucleus of the atom is 
not a proton but a positron. Such an “atom” is called a positronium. As 
the theory of the hydrogen atom involves only the charge of the nucleus, 
which is the same for proton and positron, the theory is applicable to the 
positronium. On the other hand, the assumption in Section 8-3 that the 
force center is a fixed point in space is a good approximation in the case of 
the hydrogen atom (whose nucleus is 1836 times heavier than the electron) 
but is not for the positronium. Even in the hydrogen atom the nuclear 
mass is not infinite, and the theory has to be modified to account for the 
motion of the nucleus. This will be discussed in Chapter 12; the result 
(Section 12-8) is that the previous theory remains valid if the electronic 
mass is replaced by the reduced mass of the system M,M»2/(M, + M2), 
a conclusion also valid in classical mechanics. For the hydrogen atom the 
reduced mass is very close to the electron mass. The so-called reduced- 
mass effect is thus small. For the positronium, the reduced mass is just 
one-half of the electron mass. The theory of the hydrogen atom may 
thus be translated into that of the positronium if the electronic mass M7 
is reduced by 2. The energy level scheme shown in I'ig, 82 may be applied 
to the positronium if the energy scale shrinks by # factor of 2, since the 
energy eigenvalue 1’, ia proportional to the masa M7, ‘The wave functions 
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may be taken over for the positronium if the scale of the coordinates is 
expanded by a factor of 2, as the Bohr radius is inversely proportional 
to M. 

Another species of the transitory “atoms” is the mesic atom, formed by 
a negative meson and a regular atomic nucleus. The so-called u-meson is 
a particle having a charge same as an electron but a mass 212 times heavier. 
The meson is eventually captured by the nucleus and its mass converted 
into energy. Before this happens, for a very brief period (about 107° sec) 
the meson and the nucleus form a hydrogenlike system. Since the p- 
meson is 212 times heavier than the electron, the energy scale of the level 
scheme is to be expanded by a factor of 212 and the scale of the coordinates 
is to be reduced by a factor of 212. The “light” emitted by the mesic 
atom is thus of shorter wavelengths by a factor of 212. These rays are in 
the x-ray region and are called the mesic x-rays. On the other hand, the 
shrinking of the coordinate scale makes the meson closer to the nucleus. 
The meson thus can “see” the nucleus as an extended object instead of as 
a distant point as seen by the electron. (The first Bohr orbit of a u-meson 
in a nucleus of Z = 10 has a radius about 2 X 1071? cm, while the nuclear 
radius is about 0.5 X 107!2. em; the two will be even closer for heavier 
atoms.) Inside the nucleus the charge is distributed in some fashion 
throughout the volume, not concentrated at a point. Consequently the 
electric field of the nucleus is not simply the Coulomb field of a point 
charge as assumed previously. This deviation of the field from that of a 
point charge causes a deviation of the energy levels from those of the 
Balmer formula. Mesic x-rays have been measured experimentally. Their 
deviations from the Balmer formula are also observed; ‘from these devia- 
tions one may deduce information concerning the size and the charge 
distribution of the nucleus. 

In atomic physics there are a number of hydrogenlike systems in which 
the results of the last section find immediate application. A singly ionized 
helium atom, containing one electron in a Coulomb field of two units of 
positive charge, is a hydrogenlike system with Z = 2. Since the Bohr 
radius a is inversely proportional to Z, the coordinate scale of the wave 
functions is to be reduced by a factor of 2. Similarly, as the energy eigen- 
value is proportional to Z”, the energy scale of the level scheme is to be 
expanded by a factor of 4. The doubly ionized lithium atom, which has 
one electron in a Coulomb field of a charge of 3e, may be treated in a similar 
manner. So may be the triply ionized beryllium atom, etc. 

The alkali atoms are approximately hydrogenlike. They all have one 
valence electron. Take the sodium atom as an example. It has 11 elec- 
trons outside the nucleus (Z = 11). We shall not discuss atomic structure 
systematically at this moment. It will suffice to say that 10 of the electrons 

are arranged in closed shells; and the eleventh, the valence electron, moves 
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essentially outside the closed shells. So far as the electric field outside the 
closed shells is concerned, the nuclear charge +1le, shielded by the ten 
electrons carrying a charge of —10e, is equivalent to +e, the same as the 
hydrogen atom. Thus the valence electron is essentially in a hydrogenlike 
field. However, inside the closed shells the shielding effect of the 10 elec- 
trons becomes less and less as we approach the center, and eventually 
becomes zero in the region just outside the nucleus. Therefore the electro- 
static potential increases from that of a hydrogenlike field —e?/r outside 
the closed shells to that of the full nuclear field —Ze?/r near the center. 
Such a potential may be approximated by the following formula: 


piss oa (1 ES sy, (8-125) 


where 6 is a constant. The factor [1 -+- (6/r)] accounts for the increase of 
the effective nuclear charge when r decreases. The radial equation for this 
potential is 





d’y a8 h? Ul + 1) 
or Mle 4 f eh +5 sp? (Y= 9 ~~ «(8-126) 
Define a number /’ by the following equation: 
9 ,2 
rw +1) = 1d — ek. (8-127) 


Equation (8-126) thus becomes 


2 wt 
y 4 28 Wi « 4, DI y = 0. (8-128) 








This equation is identical with Eq. (8-74) except that l’ takes the place 
of l. Therefore it may be solved in a similar manner. The quantized energy 
values are, in analogy with Eq. (8-95), 





MZ?e* 
B= —~ oR TUF a 
Since I’ is less than 1 by virtue of Eq. (8-127) we may write 
’=1— A, (8-130) 


where A; is a positive number dependent on /, and is called the quantum 
defect. Equation (8-129) becomes 


MZ*e4 n= Et ae 
— = 3? : sh ti 
uf, 
2N8(n — Ai? Le Odo. n— 1, 


E =m 





178 THREE-DIMENSIONAL PROBLEMS [cHAP. 8 
8 p d 
(1=0) (l=1) (l=2) 
—_———_—_——_ E=0 
Sys n=3 SS 13 Sa S13 


Hydrogenlike atom 


ie n=1 Alkali atom 


Figure 8-5 


The energy levels are thus the same as before except that the quantum 
defect appears in the denominator. Since A; depends on J, the energy values 
for different l’s but the same n are no longer equal and the degeneracy is 
removed. We have mentioned that the degeneracy with respect to J in the 
hydrogen atom is accidental, being due to a peculiar property of the Cou- 
lomb field of a point charge. A slight change of this potential may remove 
the degeneracy; levels of the same n but different / values split apart among 
themselves. This is clearly illustrated by the alkali atoms. The level 
scheme corresponding to Eq. (8-131) is shown in Fig. 8-5. Levels of the 
same 1 are arranged in the same column. They are called s, p, d, f,g,..-, 
levels for 1 = 0, 1, 2, 3, 4,..., respectively according to the spectro- 
scopic convention. The hydrogen levels are marked out by dotted lines 
and the arrows indicate the shift caused by the quantum defects. The 
quantum defects depress the energy levels; different columns are depressed 
in different proportions, since A; is dependent on l. Historically the quan- 
tum defects were first introduced in spectroscopy, on an empirical basis; 
it was also found empirically that A; decreases with 1. Quantum mechanics 
thus furnishes a natural explanation for the appearance of the quantum 
defects and enables us to calculate them on a theoretical basis. Equation 
(8-127) also implies that the quantum defect decreases with 1. 

The last example to be discussed here concerns an application in solid- 
state physics. The semiconductor has become increasingly important both 
in theoretical study and in practical application. The best-known semi- 
conductor is germanium. Under ordinary conditions germanium is an 
insulator, However, when a beam of light is directed upon it, the resistance 
is immediately reduced and it becomes a conductor. This phenomenon 
ia known as photoconductivity. We shall not discuss the theory of semi- 
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conductors here. Suffice it to say that the light energy is absorbed to 
liberate an electron from its regular position in the crystal lattice; this 
electron is able to move about freely inside the solid and thus conducts 
electrical current when a field is applied. However, conductivity is not 
entirely due to the electrons; the so-called holes, i.e., the vacant seats left 
by the electrons in the crystal lattice, also contribute to the conductivity. 
A hole migrates as the vacant seat is taken by a neighboring electron and 
thereby a new vacant seat is created. Since a hole represents the excess 
of one unit of positive charge, the migration of holes is equivalent to the 
flow of a stream of positively charged particles. Thus the holes also 
contribute to the conductivity. We now consider the following phenome- 
non: A crystal, when exposed to light within a certain frequency range, 
absorbs a number of discrete lines but fails to produce photoconductivity. 
The absorption lines have been analyzed and their pattern is found to 
resemble that of the hydrogen atom absorption lines. This phenomenon 
may be explained as follows: The electron may absorb an amount of 
energy which is insufficient to enable it to divorce itself completely from 
the hole. The positive hole and the negative electron thus form a bound 
“atomic” system similar to the hydrogen atom. The name exciton was 
given to this system. Actually an exciton may be regarded as a solid-state 
positronium. This bound system may exist in a number of states of 
quantized energies just as the hydrogen atom does, and the level scheme 
is to follow the same pattern. Tor light frequencies not high enough to 
excite electrons into the continuous energy levels (producing free electrons 
and holes), electrons may be excited to the discrete energy levels corre- 
sponding to bound states (producing excitons). As the electron and the 
hole are bound together to form a neutral system, they produce no con- 
ductivity. The frequencies of the absorption lines measured have been 
compared with those calculated from a Balmer-type formula and agree- 
ment with an accuracy of one part in one thousand was obtained except 
for the first line. A modification of the Balmer formula is necessary be- 
cause of the fact that the Coulomb force between the electron and the 
hole is reduced by the dielectric medium by a factor K equal to the di- 
electric constant of germanium, which is about 16. This reduction may be 
incorporated into the previous formula by putting Z = 1/K. Since the 
energy eigenvalue is proportional to Z”, the energy scale is to be reduced 
by a factor of K?. As the Bohr radius is inversely proportional to Z, the 
coordinate scale of the wave function is to be expanded by a factor of K, 
For high quantum numbers the Bohr orbits of the electron around the hole 
embrace a large number of atoms, so that the above treatment of the 
effect of the dielectric medium is valid. On the other hand, the first orbit 
is not large enough to embrace a sufficient number of atoms so a8 to justify 
the use of the dielectric constant in determining the force field, ‘Thus the 
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energy level formula obtained by setting Z = 1/K may be accurate for 
the excited levels but may not be correct for the first level. This accounts 
for the deviation from the Balmer-type formula of the first absorption line. 


PROBLEMS 


8-1. Determine the rotational energy levels of HCl, the interatomic distance 
being assumed to be a constant 1.27 X 10-8 cm and the two ions being regarded 
as mass-points. 

8-2. Mathematical exercise: Show that the associated Legendre functions 
defined by Eq. (8-38) satisfy the differential equation (8-14). 

8-3. Discuss the motion of the moon (or an earth satellite) about the earth 
according to quantum mechanics, both objects being considered as dimension- 
less mass-points. In particular, determine the order of magnitude of the quan- 
tum numbers of the moon’s present orbit. 

8-4. If the interatomic distances of HF, HCl, HBr, and HI are all assumed 
to be constant and equal to one another, what would be the differences among 
the rotational energy levels of the four molecules? 

8-5. Mathematical exercise: Verify Eqs. (8-101), (8-102), and (8-104). 

8-6. Discuss the energy eigenvalues and eigenfunctions of a m-mesic atom 
formed by a negative m-meson (276 times heavier than an electron) and an 
atomic nucleus. Calculate the wavelengths of the m-mesic x-rays for the 2p — 1s 
transitions for the mesic atoms formed by Be, C, and O. For experimental 
results see: M. Camac et al., Phys. Rev. 88, 134 (1952), and M. B. Stearns et al., 
Phys. Rev. 93, 1123 (1954). 

8-7. The alkali atoms Li, Na, K, Rb, and Cs are all hydrogenlike atoms, but 
their energy level schemes change from one to the other systematically. Describe 
and explain the trend of this change (omit the spin effect). 

8-8. Calculate the wavelengths of the first five absorption lines of the exciton 
in germanium. How many germanium atoms are enclosed in the fifth orbit? 
And in the first orbit? 





CHAPTER 9 
THE THREE-DIMENSIONAL HARMONIC OSCILLATOR 


The isotropic, three-dimensional harmonic oscillator is characterized by 
a potential which varies as the square of the radius vector. Though a 
central force problem, it may be solved not only in spherical coordinates 
but also in cylindrical coordinates and rectangular coordinates. We shall 
solve the problem in these respective coordinate systems and show that 
the results are equivalent. This also serves to illustrate the relations be- 
tween the wave functions expressed in different coordinate systems. 


9-1 Solution in rectangular coordinates. The potential of the isotropic, 
three-dimensional harmonic oscillator is expressed by 


U = 4Kr*, (9-1) 


where K is the force constant and r is the distance of the oscillator from a 
fixed point in space taken as the origin of the coordinate system. In 
rectangular coordinates the potential may be expressed as follows: 


U = $K(x? + y? + 2?). (9-2) 


The time-independent Schrédinger equation is thus 





ay ay , ay =a oe eee ee ee *) = . 
ac? + ay? + a2? + He E 3 Ke 3 Ky 9 Ke y=0. (9-8) 


Applying the method of separation of variables, we assume a particular 
solution in which the variables are separated, 


¥(a, y, 2) = X(x) YYZ). (9-4) 


Substituting Eq. (9-4) in Eq. (9-3) and dividing by (a, y, z), we obtain 





Lex, 10 1 eZ aM ( Lois Lo ey il ’) 
X dot CV art Zz att we Ve Bh ee ee) oo 
(9-5) 
Define /, by 
: 2M 1 2M ,, 
yn “ 5 Kz? = — Fa Me (9-6) 
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Equation (9-5) thus becomes 





VePY. 1 a2 2M (p 1 


2 1 2 2M me 
¥ dy? Za we 3 Ky K:*) = Bae NS) 


2 h2 

Equation (9-6) implies that Z, is independent of y and z, while Eq. (9-7) 
asserts that H, is independent of x. Therefore /, must be a constant. 
Equation (9-6) may be written as follows: 





a?X . 2M (v 1 


2 
ast a 5 Kx \x = 0. (9-8) 


Equation (9-8) is an ordinary differential equation for the function X(z). 
In a similar manner the variables y and z in Eq. (9-7) may be separated. 
The equations thus obtained are: 








d?Y . 2M 1 
dy? + h2 (x, > Ky’) Y=0, (9-9) 
a’Z , 2M (,, 1 
mat ae (x. 3 k?) Z=0, (9-10) 


where H,, and E, are constants subject to the relation 
L= E, + Ey, + EE. (9-11) 


The partial differential equation of three variables is thus separated into 
three ordinary differential equations. The wave function (2, y, z) is the 
product of the eigenfunctions of the three equations and the energy F is 
the sum of the eigenvalues /,, /,, EH, of the same. 

Equations (9-8), (9-9), and (9-10) are identical in form with the 
equation of the one-dimensional harmonic oscillator which has been solved 
in Chapter 4. Hence their eigenvalues and eigenfunctions may be written 
according to the results of Chapter 4 as follows: 


E, = hw(nz + 4), 


Mw ia 1 ( Mw ) —(Mw/2h)x? 
= Hy ras _ ae 
Xn,(@) (4) (Vm 2"n, Nt? °* hs 


tM; = 0,1,2,..., (9-12) 





Ey, = hw(ny + 3); 


Mw\*!4 1 ( Mw ) _ (Mu) 2hyy? 
Yny) = (M2) (Ja 2", Hy, R Ye ; 


Ry MED) De Oy vce (9-13) 
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E, = ha(n, + 9), 


Mw\'!* 1 ( [Mw ) (Mol 2h) 22 
Zn,{e) = ( h ) (V4 grep jila ne He ; 


Ne = 0,15 Qe ee oy (9-14) 





where nz, n,, and n, are three quantum numbers having integral values. 
Out of these solutions we construct solutions of Eq. (9-3): 


Pngnyn At; y,2) = Xn,(2) Yn, (y)Zn,(2). (9-15) 
The corresponding energy eigenvalues are 
Ne 
Engnyn, = hw(nz + My + 12 + ¥), Ny? = 9,1,2,.... (9-16) 
Nz 


It may be noted that the energy eigenvalue depends only on the sum 
Nz + ny + nz. There exist a number of combinations of nz, ny, and nz 
which give the same sum. Tor example, the following sets of values, 
(2,0, 0), (0, 2,0), (0,0, 2), (1, 1,0), (1,0, 1), (0, 1, 1), all give the same 
sum 2. Consequently the eigenfunctions P200, Po20, oo2, W110) W101, Vout 
all correspond to the same energy eigenvalue hw(2 + }), and we have a 
ease of degeneracy. Defining a quantum number n by 


N=Nn, + N+ 2, n= 0,1,2,.6.%, 
we may write the energy eigenvalues as follows: 
Ey, = hw(n + 3), n= 0,1, Qe sacs (9-17) 


The energy levels are shown in Fig. 9-1. 
The method of separation of variables enables us to obtain particular 
solutions of the time-independent Schrédinger equation. Since the par- 


E 


4 
7 
5} hw | —_______——. n = 2; (nz, ny, nz) = (2, 0, 0), (0, 2, 0), (0, 0, 2), 1, 1,0), 1, 0, 1), (0, 1, 1) 
> eof ———— n= 1; (nx, ny, nz) =(1, 0, 0), (0, 1, 0), (0, 0, 1) 
: Ney rh 0; (rey My, Nz) = (0, 0, 0) 
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ticular solutions, Eqs. (9-12)—-(9-14), form complete orthonormal sets, 
an arbitrary function (well-behaved) F(z, y, z) may be expanded in a series 
of these functions. First, consider F(z, y, z) as a function of x for fixed 
y and z; it may be expanded in a series of y,,(x). The coefficients of 
expansion, being functions of y and z, may be expanded again first in 
terms of y and then in terms of z. F(z, y, z) may thus be expressed by the 
eigenfunctions as follows: 


F(z, y,2) = > An gyn? ng(t)¥ny(y)¥n (2). (9-18) 


NgNyNz 


In particular, the general solution (x, y, z) of Eq. (9-3) may be expressed 
in the series form of Eq. (9-18). Substituting the series in Eq. (9-3) and 
making use of the properties of ¥n,(2), Yn,(y), and ¥n,(z), we obtain 


XH angnyn(E — Engnyn)¥ng®¥ny(Y¥n,(2) = 0. (9-19) 


NgNyNz 


The above equation may be satisfied identically for all values of 2, y, z 


only when 
Angnyn, = 9, for EF Ennyny (9-20) 


Thus solutions of Eq. (9-3) exist only when EH equals one of the eigen- 
values E, given by Eq. (9-17). For each E,, the corresponding general 
solution consists of all terms for which nz + ny + nz = Nn. 

Remembering that r? = x? + y? + 22andn = nz + ny + nz, we may 
write the particular solution ¥n,(x)¥n,(y)Wn,(z) as follows: 





Mw 3/4 1 
Wn anyns(2y Ys 2) = ( h ) (23/222 !ny!nz!) 1/2 


x Hn,( ue r) An, ( ae ) Hn, ( ue 2) e Molar (9-21) 


This expression will be used later. 


9-2 Solution in cylindrical coordinates. The cylindrical coordinates 
(p, ¢, 2) are related to the rectangular coordinates (x, y, z) by the following 
equations of transformation: 


p COS ¢, 
y = psin ¢, (9-22) 


gm 





9-2] SOLUTION IN CYLINDRICAL COORDINATES 185 


The Schrédinger equation of the oscillator, when transformed to the 
cylindrical coordinates, takes the following form: 





oy 1 a°y ay , 2M V9. ‘Ieee 
1a (0) 4 4 oe oy aM E—5Kp* —5 Kz" )y=0. (9-23) 


Applying the method of separation of variables again, we let 
¥(p, 9, 2) = P(p)P(y)Z(z). (9-24) 


Equation (9-23) may be transformed to the following by substitution: 


1 od ( a0) op, 22d d?&(¢) 41 &Z@) 
P(p)p dp dp P(y)p? dy? Z(z) dz? 











2M 
+> Kp? — 4Kz2?)=0. — (9-25) 
Z(z) may be separated from the above equation as in Section 9-1. Thus 


d?Z(z) , 2M 
dz? he 





(x. — } ke) Z(z) = 0. (9-26) 


The solution of this equation is already written in Nq. (9-14). After having 
separated Z(z), the remaining equation may be separated by a procedure 
similar to that in Section 8-1. The equation for ® is thus 


d?®() 


dp2 — m?®(¢) = 0, (9-27) 


where m? is the separation constant. The normalized solutions are 





tof 
&(y) = er, m= 0, +1, +2,..., 9-28 
lx (9-28) 


according to the results of Section 8-1. The remaining equation for P(p) is 


i? m? 


a?P 1 dP 1 
(p) aP(p) 52m “3 M (i Epo — 5 Kp? — oar m) P(p) = 0, (9-29) 


dp? p dp 


where 





Eno = E — Ey. (9-30) 


In analogy with the procedure in Chapter 4 we find the asymptotic equa- 
tion of Eq. (9-29) to be 


a’P, MK 


“dp — > p’P» = Q), 4 (9-31) 
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which has two solutions, i.e., 


MK/h? p? hyp? 
Po = EV MEP C72 gti Mulhyp7/2 (9-32) 


w being defined by Eq. (4-4). The positive solution is ruled out because 
of the boundary condition at infinity. Following a procedure similar to 
that in Chapter 4, we let 


P(p) = eMAIPP1?0(p), (9-33) 


The differential equation of v(p) is obtained by substitution, 


7 1 Mw : 2ME, m? Mw 
§ + 1g Me 9) 5 + ( fem _ 9M), 9 (9-34) 





Introducing a variable & by the following equation: 





é = V Mo/h P, (9-35) 
and letting 
n = Fhe (9-36) 
as in Chapter 4, we obtain 
d?y 1 dv m? 
de 1 ( 2¢) dé + (r 2— =) v= 0. (9-37) 


This equation has a pole at £ = 0 which may be removed by the method 
discussed in Chapter 8. Let 


v(t) = gu(é), uO) # 0. (9-38) 
Equation (9-37) thus becomes 


ula(a — 1) + a — m7] e—? 4 [aw + we? 
+ [4+ (A — 2a — 2)ulé* — [2QuJe*t? = 0. (9-39) 


Dividing through £~? and letting & > 0, we obtain the equation 
a? — m? = 0. (9-40) 
In order that v be finite at € = 0, a must be positive. Thus 
a = |m|. (9-41) 


Hquation (9-39), after substitution by Eq. (9-40), becomes the following 





9-2] SOLUTION IN CYLINDRICAL COORDINATES 187 


differential equation for u(é), 
Ei + (2|m| + 1 — 2&?)u + E(A — 2|m| — 2)u=0, (9-42) 
which may be solved by the power series method. Let 
u(é) = Dank (9-43) 
The relations between the coefficients are found to be: 
(2|m| + 1)a1 = 0, 
eset ae Bede Tig atts (0-44) 


. 2k + 2|m| — A+ 2 . 
e+2 = eT ae 1) + (K+ 2)2|m +H” 


The series contains even powers of £ only, as the odd terms vanish because 
of the condition a, = 0 and the recursion formula. Since 





Gris 2 as k— o, (9-45) 
ar k 
the series diverges like the function e® (see Eq. (4-23) in Chapter 4). 
Thus P diverges like e®/?. In order that the solution be normalizable, it 
is necessary that the series break off after a finite number of terms. The 
condition that the even series terminate after the term axe" is 


oN 


2(k + |m| + 1), k = 0,2,4,..., (9-46) 
or 
Eyp = hwo(k + |m| +1), k= 0,2,4,.... (9-47) 


Equation (9-47) gives the energy eigenvalues Ep, of Eq. (9-29). The 
corresponding eigenfunctions are 


k 
P(E) = Nee !?g""" > aye’, (9-48) 
v=0 
where N; is a normalization constant. From the solutions P(p), &(y) and 
Z(z) we obtain the eigenvalues and eigenfunctions of Eq. (9-23). ‘The 
expression for the eigenvalues is 


km 0,2,4,..5, 
BE = hulk + |m| +n +H, m= 0, 1, +2,..., 
: m= 0,1,2,..5, 
or (9-49) 


Ew ho(n +9); nm 01,0005 
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the expression for the eigenfunctions is 





k 
VimnAé, 2) = N, eae | at’) 1 NH, (Ee #2, (94 
oD Tax? Aés)e : (9-50) 


v=0 


where N; and WN, are normalization constants and £, = \/(Mw/h) z. Here 
the quantum numbers are k, m, and n,. The energy eigenvalues given by 
Kq. (9-49) are identical with those given by Eq. (9-16) obtained by using 
the rectangular coordinate system. The relation between the two sets of 
eigenfunctions will be considered presently, after which the multiplicity of 
the degenerate energy levels will be discussed. 

In Section 9-1 the general solution of the Schrédinger equation for an 
oscillator corresponding to an eigenvalue ,, is found to be a linear super- 
position of terms ¥n,(x)¥n,(y)¥n,(z) subject to the condition nz + ny + 
nz =n. For a set of quantum numbers k, m, nz such that k + |m| + 
nz = n, the solution Piemn,(p, ¢, 2) is one corresponding to energy EH, and 
thus should be expressible as a superposition of terms Vnz(t)¥n,(Y)n, (2). 
This will be verified as follows: First of all, ¥n,(z) is contained in both 
solutions and may be ignored for the present purpose. We need only show 
that Yim(p, ¢) may be expressed in terms of ~n,(x)¥n,(y). The latter may 
be written explicitly as follows: 


Vuelta Wny(y) ~ eH (Ene! 2H, (£,). (9-51) 


The combined exponential factor is exactly the same as the exponential 
factor of Yim, since x” + y? = p?. The product of H,,(é:) and Hy, (Ey) 
is a polynomial of x and y, the order of which is n,; + n,. A superposition 
of terms ¥n,(x)~n,(y) Subject to the condition nz + ny = |m| + k, leads 
to a polynomial of x and y of the (|m| + k)th order. When changed to 
polar coordinates this expression becomes a polynomial of p of the 
(|m| + &)th order. Now rm actually contains a polynomial of p of the 
(\m| + &)th order. Take a concrete example in which m = 1 and k = 2. 


Wai(& ¢) = Nee !?¢ (a = or ) a fi 


2 2 2 2 
a5 Nye Se tty /2 aE (é: + tky) (1 ok £78) (9-52) 


vw eo tatty /2(gB 4 eB 4 pede 4 ge? — Oe, — di8,), 


The last expression may be shown to be representable in terms of 


Val bed¥o( by), Wa( be)Wi (ky), Vi (Ee )Wa( ey), and Vol Ex)Wal ky). Irom the ex- 
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pression of the Hermite polynomials, Eq. (4-26), the following result 
may be verified, 


H3(é2)Ho(&y) + tHo(tx)H1 (Ey) + Hi(&z)H (Ey) + tHo( ts) Ha (Ey) 
= 9(e8 + ce3 + itzty + tet — 2k, — ity). (9-53) 


Therefore 


vo1(p, ¢) ~ 3(x)Wol(y) + to(x)vi(y) + vi(a)Woly) + thol(x)valy). (9-54) 


The relation between the two sets of eigenfunctions in different coordinate 
systems is thus established. 

Let the sum of n, and n, be n. As there are n + 1 possible combinations 
of the two quantum numbers n, and n, which lead to the same sum n, 
the energy level E, in rectangular coordinates, omitting the z-component 
as before, is (n + 1)-fold degenerate. On the other hand, in cylindrical 
coordinates n = k + |m|, wherek = 0, 2,4,...andm = 0, +1, +2,.... 
When n is even there are (n/2) + 1 possible values of k. For k = n, 
there is only one possible value of m, ie., zero. For k = 0, 2,..., — 2, 
each k is accompanied by two possible values of m, ie., +(n — k). 
Thus the total number of combinations of the two quantum numbers 
k and m for a fixed, even value of n is 2 X (n/2) + 1=n-+ 1. When 
n is odd there are (n + 1)/2 possible values of k and each is accompanied 
by two possible values of m. The total number of combinations is thus 
also n + 1. Since each combination of quantum numbers represents one 
independent eigenfunction, the energy level in the cylindrical coordinates, 
ignoring the z-component, is also (n + 1)-fold degenerate. Comparing 
the results in the two coordinate systems we conclude that the multiplicity 
of a degenerate level is independent of the coordinate system. The quan- 
tum numbers of the degenerate levels according to both coordinate systems 
are listed in Fig. 9-2. 

The conclusion of Section 9-1 that the general solution of the time- 
independent Schrédinger equation corresponding to energy EH, is a linear 
superposition of terms Yn n,n, Subject to the condition nz, -+ ny, +n, =n 
may be restated as follows: The solutions corresponding to energy Ly, 
form a linear manifold with the functions Pr, nn, (M2 + My + M2 = n) as 
base functions. A linear manifold is defined as a group of functions gener- 


ated from a set of base functions u1, Wo, .. . , Us by linear superposition, i.e., 
U = ayUy + Agua + +++ Ay, (9-55) 

. i 
where aj, @g,..., @ are arbitrary constants, ‘The base functions are as- 


sumed to be mutually independent. Since there are infinitely many possible 
values for each constant, the total number of functions in the manifold is 
w", ie., an infinity of the ath order, The theory of linear transformation 
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Ey + Ey 
thw n=3; (nz, ny) =(3, 0), (2, 1), (1, 2), (0, 3) 
3hw n=2; (nx, ny) =(2, 0), (1, 1), (0, 2) 
Zhe n=1; (nz, ny) =(0, 1), (1, 0) 
hw n=0; (nx, ny) = (0, 0) 
0 
Koy 
Ahiw n=3;(k, m) =(0,3), (0, —8), (2, 1), (2, —D 
Bhiw n=2;(k, m)=(0, 2), (0, —2), (2, 0) 
hw n=15(k, m)=(0, 1), (0, —1) 
lw n=0;(k, m) =(0, 0) 





Figure 9-2 


enables us to change from one set of base functions to another, but the 
number of independent base functions is always the same, that is, s. The 
above-discussed relation between eigenfunctions in two different coordi- 
nate systems may now be restated as follows: The eigenfunctions in one 
coordinate system may be regarded as a particular set of base functions 
by which the manifold of degenerate solutions may be expressed. Different 
coordinate systems lead to different sets of base functions, the number of 
base functions and so the multiplicity remaining the same. Different sets 
of base functions are related by linear transformations. They are equivalent 
to one another in representing the same manifold. 


9-3 Solution in spherical coordinates. As the potential is a function 
of the radius vector only, it represents a central force and the problem may 
be solved in spherical coordinates according to the general method of 
Chapter 8. The time-independent Schrédinger equation now takes the 
following form: 


Lafowv\, 1 af. 
r2 Or (- 4 r 8am 0 96 >” 36 
at ih OW 
r2 sin2 @ dg2 





2M 1 
+ + Se ( =5 Kr’) y=0. (9-56) 


Its general solution corresponding to a given energy FE is 


v= D> Rilr) Yin(6, ¢), (9-57) 
im 
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where R;(r) satisfies the radial equation 


d’R, , 2dRi , 2M 1 a) a : 
dre Tr +38 (8 pA oe ga J ee 








The asymptotic equation and its solution are the same as Hqs. (9-31) and 
(9-32). Thus we let 


Ru(r) = eT VME Py) gM IMIR py) eg Pl2y(p), (9-59) 


The differential equation of v(¢) may be obtained by substitution, 


s+ (2—2e)o4(r s— WE), -0 (9-60) 





where again 
_ 28. 
he 


r (9-61) 


Equation (9-60) is similar to Eq. (9-37) and may be solved analogously. 
Let 
v(t) = gu(é), u(0) 4 0. (9-62) 


Equation (9-60) becomes 


ula(a — 1) + 2a — Ul + 1)]é*~? + [Zod + Qu]es" 
+ [& — 2aw + (A — 3)ulé* + [—2u]eet! = 0. (9-63) 


Dividing this equation by &*~? and letting & — 0, we obtain 
a(a — 1) + 2a — ld +1) = 0. (9-64) 
The solutions of this equation are 
Le 
a= (9-65) 
—(E+ 1). 


As before the negative root is rejected on account of the condition of nor- 
malization. After substitution of a = 1 in Eq. (9-63), the latter becomes 
the differential equation of w(&), 


ei + (21+ 2 — 2)u + (A — 3 — Qltu = 0, (9-66) 


Equation (9-66) may be solved by the power series method, Assume 


u =>) apt”, 


kh 
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The relations between the coefficients are, analogous to those in Section 9-2, 
(21 + 2)a,; = 0, 
2 oe ata oad j (9-67) 


Page 2%+3+21—% 
+2 = (e+ 2k +1) + G+ 2h +2) ° 





Thus the odd terms vanish because of the first equation a, = O and the 
recursion formula. The even terms form a series which diverges like the 
series of ef. Thus 1(£) diverges like the function et#’/?. Acceptable solu- 
tions do not exist unless the series breaks off after a finite number of terms. 
The condition that the series terminate after the kth term a;£* is 


2k+3+21—r7=0. (9-68) 
Equation (9-61) thus leads to 


Per nee SO 12h Se, 
Ss Sie! eas | Fae See 


or (9-69) 
E = ho(n + 8), Miss OVI 2. fic 


where n = k +1. The energy eigenvalues are thus exactly the same as 
those obtained in the two previous sections. The eigenfunctions corre- 
sponding to quantum numbers klm are 


Vkim(", 6, 9) = Ni ef ?¢ ibs ay e) Y im(9, ¢); (9-70) 


V=Q 


where N;, is a normalization constant and § = ./(Mw/h) r. As in Section 
9-2, the eigenfunctions in spherical coordinates may be expressed as linear 
combinations of those in the other coordinate systems. This may be 
demonstrated by an example. Consider the eigenfunction of k = 2,1 = 1, 
m = 0. It may be transformed as follows: 


¥121(7, 9, ¢) 
= Nye*!?£(ay — Zag£”)(W6/2) cos 8 
eH2(5 — o¢2 — 222 — at%e, 
= e*"/71(1 — 262)&, + (1 — 262)€, + (3, — 283) (9-71) 
o~"))|_ 4H o(Es)Hi (bs) — $Ho(ty)Hi(és) — 4Ha(é.)] 
—Wal bx) Vol Ey) Wi (Es) = WolbndWa(Ey)vi(Ee) — Wolbs)WolbyWa(ts). 


2 





9-3] SOLUTION IN SPHERICAL COORDINATES 193 


The last expression gives the linear combination of eigenfunctions in the 
rectangular coordinate system. Since k + 1 = 3, W121(r, 9, ¢) belongs to 
the energy eigenvalue #3. The eigenfunctions in the last line of Eq. (9-71) 
all belong to energy eigenvalue F3, since the sums of the three indices are 
all 3. We can show that the multiplicity of the degenerate level EH, is the 
same as in the two other coordinate systems. In rectangular coordinates 
the multiplicity of an energy level HZ, is the number of combinations of 
Nz, Ny, Nz the sum of which is the same n. First there are n + 1 possible 
values of nz. Once nz is fixed, the amount n — n,; may be divided in 
(n — nz + 1) ways between n, and nz. The total number of combinations 
(and thus the multiplicity) is given by 


(v1) eit? 


I 


multiplicity = a (n — nz + 1) 


nz=0 


I 


5 (n+ 1(n +2). (9-72) 


In spherical coordinates the multiplicity of H, may be obtained as follows: 
When n is even, there are n/2 + 1 possible values of k. For each value 
of k the value of 1 is n — k and there are 2l + 1 possible values of m. 
The total number of combinations (and thus the multiplicity) is given by 


multiplicity = 3 [2(n — k) + 1] = (3 + 1) @n4 a 2 a 
k/2=0 
= Hin + 1)(n+2). (9-73) 


When n is odd there are (n + 1)/2 possible values of k. Tor each k the 
multiplicity due to m is the same as before. Thus 


(n=l)/2 
multiplicity = >) [2(m—k)+1])= (2 ') = a a 


k/2=0 





=F (n+ D(n+2), (9-74) 


the same as in the even n case. Therefore the multiplicity of the degenerate 
level E, in spherical coordinates is exactly the same as in rectangular co- 
ordinates. According to the discussion at the end of Section 9-2, the set 
of degenerate eigenfunctions corresponding to energy /, in spherical 
coordinates represents a new set of base functions for the same manifold 
of degenerate solutions. The energy level diagram and the quantum num- 
bers are shown in Fig, 9-3. Comparing it with lig, 0-1 we find that the 
energy values and the multiplicities are all the same, as they should be. 
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E 
Lis 
2 5 n=2; (k, l, m) =(2, 0, 0), (0, 2, 2), (0, 2, 1), (0, 2, 0), (0, 2, =1), (0, 2, —2) 
3 hw n=1;(k, l,m) =(0, 1, 1), (0, 1, 0), (0, 1, —1) 
5 ha n=0; (k,l, m) = (0, 0, 0) 
0 





Figure 9-3 


The energy levels in a general central force problem may be labeled 
according to the following system: The spectroscopic notations s, p, d, 
f,..., are used to indicate the value of J. All states differing by m only 
are not distinguished and are considered as one level since their energies 
are all the same. Thus m will not appear in the notation designating a level. 
A number is to be attached in front of the spectroscopic notation to indi- 
cate the ordinal number of this level in the column of levels of the same J. 
Thus 3p indicates the third level of 1 = 1 counted from the bottom of 
the energy scale. It is understood that this level has a multiplicity of 
21 -+ 1 due to the magnetic quantum number m. The physical meaning 
of this number placed before the spectroscopic notation is that it is equal 
to the number of radial nodes plus one. In the present case, the harmonic 
oscillator, this number equals 4k + 1 or $(n — 1) +1. This system 
should not be confused with the spectroscopic system in which the number 
before the spectroscopic notation is the principal quantum number n. The 
designation of the energy levels of the harmonic oscillator according to 
this system is shown in the upper left part of Fig. 9-4. Due to a peculiar 
property of the potential, some of the levels, e.g., 1g, 2d, and 3s, happen to 
coincide. If the potential is changed slightly, these levels will split apart. 
The situation is similar to that of the Coulomb potential in which a 
number of levels also happen to coincide and will split apart when the 
potential is changed slightly. The levels of the Coulomb potential are 
labeled according to the present system and are shown in the upper right 
part of Fig. 9-4. Among them the levels 1g, 2f, and 3d, for example, 
coincide. If we change the potential gradually starting from the oscillator 
potential (lower left of Fig. 9-4) and finally end up at the Coulomb po- 
tential (lower right of Fig. 9-4), the energy levels will change their positions 
accordingly: starting from the scheme in the upper left part of Fig. 9-4, 
passing through a succession of intermediate stages where the degenerate 
levels split apart, and finally ending up in the scheme in the upper right 
part of Fig. 9-4 where the levels are regrouped together in a new degenerate 
pattern. This discussion shows that no matter how the potential changes, 
the number of levels remains the same. The positions of the levels may 
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change but the quantum numbers and the characteristics associated with 
the quantum numbers remain the same. These observations have a bearing 
in the discussion of the nucleonic energy levels in nuclear physics. Inci- 
dentally, the present system of labeling is used in nuclear physics. 


9-4 Orthogonality of the wave functions. We have proved or demon- 
strated the orthogonality of wave functions in a number of special cases. 
It will now be shown that this is a general property of all eigenfunctions 
of the three-dimensional Schrédinger equation. Let ~; and p», be two 
solutions for energies /, and LZ, respectively, 


2 
vy, +(e, — UM = 0, (9-75) 


2M. 
Va + ay (La — Ua = 0, (9-76) 











196 THE THREE-DIMENSIONAL HARMONIC OSCILLATOR [cHaP. 9 


In general, the solutions are complex functions. The complex conjugate 
equation of Eq. (9-75) is 


2M 
VI + Sy (Bi — Ui = 0. (9-7) 
Multiply Eq. (9-76) by y* and Eq. (9-77) by ¥2 and take the difference, 
2M 
Viv. — WV +55 (Ei — Eide = 0. (9-78) 


Integrating over the space variables, we obtain 


| | (IV%2 — vaV°Vi) de + SE (B, — Bs) i / | Vivedr = 0. (9-79) 


The first integral may be transformed to a surface integral at infinity by 
Green’s theorem, 


I 1a yy MEY ae + Mp, — wy fff vivaar = 0. (9-80) 


Since y; and 2 vanish at infinity, the first term of Eq. (9-80) equals zero 


and we have 
I viyodr=0, if Ey # Ep. (9-81) 


Equation (9-81) shows that any two eigenfunctions of different energy 
eigenvalues are orthogonal to each other. Incidentally, this proof may be 
presented without introducing the complex conjugate equation when the 
Schrodinger equation is real. The complex conjugate equation becomes 
necessary when the Schrédinger equation contains an imaginary term, e.g., 
ia(dy/dz) (where 7 is the imaginary number V—1 and a is a constant) ; 
such a situation arises in the treatment of the Zeeman effect (Chapter 12). 
The reader may verify that Eq. (9-81) remains valid after the inclusion of 
such a term. 

When there are several wave functions ¥1, f2,..-, corresponding to 
the same energy E, the orthogonality relation expressed by Eq. (9-81) in 
general does not hold for them. In spite of this it is always possible, as 
will be shown presently, to find a set of base functions which are orthogonal 
to one another. Moreover there exist many such sets. Let _ and Wy be 
two wave functions of the same eigenvalue E£,, not orthogonal to each 
other. From them a new set of base functions ¢a and ¢, may be obtained 
by the transformation 


fa = 411Wa + A120, 
(9-82) 


~b ™ GaiWa + A22Vo, 
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provided that 

a a 

| 11 | ~ 0. 


G21 aA22 


One of the many transformations leading to orthogonal sets is as follows: 


Ga = Wa, 
o> = va + kn, ee 
where 
=o i f Vata dr 
[ff vive ar ee 
because 
lf eave dr = [ff baba + kyr) dr 
= [[[vdadr +k |[[vivear (9-85) 
= 0. 


For threefold degenerac WAnatnic 
as follows: 8 J7. WE TARY: construct Pay $b» Peo out of Wa, Yo, Ve 


Pa = Wa, 
go = Va + ko, (9-86) 
Gc = Wa + kody + kg e, 


where ky is to be determined by Eq. (9-84) so that vq and g are orthogonal 
to each other, kz and k3 are to be determined similarly by the two condi- 
tions that ¢, is orthogonal to both ga and g. This procedure* may be 
generalized to the 4, 5,..., and n-fold degeneracy. 

In later applications we shall always use orthogonal sets of eigenfunctions 
whenever degeneracy occurs. We also have them normalized. These 
properties may be expressed in one single equation 


[[[ vivir = b.5 (9-87) 


where 4i; is the Kronecker 5 symbol, equal-to unity when ¢  j and zero 
for all others. 


+ d } 
Known as the Gram-Sehmidt orthogonalization process, 
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PROBLEMS 

9-1. Solve the anisotropic, three-dimensional harmonic oscillator problem the 

potential of which is 
U = 4K’ + 4Ky? + 3Ke’. (9-88) 

Correlate the energy levels with those in Section 9-1 by letting Kz K, Ky K, 
K, ay K. . . . . 

*9-2. Solve the hypothetical problem of an isotropic, four-dimensional harmonic 
oscillator, the potential of which is 


U = $K(2? 4+ y? + 224 w?). (9-89) 
The Schrédinger equation is 


2 2 
ay , ov 
dx2 | dy? 


ay . 2M 


ay 
Ow2 + h2 


022 





+ (E — U)y = 0. (9-90) 


ot 
Approach the problem by using different coordinate systems. Discuss the 
degeneracy of energy levels and the correlation of eigenfunctions in different 
coordinate systems. Note: Schrédinger’s equation in a space of more than three 
dimensions will be introduced in Chapter 12. 

9-3. Correlate the energy levels of the three-dimensional harmonic oscillator 
with those of the three-dimensional square-well potential. Remark: The study 
of the nuclear energy levels may be approximated by a potential intermediate 
between these two potentials. 

9-4. Let pi =e, Yo = epg = e—32” be three eigenfunctions corre- 
sponding to the same energy eigenvalue. Find an orthonormal set of eigenfunc- 
tions by the Gram-Schmidt orthogonalization process. 


* Indicates more difficult problems. 





CHAPTER 10 
TIME-INDEPENDENT PERTURBATION THEORY 


The major mathematical problem in quantum mechanics is to solve the 
Schrodinger equation. However, even for a simple problem this partial 
differential equation is usually difficult to solve. In the applications we 
have had so far, the potential functions are comparatively simple, so that 
exact, analytic solutions may be obtained. Such cases are rare. As a 
matter of fact, in most applications, the Schrédinger equation is solved by 
approximate or numerical methods. The most important of these is the 
perturbation method, which is applicable to cases where the potential 
function is only slightly different from that of a well-solved problem. Its 
basic idea is taken from the perturbation theory in classical mechanics. 
Take an example in celestial mechanics. The motion of a planet in the 
solar system is essentially determined by the gravitational force of the 
sun. However, the gravitational attraction of the other planets, though 
small, also influences the planetary motion. As a result, the orbit is not 
a closed ellipse, but a slowly precessing “ellipse”. The perturbation theory 
enables us to calculate the changes of the elliptical orbit due to a perturbing 
potential, such as the advance of perihelion. Similar situations arise in 
quantum mechanics and a perturbation theory is developed along the 
same line. In this chapter, we consider the perturbation theory for the 
solution of the time-independent Schrédinger equation, which may thus 
be called the time-independent (or stationary) perturbation theory.* The 
time-dependent perturbation theory will be discussed in the next chapter. 


10-1 Perturbation theory for nondegenerate levels. Suppose that we 
know the solution of a time-independent Schrédinger equation the potential 
of which is U. The purpose of the perturbation theory is to determine 
how the eigenvalues and eigenfunctions of this equation change when the 
potential U is changed to a small amount. 

Let us rewrite the Schrédinger equation in the following form: 


a ee 
~ 2M (Zz + dy? 





3” . 

+ oy + Uy = Ey. (10-1) 
Kquation (10-1) resembles the classical equation for conservation of energy, 
I 2 y 

aay (Pe + pi + pt) + Um H (10-2) 


* fi. Schrédinger, Ann, d. Physik 80, 437 (1926), 
100 
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If we replace pz, Py; and p, by the differential operators 


WO: WO ow. Md 
t Ox i dy” i dz 
that is, 
) h a ha 
Pe Fay” Pu 5 By’ aa ee hd (10-3) 


Eq. (10-2) becomes an operator equation. (The student is expected to 
know differential operators from his study of vector analysis.) Let both 
sides of Eq. (10-2) operate on the function y; as a result Eq. (10-1) is 
reproduced. Until we discuss the important implications of Eq. (10-3) in 
Chapter 12, Eq. (10-3) may be regarded as a mnemonic aid for writing 
the Schrédinger equation. Since the left-hand side of Eq. (10-2) is the 
classical Hamiltonian H(pz, py, Dz, v7, y, 2) the time-independent Schré- 
dinger equation may be written as follows: 





hdonhoahkha 
n(? 2,838,482, uslb= my, 
or simply 
Hy = Ey (10-4) 


where H is understood to be an operator. 

When the potential changes slightly, the Hamiltonian changes by the 
same amount. The problem to be solved by the perturbation theory may 
be restated as follows: Given the eigenvalues and eigenfunctions of the 
unperturbed problem, 

BES ae BO), (10-5) 


find the eigenvalues and eigenfunctions of the perturbed problem, 


(H® + rH™)\y = Ey, (10-6) 


in which the Hamiltonian differs from the unperturbed problem by a small 
amount AH“ (usually due to a change of the potential). denotes an 
infinitesimal parameter and is separated from the finite part H ‘D for the 
purpose of determining the order of infinitesimals in power-series expan- 
sion. This point will be made clear in later discussions. 

Let the eigenvalues and eigenfunctions of the unperturbed problem be 
BO, BO, ..., B®, ..., and yj, y,...9,°..., respectively. Thus, 


HOY = BOO 12. Se Mais (10-7) 


In the nondegenerate case each eigenvalue corresponds to one eigenfune- 
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tion, and the eigenfunctions are orthogonal to one another. They may be 
normalized to form an orthonormal set, which satisfies 


[rw dr = 84; (10-8) 


This will always be assumed throughout the later discussions. When the 
perturbation term is small, the eigenvalues and eigenfunctions of Eq. (10-6) 
should not differ greatly from those of Eq. (10-5). Their first-order changes 
will be of the order of magnitude of \; their second-order changes will be 
of the order of \”, etc. Thus we may write the eigenvalues and eigenfunc- 
tions of the perturbed equation as follows: 


E, = Ex + En? + WEY +---, (10-9) 
Yn = Vn? OWRD NYP vee, (10-10) 
where Ei), En”, ...,and Yf?, vy... , are quantities to be determined. 
For mathematical convenience we may expand y{’, y{”’,... , in series of 


the unperturbed eigenfunctions ¥{°,, as any well-behaved function may be 


expanded in a series of a complete set of orthonormal functions; 


os > Chny (10-11) 
m 
vn? = DICrmvn (10-12) 
ee: | 
where C{?,C®),... , are coefficients of expansion. Substituting Eqs. (10-9) 


and (10-10) in Eq. (10-6), we have 


(A + XH) dm? + Wn? NYP +) 
= (ED + ERP + PEO +)? 4 Ah? + APY +--+) + (10-13) 


quation (10-13) may be changed to 


HO + HOU? + LOY) + (HOW? + HYP) AF foes 
_ BOY + (BOYD 4. BMY) 
“}. (BO" + EXPY +. By)? | car, 
(10-14) 


In order that Hq. (10-14) may be satisfied for all values of A, the coeffi- 
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cients of the same powers of \ on both sides of Eq. (10-14) must equal 
each other. Thus we have 


FOyo —_ BOY (10-15) 
HOY + HPy = BOY + Ey O (10-16) 


Hoy + Hy? — EOy?) =p EPy + EA, (10-17) 


These equations specify the conditions E\’s and y's have to satisfy and 
may be solved to obtain E®’s and y{’s. Equation (10-15) is satisfied 
automatically by virtue of Eq. (10-7); Eq. (10-16) may be solved to 
determine E‘” and y; Eq. (10-17) may be solved with the help of the 
solutions of Eq. (10-16) to obtain E® and y, ete. The solution of the 
perturbed problem (Z, and y,) may thus be obtained; the series may be 
determined to any order of \ as we desire. 

Making use of the series expansion of y{ in terms of ¥©’s, we solve 
Eq. (10-16) to determine the perturbation of the first order. Substituting 
Kq. (10-11) in Eq. (10-16), we have 


DCR HOYWD + HOYO = VCE Ve + En vn. (10-18) 


By virtue of Eq. (10-15), the last equation may be changed to 


DOCCER? — EWR + HOO = ERO. (10-19) 


Multiplying Eq. (10-19) by y* and integrating over the space variables, 
we obtain the following result, by making use of Eq. (10-8): 


EY = } YO" HDYO dr, (10-20) 


This equation gives the first-order perturbation of the energy eigenvalue. 
Multiplying Eq. (10-19) by ¥f*(k # n) and integrating as before, we 
obtain the following equation with the help of the orthonormal property 
of y's: 

CRED — BO) + [YO"HPYO dr = 0. (10-21) 


Since k may take any value of the running index m except n, we may re- 
place k by m. Thus, 
[oe OW ar 


ow an =e) 
BO — ED 


“nm ~~ 


m #¥ Nn. (10-22) 
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This equation gives the coefficients of expansion C% of the first-order 
perturbation of the eigenfunction for all values of m except m = n. For 
m =n this method does not enable us to determine the coefficient C(). 
Actually CS may take any value and still satisfy Eq. (10-16). Since 
C®) introduces in ¥? a term of ¥ which is the same as the unperturbed 
eigenfunction, we may combine this term with the unperturbed eigen- 
function. Thus 


= (1+ CRW? +d - Cima +++. (10-23) 
The symbol >-/, denotes a summation over all values of m except m = n. 
This notation will be adopted throughout the book. The coefficient C‘? 
is eventually determined by normalization which requires C°? to be zero. 
Therefore we may forget about the term C“ in the expansion of y{”. 
Equations (10-20) and (10-22) thus give us the complete solution of the 
first-order perturbation. 

The reader may wonder how it is possible to determine the infinitely 
many coefficients Ce, CeO, CM... , out of one single equation 
(10-16). The reason is that Eq. (10-16) is an identical equation which 
holds for infinitely many points (x, y,z) in space. Thus it implies in- 
finitely many equations. 

The second-order perturbation may be determined by [q. (10-17). 
After substitution of Mq. (10-12), Iq. (10-17) takes the form 


TeQwyV + Nownryo 


m 


= Cha ae Towa y + Eye (10-24) 


or 
TeV — BWP = Neway — WYO + BEY. (40-25) 


The second-order perturbation of the eigenvalue and eigenfunction may 
be obtained from Eq. (10-25) in a manner similar to that used for the 
first-order perturbation. Thus E® may be obtained from Eq. (10-25) by 


multiplying it by ¥* and integrating over the space variables: 


E® — = Des ver HOMe a. (10-26) 


Putting in the values of the coefficients C\, we have 


ve : [vie HOW? de fur Wy dr 
7 m= > an wn (10-27) 


(0 0 
m En " Ey 
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Multiplying by ¥* instead of y*(k ¥ n) we obtain in a similar manner 


, 


C2 
C@ — > EO — po EY bam = YOR DYO dt )> kA#An. 
m ko n 
(10-28) 


For convenience we define the matrix element of H with respect to two 
wave functions y, and Ym by 


Hm = [¥nlm ar. (10-29) 


Care must be taken with regard to the order of the two indices, because 
Hn is not necessarily equal to Hym as may be shown readily by simple 
examples. Also we insist upon writing H between yx and Ym, for H may 
contain operators. The results of the first-order perturbation may be 
rewritten thus: 

Be =a (10-30) 

HY 
(1). mn P 
C= FO _ © B® (10-31) 


Likewise we rewrite the results of the second-order perturbation, the 
dummy index m in Eqs. (10-27) and (10-28) being replaced by another 
letter, s (for summation), and the running index k being replaced by m 
which is now reserved for this particular purpose: 





U HYAO 
yi 2) __ ns sn ; 
EO = >) 2 — pO (10-32) 
1 (Hig? — Hi bine) Hon 
(2), 2-5 oh ms nn 9ms)ft sn | 
Cok = Fy gw LO — oO — 


(Note that y{ is not needed for the calculation of E® but is needed for 
Bet?) 

To illustrate the application of the perturbation theory, let us consider 
a charged linear harmonic oscillator placed in a weak, uniform electric 
field F. The potential function of the electric field is —Fx. Therefore the 
potential energy of the oscillator is $Kx? plus a small quantity —qFx 
where q is the charge of the oscillator. The Schrédinger equation is thus 


oy ae M (n —} Ke? + oFr) y= 0. (10-34) 


da? 
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As the field is weak (F is small), the additional term —gqF x of the potential 
may be regarded as a perturbation. Thus we let 


AH = —gF x. 
Since F is a small quantity, we may identify —gF with \, 


= —4F. (10-35) 
Hence 
H® = x, (10-36) 


The unperturbed problem was solved in Chapter 4. The eigenvalues and 
eigenfunctions expressed by Eqs. (4-25) and (4-34) are now the unper- 
turbed solutions, E® and ¥. The first- and second-order perturbations 
of the eigenvalues and eigenfunctions may be obtained by Eqs. (10-30) 
to (10-33). When F is small, the power series, qs. (10-9) and (10-10), 
converge rapidly and the approximate solutions obtained by the perturba- 
tion method will be accurate enough for practical purposes. To complete 
the calculation we first evaluate the matrix elements of H". From the 
wave functions of Eq. (4-34) and H‘” of Eq. (10-36), we have 


es ie (i ee Te 
mde NAL (a 2" ml)? (ar 2"nt) 1? 


x Hn (, [ae r) 114 ( He r)e —(Melh2"» de (10-37) 


or, in terms of the variable &, 


a _ |[h [- 2 
Han = life Te ea Hn (€)EHn (Ee dé. 


Replacing &H,(£) according to Eq. (4-32), we obtain 


HD = [ar ae mer / Hn(€) [3 Ha) + tina fer 
m!n! —% ‘ 


(10-38) 








The right-hand side does not vanish only when m equals either n + 1 or 
n — 1 because of the orthogonal relation, These nonvanishing values 
may be obtained with the aid of the normalization integral, Eq, (4-83). 
For m = n-- 1, we have — 
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/ [Hngi(be? 2)? dt = Vr 2" (n + 1h (10-39) 
Thus 
HY) h 1 lL aortin + 1)! 
n+1,n — Vi. Mw [7122"+1 (n = 1) ny? 9 





= Vh/Mw V(n + 1)/2. (10-40) 


For m = n — 1, we have similarly 


a _ fh 1 sath 
Ani, = ie m2? "(n — Dnt)? nV 7 2"—"(n — 1)! 
= Vi/Mo Vn/2. ( (10-41) 
Thus, 


Vh/Mw V/V (n+ 1)/2, for m=n-+1, 
HY, = <0, for m#n+1, (10-42) 
Vh/Mw Vn/2, for m=n-—l1. 


Equations (10-30) to (10-33) thus lead to the following results: 





EW = 0, (10-43) 
—TWhwVh/MaV(n + 1)/2, m=n-+1, 

co? = 40, m#zn +1, (10-44) 
L/hwVh/Ma Vn/2, m=n—1, 
—(h/Mo)[(n + 1)/2] + (h/Mo)(n/2) _ 1 

E® — 7 = — 592’ (10-45) 


I 


(1/4Mw?) (1/hw)V(n + 1I)(n+ 2), r=n+2, 
Cc) = 40, r~n+2, (10-46) 
(1/4Mw”)(1/hw)V/n(n — 1), r=n—2. 


K 


With these results we write the eigenvalues and eigenfunctions of the 
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perturbed problem, accurate to the second order, as follows (remembering 
K = Mo’), 





2p2 
E, = two (n 4 i) = ok (10-47) 


n+l Be 
Vn = WO+ DhwkK wet Tt gk hook net 


+ qF?V/(n + 1)(n + 2) (0) 5 4 GF?Vn(n — 1) 
4hok dwk 








D yo 2, (10-48) 


where yo, y.,,..., are the unperturbed solutions given by Eq. (4-34). 
We notice that the first-order energy perturbation is zero. This result is 
expected in classical mechanics, since the gain of energy when the oscil- 
lator is on the —z side is compensated by the loss of energy when the 
oscillator is on the +2 side. The second-order energy perturbation is a 
negative quantity. This is also expected in the classical theory. Because 
of the deformation of the orbit by the positive force ql’, the oscillator 
will spend a little more time on the -+-x side than on the —2 side. There- 
fore the average of potential energy will favor the +-v side, i.e., a negative 
amount. This argument also illustrates the previous mathematical result 
that the first-order eigenfunction affects the second-order eigenvalue. It 
is also natural that this second-order energy change should be inversely 
proportional to the force constant K, since a small value of K corresponds 
to an orbit easily deformable and the energy change will be large. We 
notice from Eq. (10-48) that the change of the eigenfunction in the first 
order involves only eigenfunctions with quantum numbers differing from 
n by 1, and that in the second order it involves only those with quantum 
numbers differing by 2. These results have important applications later. 

The first-order perturbation of energy, [¥\°*\H‘?y dr, has a simple 
physical interpretation. It is just the average value of the perturbation 
Hamiltonian AH‘ over the unperturbed state 0°’. This result is analogous 
to one in the perturbation theory of classical mechanics, i.e., the perturba- 
tion energy is the time average of the perturbing potential over the un- 
perturbed orbit. 


10-2 Perturbation theory for degenerate levels. Iquations (10-380) to 
(10-33), which summarize the results of the last section, contain the 
energy differences E\° — E°° in the denominators, When several energy 
levels are very close to one another, the energy differences among them 
are small and the right-hand side of Eqs. (10-81) to (10-44) may be very 
large. If these levels actually coincide, they become a degenerate level. 


The energy differences #” — FE among them equal sero and the pre- 
y " | I 
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vious equations no longer give valid solutions because the right-hand side 
becomes infinite. Therefore a new method is needed for the perturbation 
theory of a cluster of closely spaced energy levels which includes the 
degenerate level as a special case. 

Let the energy eigenvalues of the unperturbed Schrédinger equation be 
arranged in such an order that the cluster of g elgecly spaced levels be 
labeled from EF} to EH}; all others be labeled from EF}; on. The eigen- 
values E}°,.. ee sine nearly equal to one another. For the special case 
of a depenerate level: E,®,..., BE, are all the same. The eigenfunctions 
are denoted by 


(0) 0) CO) ) yy (0) 
Vi ) vo oe >We | Voi, Vv G+2, 2+) 
corresponding to eigenvalues 
(0) (0) (0) | 7960) (0) 
Ey”, Eg’,..., Hg’ | Bo¢1, Egye,.--, 


respectively. Let them be an orthonormal set. For the degenerate case 
we have shown in Section 9-4 that it is always possible to find an orthogonal 
set of g functions by making linear combinations of the g degenerate 
eigenfunctions; such a set is to be used asy¥j°, ¥°,..., ¥)°. The perturbed 
eigenfunctions of yi, ¥3",..., ¥,°, designated by. ve, where l <n<g 
(the index n will be used in this sense exclusively in this section), may be 
expanded in series of the unperturbed eigenfunctions. Thus 


Yn = Cave? ++ + Cah? + Career tee, Li n<g. 
(10-49) 


When the values of £}°,..., #{° are nearly equal but not exactly equal, 
the results of Section 10-1, Eq. (10-31), tell us that the coefficients 
Cnt, ...,Cng are large while the other coefficients Chgi1,..., are small. 
Thus in the degenerate case it is a reasonable guess that Cni,..., Cng 
are finite numbers, while Cn,g41,..., are small quantities at least of the 
first order. Thus the power series expansion of ¥, may be written in the 
form 


Yn = Wao) + dnt) + Mya”? + - 
(10-50) 


=> Cary? +d ~ Comin EX? > Comin bs: 


m=g+1 m=g+l 





The series expansion of H#,, is again 


= BO yB + rn72B® +. 005 (10-51) 
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Substituting Eqs. (10-50) and (10-51) in the perturbed Schrédinger equa- 
tion, we have 


(H® + dH) (> Cav” +d > CH? +2 D> BW? 4 ) 


t=1 m= g-+-1 m=g+1 


= (En? + XBR? + ED + +++) 


g co) a) 
«(2 CPW” +r D> CBW +22 D> COM +. ae (10-52) 


l=1 m=g9+1 Medel 


Equating terms of the same power of \ on both sides and making use of 
the unperturbed Schrédinger equation, we obtain equations for various 
orders of perturbation: 


g qa 
DY CPE = Yo CHOY, (10-53) 


taal Cem 1 


Ld g 
1 0 0 (0) 1 (0 (1) p00). 00) 
» CRE ie + » Cat na) ) = + Cam ne Yn 


m=g+1 l=1 mead 


0 
Cnr En WA, (10-54) 


lam 


foo} oo wo 
1 1 0 2 (0), (0) 
Dy CQEOYO + > CRAMP = >) CRE 


m=g+1 m=g9+1 m=9+1 


o g 
HY CREDO +) CBP YW, (10-55) 
l=1 


m=g+l1 


Equation (10-53) is the zero-th order equation which is satisfied identically 
in the degenerate case. Equation (10-54) is the first-order equation from 
which we may determine the perturbation energy J} and the coefficients 
0 and C“). For the degenerate case we shall start by solving Nq. (10-54), 
since Eq. (10-53) is already satisfied. Multiplying Iq, (10-54) by 
yiO*(L < s < g) and integrating over the space variables, we have 


a 
DD (AY — BP ance? =0, 1Sasg (10-86) 


lew 
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Let s run through all numbers from 1 to g; we write down the g equations 
explicitly as follows: 


i 7 (HY — BY)C) + HBC +... + HL = 0, 
( HSCS? + (HS? — Hy Nn feet HigCne = 0, (10-57) 
Cuh 


HSRC + HINER +--+ CY — BEVEL = 0 


This set of homogeneous linear equations may have a set of nonvanishing 
solutions C\?,...,C;° provided that the determinant of the coefficients 
vanishes, i.e., 


1 (1) (1) (1) 
ee HN? — ES Hy3 eee Ag 
(1) 


eh Hn HS? 7 BY? tee Ho — 0. (10-58) 


(1) (1) (1) (1) 
HY, HY sas SHG eae 


This equation gives the condition which the first-order perturbation EY 
has to satisfy. Equation (10-58) is an algebraic equation of the gth order 
in the variable E\”, therefore it has g roots. The first-order perturbation 
E\» thus has g possible values. Each root of Eq. (10-58) gives rise to a 


set of solutions of Eq. (10-57), i.e., a set of ratios of C09, ..., C9 which 
determines a zero-th order eigenfunction y°! (the normalization condition 
determines the magnitudes of C\?,...,C\® completely). Thus we have 


g eigenvalues and g eigenfunctions corresponding to g levels. In other 
words, the g-fold degenerate level is split into g levels. From Eq. (10-57) 
it may be shown that the g roots of Hq. (10-58) may be expressed in terms 
of the g unperturbed eigenfunctions y!"' as follows (see Problem 10-6): 


ait €1 


This equation is identical with Eq. (10-30) of the nondegenerate case 
except for the substitution of ¥)?’ for yi. 

Having determined the values of FE) and C{?, we turn our attention 
to the coefficients C’‘!). These coefficients may be determined from Eq. 
(10-54) by multiplying it by yS*(m > g) and integrating over the space 
variables. Thus 


OR (BO — BO) + / VOrHD (2 oni”) dr =0. (10-59) 


l=1 


EY = fuera dr. 








10-2] PERTURBATION THEORY FOR DEGENERATE LEVELS 211 


Since 9_, C\y{ is the zero-th order eigenfunction y!°’, we may denote 
the integral in Eq. (10-59) b Hy as n is used exclusively for y!0 


(n = 1,2,...,9), that is, Cat fy” 


( 


[B= = [ogrny ar dr, am oe AR em Ber eee 


Equation (10-59) thus leads to 


(10-60) 





Equation (10-60) has the same form as Iq. (10-31). This result is ex- 
pected because, after the degeneracy has been removed by perturbation, 
each zero-th order eigenfunction acts like a nondegenerate eigenfunction. 
Our task of determining the perturbation energy /{) and the expansion 
coefficients C®, and C¢ from Eq. (10-54) is thus accomplished. 
Equation (10-55), the second-order equation, may now be solved to 
determine the second-order perturbation of energy /\”) and the expansion 
coefficients C‘?. Multiplying it by y!°'* and integrating over the space 
variables, we have % 
EY = YY CrmH nm (10-61) 
meng 
provided that y!°’ is normalized, which we shall always assume. By 
Eq. (10-60) we have 






(1) p71) 
Hin nm ; 


eel (10-62) 





Multiplying Eq. (10-55) by ¥{*(r > g) and integrating, we obtain 


CFO 4 so CYA — C2) BO) + OVE (10-63) 
















m=g+1 
or 
(1) 1) (1) 
C2) — Lmaoti CumUEn? 8m — Hr) , (10-64) 
EY — BY 
or 
oo (1) pp) (1) 
Ce 0 ; 0 Hann P ia = Hem (10-05) 
EO — EO nize | BY) = Bn 





Equations (10-62) and (10-65) give the second-order eigenvalues and 
eigenfunctions. They are identical With Kqs. (0-82) and (10-38) except 
that Sreg41 takes the place of 7. This result is alwo expected for the 
reason mentioned previously, 
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The results for the degenerate levels may be summarized in the following 
statement: they are the same as the results for the nondegenerate levels, 
i.e., Eqs. (10-30, 31, 32, 33), provided that y\° is replaced by yO and dD’ 
is replaced by n—g41- 

The above theory applies to the degenerate case in which the g levels 
of eigenvalues E}°,..., 5° coincide. If the g levels are not exactly the 
same but very close to one another, then the solution will be slightly 
different. Equation (10-53) will not be satisfied identically but will be 
satisfied to the zero-th order provided that the differences among E;®, . . . , 
E\® are of the first order. The first-order residue of Eq. (10-53) may now 
be absorbed in the first-order equation (10-54). The only change in the 
previous solution that has to be made in order to include this effect is to 
modify the secular equation (10-58) as follows: 


EY — BO +H? En? HY? ie HYG 
HY Ey — EW +H? En. . .. H3, =i 
Hy Hi EP ED +H En” 
(10-66) 


Others remain the same. Equation (10-66) gives g solutions of (HE, + EX”). 
These correspond to the perturbed energies (to the first order) of the 
g states in the cluster. 

If the g roots of Eq. (10-58) are all distinct, the perturbed energies of 
the g levels are distinct and the degeneracy is completely removed. If 
Eq. (10-58) contains multiple roots, then the degeneracy is only partially 
removed. The multiple root corresponds to several levels still coinciding 
with one another so far as the first-order perturbation is concerned. 
However, the remaining degeneracy may be removed when higher orders 
of perturbation are considered. To illustrate this situation we consider a 
special case in which the g roots of Eq. (10-58) are all the same. In this 
case the matrix elements in Eq. (10-58) are such that 


HY = HY =. = HY, 
and all others are zero. The g-fold degeneracy thus remains in spite of 
the first-order perturbation. As all coefficients in Eq. (10-57) vanish, the 
values of C“ (1 = 1,2,...,g) become indeterminate. ‘We may remove 
the degeneracy and determine the C(I = 1, 2,...,g) by considering 


the next order of perturbation. Multiplying Eq. (10-55) by yo 
(1 < s < g) and integrating, we obtain 


9 
DY CRAY = Yo PHY dur 


meng+l lew 1 
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Equation (10-60) may be rewritten as follows: 


cw = (0) 
=> Cnt ae 


Substituting the values of CO in the previous equation, we have 


a: Bo" 


yy 0) mH mt oN x60) rt 2) 
dy Cn Howlin! _ 9» OSES bs1 = 0 
i=1 m=g+1 En En tml 
or 
g % (D7) 
(0) Hymlmit 2) an 
>: Cn p> EO — po — £; iu = 0, 
l=1 m=g+1 n — Lam 
Letting s = 1, 2,...,g we obtain g equations which C\?, C9... , 


must satisfy. The senulat equation for this set of simultaneous linear 
equations is 


2 (1) py 1) (1) 
> : HimHmi a EY y HimH nw? 
(0) (0) (0) (0) 
m=g+1 En —En m=g+1 En —Em 


oo (1) zz) o (1) 771 
> Hs mllmi —HgnHine 
(0) a (0) (0) 

m=g9g+1 En Ein m==g+1 En —Em 


CJ (1) p71) 
shicchginicche eeschosely aasarwe Aas Raa reek ese _HomHma __ yy02) 
(0) (0) fe 
m=g+1 En —En 


| i =(): 





The g roots of BE”) specify the second-order perturbation energies. If they 
are distinct, the degeneracy is removed; each root leads to a set of coef- 


ficients Co Cc, ...,C®, and thus to a zero-th order wave function y". 


10-3 A generalized perturbation theory. The perturbation theory de- 
veloped in the last two sections may be shown to be special cases of a 
more general perturbation theory* which will be discussed below. 

The purpose of this theory is to solve the eigenvalue problem 


Hy(x) = Ey(e), (10-67) 


with the help of a complete set of orthonormal functions, /y(), g(a), ..., 
not necessarily limited to the unperturbed wave functions, ‘The orthogonal 


"Pp. 8. Epstein, Phys, Rev, 28, 695 (1926). 
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property may be of a more general type defined by 

[Pn@)Fa(2)P@) dz = bnn; (10-68) 
where 5nn is the Kronecker 6-symbol, and p(x) is a function of x which 
may be called the density function. p(x) dz may be, but is not necessarily 
limited to, the volume element dr when generalized coordinates are used. 


Hence the integral of F'%,(x)F',(x) over the volume may take other values 
than 5mn, which may be denoted by Ymn. Thus 


i FX (2)F p(x) dt = Ymn- (10-69) 


The solution y(x) of Eq. (10-67) may be expanded in a series of F,(2x)’s: 
W(x) = DoanP (2). 


By substitution, Eq. (10-67) becomes 
Yoan(H — E)F,(z) = 0. 
Multiplying by F%,(x) dr and integrating over the space variables we 


obtain 
> Ga Henn a EYmn) = 0, (10-70) 


where Hm» is the matrix element of the Hamiltonian operator with respect 
to F(x) and F(x) defined by 
Hnn = | F* («)HF (x) dr. (10-71) 


In order that a set of nonvanishing solutions of a, exist, the determinant 
of the coefficients of Eqs. (10-70) must equal zero, i.e., 


Ay, — Evy, Aig — EVi2 ... Hin — Evin 
Ho, — EY 91 Hog — EYoo ... Hon — EY on . 

. = 0. (10-72) 
Hnt — EYn1 Hnz — EVn2 ... Han — Ean 





If the set of functions /,(x) is orthonormal in the conventional sense, 
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then p(x) = 1 and Ymn = dmn; the above equation becomes 


Ay, = E Axe eee Hin 
A, Ho—E ... Hon, : 
: ‘ : =0. (10-73) 
Ay Ane -»» Ann — E 





The roots of Eq. (10-73) are the eigenvalues of Eq. (10-67). For each 
eigenvalue, the corresponding solutions a1, @2,..., @n,..., of Eq. (10-70) 
determine the corresponding eigenfunction. 

We shall show that this general theory reduces to the previous theories 
when certain approximations are introduced. First, a trivial case may be 
verified. If the functions F,(x) are the eigenfunctions themselves, then 
p(x) = 1 and the off-diagonal elements of Eq. (10-73) vanish because of 
the general orthogonal property of the eigenfunctions. Equation (10-73) 
thus reduces to 


(Hi, — E)(Hoe — EF)... (Hann — FE)... = 0. (10-74) 
The energy eigenvalues are 
E = Hy, Hoo,... Hn... 
This result is expected, since 
Han = [¥n(@)H¥n(2)p(v) de 
En { ¥n(e¥n(x)p(2) dx 


= Ey. 


I 


The eigenfunction corresponding to E,, given by Eq. (10-69), is found 
to contain only one term, i.e., Yn(x) itself. 
Next, let the functions F,(x) be the eigenfunctions of the unperturbed 
problem [again p(x) = 1], 
F,,(z) = Vin (x), 


HOY = BOY 
H = H® +H"), 


The off-diagonal elements are small quantities of the firat order, since 


Hon 0+ 0H92, ono ny 
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they may be neglected in a first approximation. Equation (10-73) thus 
reduces to Eq. (10-74), and the energy eigenvalues are 


En = Ann 
= Hin + He 
= ED + rvfyO"HOW? dr. 


The above equation is the same as the result of the first-order perturbation 
for nondegenerate levels. 

More accurate eigenvalues may be obtained by successive approxima- 
tions. To find the second approximation of H,, Eq. (10-73) may be kept 
to the second order. Among the diagonal elements, Hn, — En is a small 
quantity of the second order while the others, Hinm — En, are finite. The 
off-diagonal elements are small quantities of the first order. The second- 
order approximation of Eq. (10-73) may be obtained by: (1), replacing 
EF in Eq. (10-73) with H,, except for the element H,, — HE, and (2), re- 





taining the off-diagonal elements Hin, Hon,..., and Hn 1, Hno,.-.. Thus 
we have 
Hy1—H nn 0 0 ues Hin 
0 Hoo—Hnn 0 ... Hon 0 
0 0 H33—Hnn ... Han 0 
; ; . F — 9. 
Ant Ane Ang cee Hnn—E Ann 41 
0 0 0 se Hns+i,n An4inti—Ann 
(10-75) 
Equation (10-75) may be reduced to the following expression: 
qo —— es if = Aas 
Ba a oe ~ Umm Hon) a a IL (Hmm — Hnn) + 
+ (Ann — a — Hnn) ++++=0, (10-76) 


where II’, is a product of factors of all values of m except m= n. It 
follows that 
Hm mn 


E= Han to ae (10-77) 
(1) py (1) 
= BO 4 xD 4 yA Hamm 4. (10-78) 


WO) <0. 
m Ln = - Em 
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Thus the second-order perturbation of the nondegenerate level is re- 
produced. 

If the unperturbed equation has degenerate solutions u;(x),..., Ug(x) 
then the off-diagonal elements Hn» for the degenerate solutions u;(x),..., 
Ug(x) do not vanish in the zero-th order. The first-order approximation of 
Eq. (10-73) is thus 


Hiw=8 Hig of? Ty 0 0 
Hac Coe B> on “HH; 0 0 
Ag Ho sane H,,—E 0 0 Pere = 0. 
0 0 ia 0 Ho+1,941:—-£ 0 
0 0 Eis 0 0 | eee 


(10-79) 


The energy eigenvalues of the nondegenerate levels (for which n > g) are 
thus the same as before, while those of the degenerate levels (n < g) are 
given by 


Bigs Pe ‘ide Shy 
Ha Ha — EB ... Hoo | 9, (10-80) 
Hy Ha iu Hig - 2 


The first-order perturbation of the degenerate level is thus reproduced. 

This general theory may be carried out to any degree of accuracy by 
including in Eq. (10-72) the proper nondiagonal elements. The more 
nondiagonal elements we include, the more accurate, in general, the 
solution may be. When all nondiagonal elements are included, we obtain 
the exact solution. 


10-4 The Stark effect. When a radiating atom is placed in an electro- 
static field, each of its spectral lines splits into a number of components. 
This phenomenon is known as the Stark effect, named after its discoverer 
who in 1913 observed the splitting of the Balmer lines in a field of 
100,000 volts/em, Since a very strong electric field is required to produce 
an observable effect, it was discovered much later than the diseovery of the 
Zeeman effect, the splitting of spectral lines due to a magnetic field (1897), 
The normal Zeeman effeet was explained immediately after its discovery 
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by the classical theory—the Lorentz theory of the electron. (It may be 
mentioned that in the same year (1897) Thomson discovered the electron.) 
The Stark effect, on the contrary, cannot be explained by the classical 
theory. In the same year (1913) of its discovery, Bohr initiated the 
development of the old quantum theory. This theory was able to explain 
the Stark effect as well as the Zeeman effect; it was considered as a 
major triumph of the old quantum theory. Yet a complete account of 
these effects would have to await the formulation of quantum mechanics 
around 1925. Irom the spectroscopic point of view the Zeeman effect 
is more important; it will be discussed in Chapter 12. The Stark effect 
will be discussed here as an example of the perturbation theories developed 
in Sections 10-1, 10-2, and 10-8. For this purpose we are interested in 
one aspect of the Stark effect only, i.e., the quantization of energy. The 
other aspects, including the selection rules, intensity, and polarization of 
the component lines, belong to the theory of radiation, and so will not be 
discussed here in spite of the fact that they may be treated on the 
basis of the correspondence principle. 

(A) The old quantum theory. For historical, as well as mathematical, 
interest, the old quantum theory treatment of the Stark effect will be 
briefly sketched here. The electron in a hydrogenlike atom, when exposed 
to an electrostatic field F in the positive z-direction, will have an addi- 
tional amount of potential energy +-eFz where e is the numerical value of 
the electronic charge: 


e = +4.80 x 107'° esu. 
The total energy is thus 
Beige pe a (10-81) 
5M Px Py Pz : : 


The parabolic coordinates £, 7, ¢ are introduced by the following equa- 
tions of transformation: 





x= V én COS ¢, 
y = Vénsin ¢, (10-82) 
2= 45 un 


The Lagrangian* is then transformed in parabolic coordinates: 


2 
es Ma Pi P+ tee? + P+ i) 4% —eF2. (10-83) 


“ The Lagrangian is a function defined by L = 4m(z? + y? + 2?) — U(a, y, 2), 
where U(x, y, 2) is the potential energy; from the Lagrangian the generalized 
momenta may be obtained by the definition Iq. (10-84). 








10-4] THE STARK EFFECT 219 


The generalized momenta are 


_ aL _M 1) ¢ 
_oL _M/(,, &\. 
= sah" (1 rsa, (10-84) 
oL 


Pe = 3g" Ming. 
Equation (10-81) thus becomes 


eee ees ee 2 (E42) |-~“ 5 E— #9 
= sary [*08 + Ane? + pug! |-Gipe 3 
(10-85) 


E 





The right-hand side of Eq. (10-85) is actually the Hamiltonian. The 
Wilson-Sommerfeld quantum conditions assert that 


fre dt = nyh, 
$n dn = moh, (10-86) 
$ Pv dpe = ngh. 

Rewrite Eq. (10-85): 

4p? + 4npi + (1 a i) pz — 4M Ze? + eMF(¢? — n°) — 2M(E+n)E =0. 


(10-87) 


This equation may be satisfied if p;:, p,, Py satisfy the following equations 
respectively :* 
De = a, (10-88) 


4tp? + : a? + eMFé — 2Mt = 8B, (10-89) 
4npa + ; a? — 4MZe” + eMFn? — 2Mn 6, (10-90) 


* In solving the Hamilton-Jacobi differential equation wo use the method of 
separation of variables to obtain a complete integral containing three arbitrary 
constants 2, a, 8. A similar procedure is adopted hore, Phynloally py is a con- 
stant a because ¢ is a cyclic variable, 
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where a and 8 are constants. This may be verified by straightforward 
substitution. Solve Eqs. (10-88), (10-89), and (10-90) for py, p:, and p, 
in terms of ¢, & 7 respectively, substitute the results in Eqs. (10-86), 
and carry out the integration. The three equations so obtained express 
the three constants a, 8, and Ff in terms of the three quantum numbers 
M1, N2, and nz. The result for LZ is 


‘ MZ’c* = 33h? F 
i= S2n2 IMZe n(nz 1), N=nNy+nN2+n3. (10-91) 





It shows that the energy is quantized. In addition to the Balmer term 
value, there is now a second term, proportional to the field F, representing 
the additional energy due to the electric field. 

(B) The nondegenerate perturbation method. The quantum-mechanical 
treatment of the Stark effect* may be carried out in parabolic coordinates 
by using the techniques of the nondegenerate perturbation theory of 
Section 10-1; it may also be carried out in spherical coordinates as a 
degenerate problem by the method of Section 10-2. Since our purpose 
is to illustrate the perturbation methods, both approaches will be pre- 
sented as examples of the nondegenerate and degenerate perturbation 
theories. Finally, the general theory of Section 10-3 will also be applied. 

The time-independent Schrédinger equation for this problem is 


2 
Vy + za ( cs Ze - cP) y=0. (10-92) 


By writing the Laplacian in parabolic coordinates, Eq. (10-92) may be 
rewritten as follows: 


a\ af a 1\ a°y 
g(e@)+2(3 ) 43 (E+2)o 
+ 553 Mle + mE + 2%? — F (g — vy =0. (10-93) 


The similarity between Eq. (10-93) and Eq. (10-87) may be noted; the 
procedures of separating variables in solving these two equations are 
analogous. Let 

W(E, 0, e) = X(E)Y(n)&(¢). (10-94) 


* P. 8, Epstein, Phys. Rev, 28, 695 (1926). 
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The separated equations are thus 


2 
= = —m’, (10-95) 
d (, dX _ eF 7 ae 
dé (: aX) _m Ze xX + 553 _ +4, > é & efx - 0, (10-96) 
d(_adY\_ m M eF | = . 


where m, Z,, Zz are constants and 
Zi + Zo = 2Ze?. (10-98) 


The solution of the equation is well known and the constant m must 
be an integer. By the substitution, 











eo Fi (10-99) 
Vm Vai (10-100) 

Eqs. (10-96) and (10-97) may be rewritten as follows: 
get lam (B+) + gen |e Gar ee —10-100 
me ee 


Since Eq. (10-102) may be reproduced from Eq. (10-101) by replacing 
F by —F we need to solve only one of them, say Eq. (10-101). We shall 
consider the solution of this equation as a one-dimensional problem, which 
is nondegenerate, and treat the term on the right-hand side as a perturba- 
tion. The unperturbed equation 


ey M (0) , 41 1— m? » (0) ‘ 
Te +{x (x 4+— z Te u 0 (10-1038) 


has a form similar to the radial equation of the hydrogen atom, liq. (8-74), 
except that the factor }(1 — m?) takes the place of —l(/ 4 1) in Iq, 
(8-74). Therefore it may be solved in a similar manner, ‘The asymptotic 
solution is to be obtained first. The pole is then removed and the re- 
maining equation may be solved by the power series method, In order 
that the solutions may be acceptable, the series must terminate, ‘Thus the 
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energy is quantized. The quantum number thus introduced is denoted 
by n;. We shall omit the details and merely state the results. The eigen- 
functions are given by 


ies (EN Oe Le ae), y= 0/1, 2) 25: 0-104) 
where 
r= V—[2MEO /h2] &, (10-105) 


and Ln, +4m(x) is the associated Laguerre polynomial. The eigenvalues are 
determined by the equation 


Z, [| M 1 
2 2h2BO =1+5-5+m, my = 0,1,2,.... (10-106) 


The unperturbed solution of Eq. (10-102) may be obtained by replacing 
& by » and Z; by Zz. The quantum number of Eq. (10-102) is denoted 
by ng. Thus 


Zo | M m 1 
2 — RaRwD —~1+y—_t NM, no = 0,1,2,.... (10-107) 


Equation (10-98) thus leads to the following result: 


Ze?\/—M/2hE©] = 1+ m+n, +n. (10-108) 
Consequently, the unperturbed energy eigenvalues are 
EO _ MZ*¢' 
2h?(n, + no + m + 1)? 


MZ*e* 
~ “OF en?’ n=m+n+m+1=1,2,3,.... 





(10-109) 


The above equation is identical with Eq. (8-95), which gives energy 
eigenvalues of the hydrogen atom, except that a different but equivalent 
set of quantum numbers is used. This result is expected, since the unper- 
turbed problem is the hydrogen atom itself expressed in a different co- 
ordinate system. We have seen in Chapter 9 that different coordinate 
systems lead to the same results. After having solved the unperturbed 
problem, we turn to the first-order perturbation. Equation (10-101) may 
be rewritten as follows: 


Qn? {  d’u = 1 — m? MZ 1 
WM \ a “a4 “7 7 u} + 5) eFtu = Eu. (10-110) 
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The perturbation term is thus 
AH = feFE. (10-111) 


Since the unperturbed solutions are nondegenerate, the first-order per- 
turbation of energy is 


rE? = deF [ UN) (E) Euny (E) dé. (10-112) 


The evaluation of the integral is complicated; we shall merely state the 
results in the following: 


2 
DEW = 5 oP PF yi (6(m1 +m)? + BCL — m)(m + m) + (m — 1)(m — 2). 


2° 
(10-113) 


On the other hand, a similar equation may be obtained from Eq. (10-102), 
the only difference being the sign of F. ‘Thus 
1 i? 
(Mie 
Eng = 5) eF MZ 
X [6 (m2 + m)? + 6(L — m)(n2 + m) + (m — 1)(m — 2)]. (10-114) 


When u(£) and v(n) combine to form a complete solution, the total energy 
E appears in both Eqs. (10-101) and (10-102). Therefore the two perturba- 
tion energies calculated from the two equations must equal each other, 1.e., 


ABW = ~EW = rE. (10-115) 
From Eqs. (10-113) and (10-114) we obtain 


2 
(21 + Zo)XB® = 5 oF a Bay Maine hig SE De, “COT8) 


Substitution by Eq. (10-98) leads to 


3 Fh (ij 
2 MZe 


The first-order perturbation energy is thus obtained, It is the same as 
that obtained by the old quantum theory, Eq. (10-91). 

(C) The degenerate perturbation method. We now approach the same 
problem by a different method. The Schrédinger equation for the Stark 
effect, Eq. (10-92), may be solved in spherical coordinates, the term els 
being treated as a perturbation. The unperturbed problem is simply the 
hydrogen atom problem which has been solved in apherieal coordinates, 
The solutions are degenerate, Accordingly, the perturbed energy values 


EY = — n2)n. (10-117) 
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may be obtained by solving Eq. (10-58). The perturbation term is 


dQ) = 
Fie AHS’ = eFz = eFr cos 6. (10-118) 


\=eF, H? = rcosé. (10-119) 


The matrix elements are 


1 
He an'l'm’ = Lf von COS OYn't'm’r sin 6 dr dé dy, (10-120) 
where Wnim are the hydrogen atom wave functions, some of which are 


listed in Iq. (8-117). For the ground state, n = 1, 1=0, m = 0, the 
energy level is nondegenerate; the first-order perturbation energy is 


) 
A100, 100 


I 


1 —2(r/a : 
a fff cos 6 — se 271972 sin Bdr dodgy (10-121) 
—— 0. 


It is zero because the wave function is spherically symmetric. For the 
first excited state, n = 2, we have a fourfold degeneracy. yeo0, #211, 
W210, ¥21-1 all have the same energy Hy. Equation (10-58) becomes 


a) () () 1 
300,200 — E H7200,211 H300,210 H5¢0,21-1 
(1) (1) 1 
211,200 H3%1,211 — E™ HS)1,210 HS?1,21-1 
Hy () () (1) a) ee 
210,200 H3{0,211 H310,210 —E H310,21-1 
(1) (1) 1 
F21-1,200 H31-1,211 HS?-1,210 HS4-1,21-1 a 
(10-122) 


The matrix elements may be evaluated in a straightforward way. For 
example, 


(1) = T 1 r -. 7 —rila 
IT310,200 = 30m ad Ill (:) (2 _— "Ve 7/4 eos 6(r cos @)r” sin 6 dr dé de 


Qr 


cos” 6 sin 6 ao de 
0 


Awe ee ee ee 
300 eC, a)e a 


a 2 
mae (RT j ws 
307 & 5!+ 2-41) 3 20 


ee es ae 
= —3 7763 
2 
Hyo,210 = HSYo,200 = —3 Wea 
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All other matrix elements turn out to be zero. Equation (10-122) thus 
becomes 








po 8h 
# ° mz 
_ AO 
ft : 0 }=0. — (10-123) 
= 3h _ (1) 
uze ° = : 
0 0 0 —E™ 
The four roots of this equation are 
ay BR BNE i 
EY’ = 0, 0, + Mize’ MZe2’ (10 124) 
and the corresponding perturbed energy values are 
3h? 3H? 
(dy) ont ee pa 
AE” = 0, 0, Meo Ze (10-125) 


We may compare the result with that obtained before, i.e., Eq. (10-117). 
For n = 2, the possible values of n; are 0, 1. Those of ne are also 0, L. 
Thus there are four possible values of nj — mg, ie, 0, 0, 1, —I. 
Equation (10-117) gives the values of the perturbed energy: 


BFA? _ 8FH 


C1) __ —-- 126 
E> =— 0, 0, + MZe’ MZe (10 126) 





Thus the two methods lead to the same results. 

The physical interpretation of the results is essentially the same as that 
in Section 10-1. The first-order perturbation of energy is a result of the 
asymmetry of the charge distribution (given by the wave functions) with 
respect to the z = 0 plane. If the wave function is symmetric with respect 
to the z = 0 plane, the first-order perturbation vanishes. However, the 
field distorts any wave function by an amount of the first order. The dis- 
torted wave function gives rise to an average value of the electrostatic 


- potential e/’z which in turn is a second-order small quantity, ‘Thus the 


second-order perturbation of energy derives its origin from the polariza- 
tion of the hydrogen atom. We shall treat the second-order perturbation 
of the ground state of the hydrogen atom by the general perturbation 
theory of Section 10-3, 

(D) The generalized perturbation method, The perturbed energy of the 
ground state to the second order may be obtained from Hq, (10-75) where 
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n is to be identified with the ground state. We rewrite the Schrédinger 
equation (10-92) as follows: 


2MZe? 1,  2MeF 2ME 


Va qe ToS = —— yy. (10-127) 











Change the scale of the radius vector by the following transformation: 





2r i? 
Equation (10-127) may thus be transformed to 
2 1 1 
Voy + (: — yy — Aécos 0) = Wy, (10-129) 
where V? is expressed in terms of £, and 
2MeF a a” ie 
OM." 1 a 1 
Wee ae ge gee pagan oye OnIS1) 


The eigenvalue problem is thus specified by the Hamiltonian operator 


H=v?+ (: = 1) AP G0RG. (10-132) 
The eigenvalue is denoted by W. The constant A is proportional to F and 
thus corresponds to the parameter \ in the perturbation theory of Sections 
10-1 and 10-2. By the method of Section 10-3 we need not separate H 
into H® and \H"”; on the other hand, we need a set of orthogonal func- 
tions F,(x). The following set of functions is introduced for this purpose: 


Fy (&, 9, ¢) = Bva(€) Yuu (8, ¢), (10-133) 


where ¥4,(6, ¢) is the spherical harmonic and 


Eon(é) = eas FER DEM PLA et” (10-134) 
{0 + >)}8 ries 

L?*+1! being the associated Laguerre polynomial. The function Fy, (&, 9, ¢) 

is similar to the hydrogen wave function except that the exponential factor 

is independent of the principal quantum number. This difference presents 

no difficulty in making mathematical computations involving %,,(¢) if 

& proper change of scale of £ is made in the associated Laguerre polynomials. 
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From the properties of the associated Laguerre polynomials, the following 
properties of F’,,, may be established. As the mathematical details are not 
essential for the understanding of the physical problem, we shall state the 
results without proof. 

1. The functions Fy, satisfy the differential equation 


v1 
VF + ( = 1) Fy = ee Py. (10-135) 

2. Their orthonormal property, as defined by Eq. (10-68), is repre- 
sented by the following equation: 


2a fr ro 
iF i ip Poy Fy'n'yt dé sin 0d0 dy = Sy'Syx'8uy’- (10-136) 
0 0/0 


The density function is 
p(E, 0, ¢) = Esin 0. (10-137) 
Since p dé d@d¢ is not the volume element £? sin 6d dé dg, the integral 


of |F,,|7 over the whole space may not equal unity. Actually, this integral 
has a value given by 


Qe pr po * 7 2 : ; 
Yoru, v'r'n" =[ / | Py ly yuk” dé sin 0d0 dy = 2byy'yy' Buy’, 
0 JoJo 


(10-138) 
Yonu,v'»’u? being defined according to Eq. (10-69). 
3. They are related among themselves by the following equation: 


Ey, = —{V — NY EAH VD} Pog ae 
4 DF ig — {0 ENO = DY AF yeiae (10-139) 
From this general relation we can prove, in particular, that 
2 cos OF 100 = 4/2 Foi0 < 20/2 Fei: (10-140) 


This set of functions F’,,, will now be used in the general perturbation 
theory of Section 10-3. Equation (10-75), in the more general form of 
Iq. (10-72), may now be written as follows: 


Haio,100 Hay0,210~ 21 100,100 0 0 


Hyo0,100- 2W H 100,210 F00,310 H 100,200 Myon Mower Moonee | 
0 


510,100 0 Myi0,910~ 24 100,100 0 


M00, 100 0 0 900,900 2 yoo ao 


i 


(10-141) 
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where the values of Ypay,7n47 given by Eq. (10-138) are used. The matrix 
elements are given explicitly by 


24 pr po 
Ayyu,y' vy! = i; [ [ Foxy {v2 + ( _ 1) — Aécos | 


x Fy? désin@dody. (10-142) 
They may be evaluated by the properties of F', listed above. By 
Eqs. (10-135) and (10-136), 


Hyyyu,v' n'y! = —(v’ —_ 1) by’ dyn’ up’ 


2r pe po 
—aA if / / Foyt? cos OF y'y'y’é dé sin 6 dé de. (10-143) 
0 0/70 


The matrix elements in the first row and in the first column may be 
calculated by making use of Eq. (10-140). Because of the orthogonality 
relation expressed by Eq. (10-136), Eq. (10-140) requires that all of 
them vanish except those connecting F499 with Fo19 or F310. Equation 
(10-141) becomes 


—2W Hi00,210 100,310 
H210,100 He10,210 0 = 0. (10-144) 
310,100 0 310,310 


The numerical values of the nonvanishing matrix elements are readily 
evaluated by Kqs. (10-1438), (10-139), and (10-136). Thus 


—2W —4/2A 2/24 
—4V/2A | 0 = 0. (10-145) 
2/2 A 0 ea 


The solution of Eq. (10-145) is 
W = 18A?. (10-146) 
By Eqs. (10-130) and (10-131), the above equation becomes 


1 18a* 


- = 2 
4 [e722 F (10-147) 





9 
er E100 
or 


|e (10-148) 
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The first term is the unperturbed energy value of the ground state of the 
hydrogen atom. The second term, proportional to the square of the field, 
is the second-order perturbation energy. The polarizability a is defined 
as the proportionality constant of the induced electric dipole moment vs. 
the inducing electric field. The energy of the induced dipole is thus 


a i —_ 12 
s= =; oF dF = —taF?. (10-149) 


Comparing the second term of Eq. (10-147) with Eq. (10-149), we obtain 
the polarizability of the hydrogen atom at the ground state: 


w 


a 


ee —24 3 = 
w= 5. a= 0.68 x 107°" cm”. (10-150) 


PROBLEMS 


10-1. A linear harmonic oscillator is perturbed by an additional potential Ax. 
Determine the eigenvalues and eigenfunctions. Repeat for the perturbation po- 
tential \x*. Compare the results with those of Problem 7-2. 

10-2. A simple pendulum may be regarded as a linear harmonic oscillator to 
the first approximation. Repeat Problem 4-1 in the second and third approxi- 
mations. 

10-3 Discuss the perturbation of the isotropic, three-dimensional harmonic 
oscillator by an additional potential Ar. Repeat for Ar? and Art. 

*10-4. Discuss the perturbation of an isotropic, four-dimensional harmonic 
oscillator (Problem 9-2) by an additional potential \1(a? + y?) + do(z? + w?)?. 

10-5. Consider the problem specified by the potential shown in Fig. 10-1. 
Solve the Schrédinger equation by the perturbation method, the unperturbed 
problem being that of Section 5-1. 

10-6. Show that the function ¥!0'(1 < n < g) isan cigenfunction of H, the 
eigenvalue ES) being a root of Eq. (10-58). 


U(2) 





Fiaure 10-1 


"Indicates more diffieult problema, 
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10-7. Discuss the Stark effect of the third energy level (n = 8) of the hydro- 
gen atom by the method of Section 10-4(B). 
10-8. Verify the result of the above problem by the method of Section 10-4(C). 
*10-9. The u-mesic x-ray spectra do not agree exactly with the Balmer formula; 
the deviation is attributed to the fact that the nucleus has a finite size, instead 
of being a point charge as tacitly assumed in the theory of the hydrogen atom. 
Calculate the shift of energy levels by the perturbation theory assuming the 
nucleus to be a charged spherical shell of radius a. Discuss how to use the 
u-meson as a probe to investigate the charge distribution inside the nucleus. 
*10-10. The three-dimensional spherical well potential is perturbed by a small 
potential Ar where A is a small negative constant and r is the radius vector. 
Does the perturbation theory lead to a correct solution in this case? [Hint: 
The perturbation changes all bound states to resonance states (or virtual states, 
see Problem 5-5). The perturbation theory gives rise to an energy shift but 
fails to account for the resonance character. When the width of the well ap- 
proaches zero (6-function potential), the exact solution by the method of complex 
eigenvalues is given by Titchmarsh, Proc. Roy. Soc. 207, 321 (1951).] 





CHAPTER 11 
TIME-DEPENDENT PERTURBATION THEORY 


The perturbation theory developed in the last chapter dealt with the 
time-independent Schrédinger equation. The time variable was not in- 
volved. Nevertheless, the general idea of the perturbation method may 
also be applied for the solution of the time-dependent Schrédinger equa- 
tion. In this chapter we shall develop such a theory. Since the time- 
dependent Schrédinger equation is the equation of motion in quantum 
mechanics and its exact solution is in general difficult to obtain, this 
approximate method is important for the solution of many dynamical 
problems. In atomic physics, particularly in spectral analysis, the main 
concern is the quantization of energy; the time-independent perturbation 
theory of the last chapter finds wide application. In nuclear physics, 
particularly in nuclear reactions and disintegrations, the main concern 
is the determination of the outcome of a specific process; the time- 
dependent perturbation method is frequently used. In the following, 
we first develop the general theory; this will be followed by a discussion 
of applications in nuclear physics and in radiation theory. Incidentally, 
this method is also known as the method of variation of constants, the 
reason for which will be made clear later in the course of development. 


11-1 General theory of time-dependent perturbation.* The purpose of 
the time-independent perturbation theory is to solve a time-independent 
partial differential equation with the help of a set of known solutions of 
an approximate equation, i.e., the unperturbed equation. Similarly, the 
purpose of the time-dependent perturbation theory to be developed here is 
to solve a time-dependent partial differential equation with the help of a 
set of known solutions of an approximate equation which will again be 
called the unperturbed equation. 

In the last chapter we wrote the time-independent Schrédinger equation 
in the operator form 


Hy = Ey. (11-1) 


Since the time-dependent Schrédinger equation (2-41) is obtained from 
the time-independent Schrédinger equation by replacing (2M /A") HW with 
"Pp. A.M, Dirac, Proe, Roy, Soe, A112, 661 (19206); Alla, 244 (1027). 
231 
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(21M /h) (0W/at), it may be written in operator form as follows: 


h ow 
HY = — or (11-2) 
We may consider Eq. (11-2) to be obtained from Eq. (11-1) by the follow- 
ing operator substitution: h 


Eo>—<C. (11-3) 


The reader may recognize the similarity and difference between Eq. 
(11-8) and Eq. (10-8). 

We consider those problems the Hamiltonians of which may be written 
as the sum of two terms, the second term being much smaller than the 
first: 

A= H+ )H™, (11-4) 


As before, \ is an infinitesimal parameter which determines the order of 
perturbation. For generality H” may contain (but does not necessarily) 
the time variable t. This happens when the potential contains a small 
time-dependent part. In classical mechanics such a force field is not 
conservative, and conservation of energy does not hold. We shall see 
similar situations in quantum mechanics. Our purpose is to solve Eq. 
(11-2) with the help of the known solutions of the unperturbed equation 





(0) 
HOO — — ee : (11-5) 
The general solution of Eq. (11-5) is given by 
1p) p60) . 
VO = Yan (Oe En Ym, (11-6) 


where the coefficients a,(0) are constants and the functions y© are 
eigenfunctions of the following time-independent Schrédinger equation: 


HOW? = En”, (11-7) 


E® being the corresponding eigenvalue. The ¥©’s and E’s are assumed 
to be known. 

Since any well-behaved function of x, y, z may be expanded in a series 
of orthonormal functions, the general solution of Eq. (11-2) at a par- 
ticular time fo, being a function of x, y, z, may be expressed by a series 
of orthonormal functions F(z, y, z). Thus 


W(x, Y; 2%, to) wy Dan (to) Fn(a, Y; 2). (I 1-8) 
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The coefficients of expansion, of course, depend on tg. Similar expansions 
may be made at other times, and all of these expressions may be sum- 
marized by the following equation: 


U(x, y, 2, 8) = Doan(P a(x, y, 2); (11-9) 


n 


where the coefficients of expansion a,(t) are considered as functions of 
time. As the functions F(z, y, 2) are known quantities, the unknown 
function W(x, y, z, t) is thus replaced by a set of unknown quantities 
an(t), n = 1, 2,.... (This is a mathematical transformation similar to 
the Fourier transformation.) The equation of motion governing 
W(x, y, 2, t) is to be transformed into a set of equations determining the 
coefficients a,(t). This may be carried out by substituting Eq. (11-9) in 
Eq. (11-2), the result being 


h ” 
LianDHPy =-7F Ladn(h ms (11-10) 


Multiplying this equation by F*, and integrating over the space variables, 
we obtain the following equation: 


dnt) = — 5 Dian(\Hma, m= 1,2,..., (11-11) 


where 
Hn = i F*HF,, dt. (11-12) 


The A mn’s are known quantities. Equations (11-11), being of the first 
order in time, are a set of simultaneous ordinary differential equations 
which completely determine the set of functions a,(t) once their initial 
values a,(tg) are given. Since the set a,(¢) determines the function 
W(x, y, z,£) completely, Eqs. (11-11), determining the set a,(¢), are 
equivalent to Eq. (11-2), which determines V(a, y, z, t).. A partial differ- 
ential equation (11-2) is thus replaced by a set of simultaneous ordinary 
differential equations (11-11) which may be solved more conveniently. 
The initial condition specified by W(x, y, 2, to) is now replaced by the 
initial condition specified by the set an(to). An equivalent mathematical 


problem is thus formulated and Eqs. (11-11) will now be considered as 
the quantum-mechanical equations of motion in terms of the funetions 
an(t). 


A trivial case may be mentioned first. If the set of functions /’y(a, y, ®) 
are the energy eigenfunctions, i.c., 


ly = Wn, Hp = Lin, (11 13) 


234 TIME-DEPENDENT PERTURBATION THEORY [cHap. 11 


then the equations of motion, Eqs. (11-11) become 


dn(t) = — ‘Gm (t), m= 1,2,.... (11-14) 
Their solutions are 
Am = Am(O)e~PEmtE om = 1,2,..., (11-15) 


where a@(0) is the initial value of a, at t = 0. It follows that 
V(x, y, 2, t) = Doane“ 2""Y, (x, y, 2), (11-16) 
n 


and the wave function at any time ¢ is expressed in terms of its initial 
value at t = 0 represented by a,(0). Thus the present method reproduces 
the well-known result that the general solution of the time-dependent 
Schrédinger equation may be expressed by a series of energy eigenfunctions 
each with a proper time factor attached. 

When the above result is applied to the unperturbed equation, Eq. (11-6) 
is reproduced. When the perturbation is small the perturbed wave func- 
tion W(x, y, z, t) should not differ greatly from the unperturbed wave 
function ¥ (2, y, 2, t). Since ¥ (2, y, z, t) is given by Eq. (11-6), where 
the coefficients an(0) are constants, V(x, y, z,t) may be assumed to take 
the form 


. (0) 
Ta, yy 2 0 = Soa (He Fw: Ye, ii)" 
n 


where the functions a,(¢) approach the constants a,(0) when the perturba- 
tion is reduced to zero. Comparing this equation with Eq. (11-9), we 
note that the functions ¥ are used merely as a set of orthonormal 
functions, the coefficients of expansion being 


; (0) 
dn(t) = an (te CIP Ea 


For a small perturbation we may expect from the above consideration 
that a,(t)’s are slowly varying functions of time. Under this condition 
Eqs. (11-11) may be solved by appropriate approximations. It is here 
the idea of the perturbation method enters. Let us assume, by anology 
to Eqs. (10-9) and (10-10), that 


ain(t) = of (t) + ralP() + Mal) ++, n= 1,2,.... (11-18) 





“The differences between Eqs. (11-16) and (11-17) should be clearly recog- 
nived, 
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Multiplying on(t) by e~“/#n’*, we obtain a,(t). Substitution of an(t) in 
Eq. (11-11) results in the following: 


sp) pO) 
[a6 (t) + AGW CE) + PGP H+ + Je“ E mt 
, . (0) 
= FED LADO + aK + Mag) fe eC Em’ 
= ED 1a + rahPO) + rPAhPM) fs Je“ CIPPRCSR + NETH) 
(11-19) 


Since we now use the unperturbed wave functions ¥ as the orthonormal 
functions F',, the matrix elements are given by 


HY = En’ ban: (11-20) 
Equation (11-19) thus becomes 
[48() + rasP) + r2ALPD fo Je“ 
= — LY pTal(y + HRA + MARA) +o eA 
: (11-21) 
As before, coefficients of the same powers of \ on both sides of the equation 
must be equal. These conditions give rise to the following equations from 


which the values of the various orders of perturbation of a,(!) may be 
determined in succession: 


262) = — LD HL! HEMER APY, (11-23) 
APO = — ES HRalPpemltm Hw), (11-24) 
n 
’ 
Ast) = — FS Halr(etim(Hm—HR')', (11-25) 


n 


Equations (11-22) determine the zero-th order ajy’())j the solutions are 


all constants, Thus the gero-th order approximation reduces to the trivial 
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case we have already discussed. Before we proceed to solve the next 
equation, we have to consider the initial conditions of Eqs. (11-22) to 
(11-25). The initial condition of Eqs. (11-11) is that at time t = 0 the 
an(t) take the initial values a,(0). Since in Eq. (11-17) we require ap(t) 
to approach a,(0) when the perturbation is reduced to zero, Eq. (11-18) 
requires that 


a(t) = an(0). (11-26) 


This is consistent with Eq. (11-22), according to what we have just dis- 
cussed. From Eqs. (11-26) and (11-18) we may obtain the initial condi- 
tions of Eqs. ree to (11-25). The result is that the initial values of 


a, a®,... a0, ..., at ¢ = O must all be zero, ice., 


of(0) = 0, af?0)=0,..., a0) =0,..., n=1,2,.... 


Equations (11-26) may now be substituted into Eqs. (11-23) to determine 

as. With the initial condition that a9(0) = 0, Eqs. (11-23) completely 
determine af. The results may now be put into Eqs. (11-24) to de- 
termine a. The procedure may be carried out to as many orders as we 
wish. The initial conditions just stated enable us to determine uniquely 
the solutions of Eqs. (11-22) to (11-25). 

We now proceed to solve Eqs. (11-23) for the first-order perturbation. 
Introduce @mn by the definition 


(0) (0 
Ey — EY 


Omn = ——>—— + (11-27) 





Equations (11-23) may be rewritten as follows: 
dim (t) = — 22 Hyindn(O)e™n*, (11-28) 


When H‘” is independent of time, Eqs. (11-28) may be solved easily. 
(For a time-dependent H the solution is somewhat different; a special 
case will be discussed in Section 11-5.) The constants of integration are 


determined by the initial conditions, i.e. rs PY = 0. The solutions thus 





obtained are 










1 F WWmnt 
an) = — 5 Dy Hnan(0) ————, m= 1,2,.. (11-29) 


n 





In many practical applications the initial conditions are such that at 
t = 0 the system is described by one of the unperturbed eigenfunctions, 
say, ¥{(x, y, z). The mathematical expression for this condition is 


an(0) = bax, m= 1,2,.... (11-30) 





11-1] GENERAL THEORY 237 




















a 
lH ale P | Ps eres ey mk < Om'k 
2 
70 mk - 
(1) 
len? (o| 
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{ent 
m 
2 
an |a0? (0) 
nk (1) 2 
-— Average of le (o| 
t 
SSS + Long run 





~~ Short run 
Fieurp 11-1 

The physical situation corresponding to such an initial condition will 

be discussed in the next section. I*rom now on we shall always assume 


the initial conditions to be given by Eq. (11-30) unless otherwise specified. 
Substitution of Eq. (11-30) in Eq. (11-29) results in the equation 


(11-31) 





Yor the special case m = k the fraction (emk' — 1)/Wmp is to be replaced 
by its limiting value zt (see Problem 11-9 for further discussion). Making 
use of the identical equation 

ef — 1 = 24 ef!" sin 5 (11-32) 


Uialiurt annygblrche of Cows C 


mk| Sin” (Wmpt/2) 


2 
hw2n 


we derive the following result:4/p / 


z 


The time variation of |a{(é|? is plotted in Fig. 11-1 where two curves 
for two values of m (m and m’ are such that wm < mp) are given, 
The curves are all of the sin? x type. For large values of #,, the amplitudes 
are small because they are proportional to 1/wrx; the periods aro also 
small because they are proportional to 1/w,. Sinee the average value 
of sin? « over a period is 4, the amplitude multiplied by 4 may be regarded 
as the average value of |a{?(é)|? for a time period ¢ long compared with 
27r/wme. The results may be summarized thus; If a system at time 0 is 
deseribed by a single term y{” in the expansion of Iq, (1-17), then at 
time ¢ long compared with the periods 27/é»y, the ayatem will be repres 






= 





Jas) (¢) |? MG D5 veces (11-33) 
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sented by an expansion in which ¥{° is again the dominant term; but 
other terms ¥© also appear with coefficients a‘) (t)e~/” 2m", the average 
value of the square of the absolute value of the bbefficient being 
2|AH OR? /h?2w2?. Since these average values are time independent we 
may regard the composition of the series, in the long run and on the 
average, to be time independent. (However, this result cannot apply in 
the short run in which the amplitudes of different terms ¥ increase in 
time according to different rates.) Since hom, = EO — E(, the average 
of |a\(t)|? is proportioned to 1/(H® — E®)?. Thus those terms y 
with eigenvalues H® close to E(, the eigenvalue of the original term yo, 
will be built up to a larger axient: Other ys with eigenvalues E® far 
away from E{°) will appear in the series Eq. (11-17) only in very small 
amounts. 
Having obtained the first-order solution we proceed to solve the second- 
order equations (11-24). The initial conditions Eq. (11-30) are again 
assumed. Equations (11-24) become 


. tonge i ee 
am) = + 93D) Hania? ———— em’, m = 1,2,.... (11-34) 
n 


n 


As the matrix elements are assumed to be time independent, Eqs. (11-34) 
may be integrated. The integration constants are to be determined by 
the initial conditions a®(0) = 0. Making use of the relation 


Wmn + Wnk = Wmk, (11-35) 


we write the solutions thus obtained as follows: 














Ln HHS 
OS as ay 
n 


e =| 
Higher order perturbations «?(t) may be obtained in a similar manner. 
We now discuss a simple example for illustration. Consider a charged 
linear harmonic oscillator placed in a weak electric field. The eigenvalues 
and eigenfunctions of this system have been obtained by the time-inde- 
pendent perturbation method of Section 10-1. Knowing these solutions, 
we may write down the general solution of the time-dependent Schrédinger 
equation. However, we shall solve the time-dependent Schrédinger equa- 


tion by the time-dependent perturbation method and show that the results 
of the two methods are the same. The equation to be solved is 


2 2 
(- mite ox) a RA 


(11-36) 


nk Wmk 
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The unperturbed equation 


2 2 (0) 
(rae taet)e= Fase 


has already been solved in Chapter 4. Its general solution is a superposi- 
tion of eigenfunctions with time factors attached: 


V(x, t) = ¥ ane MER yO (2) (11-39) 
n=0 
where E® and y are given by Eqs. (4-25) and (4-34). The term —qF'x 
is to be considered as perturbation. We let 


}=—qF, H” =z, (11-40) 


The perturbation theory developed here is based on the initial condition 
of Eqs. (11-30). Let us assume that the initial state of the system at 
t = 0 is represented by one of the ys, say, ¥)”, 


V(x, 0) = wh(x). 


As time goes on, the wave function W(x, ¢) changes according to the dicta- 
tion of the time-dependent Schrodinger equation, We may expand V(x, t), 
as a function of 2, in terms of a set of orthonormal functions, Let this set 
be the y (x). Thus 
U(x, t) = D) an(t¥n (2). 
n 


At t = 0, we have 


an(0) = i El (11-41) 
0, for n # k. 


As time goes on, a,(¢) will remain near unity while other a,(¢)’s increase 
gradually from zero. Consider the first-order perturbation. The matrix 
elements of H‘? = x with respect to the eigenfunctions of the oscillator 
are already obtained in Eq. (10-42). Since the matrix elements are non- 
vanishing only when the two quantum numbers differ by one, Eqs. (11-31) 
give rise to two nonvanishing equations 


1 h k-- 1 e® | 
oltt.g = — 2 BE aici 


1 [A ke-wt =] 
1) wees Og) leet Se 
=1(t) i Vio fee 


a) 0, mike hy 
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The equation E, = hw(n + $) is used in writing the above equations. 
The first-order perturbed wave function is thus 


. iwt — . 
U(2,t) = DED ty (0) + oF a = e = 1 eH IDERL LE YO | 


_ pa itwt ; 0 
+ gF4 ae f pene 5 eH IME HY O) (11-42) 


Since the only nonvanishing a) (t)’s are af} ,(t) and a{?,(t), Eqs. (11-24) 


tell us that the only nonvanishing a (t)’s are those for which m = k + 2, 
k, k — 2. Thus the second-order perturbed wave function contains terms 
A7V}o, A7VO, A?y{%.; in other words, 





W(x, t) = [1+ O(A7) Pe” + OA) WP + OC) Wir + OCA?) Yh2o + O(A7 Hho, 
(11-43) 


where the notation 0(\”) designates a quantity of the order of \”. Higher 
order perturbations may be obtained accordingly. The zth-order perturba- 
tion is to introduce in V(a, ) two new terms 0(A‘)¥}; and O(A*)y,;. 
We now consider the physical meaning of this solution. This particular 
solution is such that at time t = 0, its spatial distribution is given by the 
function yf. After t = 0, the system evolves in such a manner that, in 
the short run, other terms y” in the series expansion Eq. (11-17) appear 


and increase gradually. After the coefficients of the y©’s have reached 
their maximum values j rease and t oscillatory. 


Hence in the long run, we may consider their average values (shown i 
Tig. 11-1); and the composition of W(z, ‘) in terms of y®©’s may be re- 
garded, on the average, as time independent._ The ys closer to py 
are built up to a greater extent than those far away from y{. 

This particular solution may be considered from a different point of 
view, i.e., that of the time-independent perturbation theory. Since we 
already know the perturbed eigenvalues HF, and eigenfunctions y, of 
Eq. (11-37) in Chapter 10, the general solution of Eq. (11-37) may be 
expressed in terms of these quantities. Thus 







TG SD Ce Pa). (11-44) 


As a special case, the particular solution we obtained in this section 
Iq, (11-42) may be expressed in the form of Eq. (11-44). This may be 
iccomplished by first making a series expansion of our initial wave func- 
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tion yz) in terms of the perturbed eigenfunctions ¥n(z). Let the result 
be expressed by 
V(x) = DO dnvn(x). (11-45) 
n 
Then we have 


Va, to) = 3 Ayn (x). 


n 


From this expression we conclude 


U(x, ) = pda FMF 4y, (2). (11-46) 


We shall show that Eq. (11-46) is equivalent to Iq. (11-42) (extended to 
higher orders), and therefore the solutions of this initial value prob- 
lem obtained by both methods, time-dependent and time-independent 
perturbation, are identical. To do this we have to determine explicitly 
the coefficients of expansion dy. I’'rom Iq. (10-48) we know the perturbed 
eigenfunctions W;(x) to be 


k+1 0) (0) 


7 k 3 
ve(x) = WE(x) + GF hak Viger — gh nee Via 


+ Pree DELD yoo, 4 qapVR OD yoy ter, (ui47) 


Since the dominant term of the above equation is ¥,”(x), the dominant 
term in Eq. (11-45) must be d,yx(x) and dy must be unity to the zero-th 
approximation. Transferring the term d,¥,(x) to the left-hand side of 
Eq. (11-45), we obtain 


k—1 
V(@) — vex) = DD dnvn(w) + DF dnvn(z). (11-48) 
n=0 


n=k+1 
The left-hand side of this equation, according to Eq. (11-47), is a small 
quantity of the first order; therefore, d,’s for n # k must be at least 
first-order infinitesimal. Actually, comparing Eqs. (11-47) with Iq, 
(11-48) we can determine d+; and d,_,. The results are 


dh = +qFVk/2hok. 


The other d,’s are small quantities of higher orders, The energy eigene 
values /, are the same as 4 to the first order, Thus 


By, = BE + O(n"), (1180) 
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Equations (11-47), (11-49), and (11-50) may now be substituted in 
Eq. (11-46) to obtain the first-order approximation of W(z, t). Thus 


W(z, t) 


= Yew MERt _ op saoE vet en IME, yt 


r k = 
+ OP slap vE-1 & CME, att... 
= eM Ly )+qF ae via rN KR ve + | 


— gF afore SME HY (a) + 


cele ate ye) to 





Beate, (11-51) 
or 
W(x, t) 
- wh (4/1 EO 
eo lMES Yn) + gF ae Pie: e7 tt) g—GIME, Wh? 1 (2) 
k Ww —(t (0) 
— qF. ae (1 — ee OM Fe Yl (x) eee, 


(11-52) 


Remembering the force constant K = Mw’, we rewrite the above equation 
as follows: 


¥(0, t) = eH CMEP Y (2) 


[Rk+1e—1 _; 
+ qF mo ee CIDER YO | (a) 


_ pa twt : 
a ae 1 _ eM ED | ty (2) +++. (11-53) 


Equation (11-53) is identical with Eq. (11-42). Thus the two solutions 
obtained by the two perturbation methods, to their first order, are identical. 
This discussion illustrates the relation between these two methods. The 
time-independent perturbation theory places its emphasis on the eigen- 
values and eigenfunctions. Once these are obtained, the evolution of a 
system in time may be ascertained by Eq. (11-46) after making a series 
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expansion of the initial wave function in terms of the perturbed energy 
eigenfunctions. The time-dependent perturbation theory places its em- 
phasis on the evolution of the system in time, which is determined by 
making use of a set of orthonormal functions—the unperturbed cigen- 
functions. The two methods lead to the same result. 

It may be remarked that in the time-dependent perturbation, the 
unperturbed eigenfunctions are not energy eigenfunctions of the perturbed 
system. They are energy eigenfunctions of a different problem—the un- 
perturbed problem. For the perturbed problem, the energy eigenfunctions 
are those given by Eq. (10-48). Now let us consider the physical meaning 
of Eq. (11-42). Since Eq. (11-42) is equivalent to Eq. (11-51) through 
Eq. (11-53), the physical meaning of Iq. (11-42) may be obtained from 
Eq. (11-51). According to Born’s second assumption, Eq. (11-51) repre- 
sents a state which has probabilities |d,|* of finding energy equal to Ey, 
the perturbed energy eigenvalues given by Iq. (10-47). Since 


= 1+0(d*), desi = 00d), dega = O(N"), ... degs = 0(A'),..., 
(11-54) 


the energy value is most likely to be /,, with small chance of it being 
Ex41 or H,_1, and even smaller chance of it being /y49 and Hp—~», ete. 
These probabilities are time independent. ‘Therefore, at any time, when 
an observation is performed to ascertain the energy, the same information 
of probability distribution of the energy value is to be obtained. ‘This 
fact, as we have mentioned in Chapter 6, exemplifies conservation of 
energy in the quantum-mechanical sense. This is not obvious from Eq. 
(11-42). The mathematical expression of Eq. (11-42) is such that at time 
t = 0 the wave function reduces to y and after t = 0 the other terms 
vou, Vero, ..., increase at rates proportional to A, A’,.... The reader 
is warned not to be tempted to interpret this mathematical result to mean 
that at time f = 0 the energy value is definitely EH and as time goes on 
the probabilities of finding the energy equal to E{°},, Ef }s,..., increase 
according to rates proportional to \, \?,.... The reason is simply that 
E, E21, Bole, ..., are not energy eigenvalues of the perturbed prob- 
lem. Upon an observation, the energy value obtained must be an energy 
eigenvalue, i.e., one of the following: Ly, Leyi, Layo... In spite of 
the fact that at ¢ = 0 the wave function is yf”, its energy value in not 
definite and the probability distribution over the /, spectrum (not A” 
spectrum) is given by |d,|*. In spite of the fact that ¥}")\, ¥i’hy, ... verma 
increase in time, the probability distribution of energy remaina the same, 
as the values of |d,|* are independent of time, The functions We are 

merely a set of orthonormal functions, The relations among the Ki 


244 TIME-DEPENDENT PERTURBATION THEORY [cHap. 11 


(0) n=k+l = ; 
2 er arama Eat rs | eB ld 42 = 2 
ER —— pee) Ey, |dp_— P=” 
esata Oar eae n=1 B, 
(0) = =0 
EDL Eo 
Energy levels of Energy levels of Probability distribution of energy 
the unperturbed the perturbed value of W(x, t) given by Eq. (11-42) 
problem problem which, at t=O, is yp) (x). 


Figure 11-2 


spectrum, the HZ, spectrum, and the probability distribution of energy are 
shown in Fig. 11-2. 


11-2 The sudden and the adiabatic approximations. In steady state 
problems the solution developed in the last section is hardly applicable 
because a system seldom starts at t = 0 from an unperturbed eigen- 
function yO. The initial condition Eq. (11-30) seldom represents an 
actual situation. The reason for developing the theory with such an 
initial condition is that in nonsteady state problems the theory thus de- 
veloped may be applicable. Let us consider a linear harmonic oscillator, 
its motion being described by the kth energy eigenfunction. The oscillator 
is assumed to be charged, but there is no electric field before ¢ = 0. At 
t = 0, a weak electric field is switched on suddenly. By this we mean that 
the field reaches its full value in a time duration much smaller than the 
period of oscillation of the oscillator. After a long period of time 7’ has 
elaspsed (long compared with the period of oscillation) the field is switched 
off suddenly. The time variation of the electric field is shown in Fig. 11-3. 
We ask what is the state of motion of the oscillator after time T. This 
is not a steady state problem. Actually, this consists of three problems. 
The first corresponds to the time interval —# < t < 0; the oscillator 
moves under the influence of the elastic force only and the solution is 


F 





0 T 
Fiaure 11-3 
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already given in Chapter 4. The solution enables us to write down the 
wave function at the last moment. of this period, i.e., = 0. This wave 
function W(x, 0) is to be taken as the initial condition of the second prob- 
lem, which corresponds to the time interval 0 < ¢ < T when the oscil- 
lator is perturbed by the weak electric field. The perturbation methods 
of the last or the present chapter may be used to solve this problem. 
The wave function V(x, 7) so obtained is to be used as the initial condition 
for the third problem which corresponds to the time interval T < t < w 
when the perturbation is removed and the equation of motion returns to 
that of the first problem, —o < ¢< 0. The solution of this problem 
may be written according to Chapter 4. Using the notations of the last 
section, the equations of motion in the first and the third time intervals 
may be expressed by Eq. (11-38) and that in the second time interval 
may be expressed by Eq. (11-37). The notations of the solutions expressed 
by Eq. (11-38) and (11-37) in the last section may be adopted for the 
present problem without change. However, it must be remembered that 
these expressions have different physical meanings in the present problem. 

The solution of the whole problem becomes simple if in the first time 
interval the oscillator is assumed to be in one particular energy eigenstate, 
say the kth. The wave function describing the oscillator in this time 
interval is thus 


ops (0) 
V(x, t) = eH IME YL (yy o<t<0, (11-55) 
The initial condition for the second problem is thus 
W(x, 0) = vh(2). (11-56) 


Equation (11-56) is exactly the initial condition we adopted in the last 
section, i.e., Eq. (11-30). Therefore to solve the second problem is equiva- 
lent to solving Eq. (11-37) with the initial condition Eq. (11-30), which is 
already given in the previous section. The result to the first order is ex- 
pressed by Eq. (11-42) and its physical meaning is given by Eq. (11-51). 
It is for problems of this kind that the theory of the last section is de- 
veloped. Equation (11-42) enables us to write down the wave function at 
t = T, which is to be the initial condition of the third problem, 


ny pO [hk k+l et —1 ine Olyr 
— pam ER Ty) (0) 1 om f_ + pC /N My TCO) 
V(x, T) = ¢ Vi t gk Mw 9 f) ¢ v} hl 


_[h kimer@h 0» 
}- gk Wo ae + P CHA) Rk IP Y{O 





(11-57) 
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Let us abbreviate Eq. (11-57) by 


U(x, T) = CTW + oF Ces(TWR + gFCea(T)WI21. (11-58) 


The solution of the third problem may be obtained by solving Eq. (11-88) 
with Eq. (11-58) as the initial condition. Since YO, v1, and yo, are 


already eigenfunctions of Eq. (11-38), the 7) follows immediately: 
HC, 1) = Cx(T)e~ OO YO + GF a(T)e EDV 
alien 
Lng a 
- = GFCp_1(De HEI YO 4, for T <t< o. (11-59) 


As ys are the energy eigenfunctions in the third time interval, the 
i ning of this equation is that for 7 < t_< o, the oscillator 
is to have probabilities |C,(7 FCyai(T)|*, |qFCr—1 for its 
“energy value to_be HE”, Epi, HE, respectively. Before ¢ = 0, the oscil- 
lator has a definite energy value ZY. After the field has been switched on 
for a duration T and then off, the energy information of the oscillator is 
changed and there is now a small probability for the energy to be EP). Con- 
sidering the second-order perturbation, there is an even smaller probability 
for the energy to be EP). etc. These probabilities are dependent on the 
time duration T. However, Fig. 11-1 tells us that after a long period of 
time the probabilities oscillate according to sin? x and we may take their 
time averages. The average values are 









IC.(T)|? = 1, 
————— k+1 
igFCrai(T)|2 = q?F? ok ,{_ to the first order of A (11-60) 
(A = —9F). 
—~—5 k 
lgFCr-a(T)/? = QF? 5 es 


Thus the switch-on of a field F for a finite duration 7 induces transitions 
of the oscillator from the original state y{° to neighboring states Veda 
(first-order effect), Vey (second-order effect), etc., with probabilities 
given by Eq. (11-60). 

Many problems of a similar nature occur in physics, particularly in 
nuclear physics. A familiar one concerns the ionization of atoms or mole- 
cules of a gas when a high-energy charged particle passes through it. 
This phenomenon is responsible for the appearance of the tracks in the 
Wilson cloud chamber. The effect of the temporary presence of the fast- 
moving charged particle in the immediate neighborhood of an atom is 
equivalent to the switch-on of a Coulomb field for a finite duration and 
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may be treated as a perturbation. The electrons in the atom, under the 
influence of this perturbation, may undergo transitions to excited states 
of which ionization is a special case. Another similar problem concerns 
the Coulomb excitation of the nucleus. A high-energy charged particle 
passing by a nucleus may induce transitions in the nuclear states. Prob- 
lems of this kind may be treated by the above method, which is known 
as the sudden approximation. 

The transition of states involves a change in energy. This fact does not 
contradict conservation of energy, since the system is not in a steady state. 
The energy required for the transition is supplied by the electric field. In 
the cases of ionization of atoms and Coulomb excitation of nuclei, the 
necessary amount of energy is supplied by the high-energy charged par- 
ticle that produces the ionization and excitation. The transfer of energy 
to the oscillator from an electric field turned on and off may be understood 
from a classical analogy. <A classical oscillator is represented by a point 
moving back and forth between «4 = A and « = —A, where A is the 
amplitude. If the field is switched on suddenly when the classical oscillator 
is at « = —A, the energy of the oscillator will gain an amount + q/f'A. 
If the field is switched off when the oscillator is at 2 = A, then the oscil- 
lator will lose an amount of energy —q/'A. After the field is thus switched 
on and off the oscillator gains a net amount of energy 2q/’A. Switching 
on the field at any position other than 2 = —A will result in a smaller 
amount of energy gain and switching off the field at any position other 
than x = A will result in a larger loss. Thus the maximum energy trans- 
fer to the oscillator is 2g/A. In a similar manner we may show that the 
minimum energy transfer is —2g/A. The amount of energy transfer as 
a function of the time duration T is given in Fig. 11-4. If the field is 
switched off immediately after it is switched on, i.e., 7’ = 0, then the 
energy transfer will be zero because the oscillator does not have time to 
move and the work done by the field on the oscillator is zero. This is 
indicated in Fig. 11-4. If a long enough time has elapsed between switching 
the field on and off, i.e., 7’ is large, then the amount of energy transfer 
will be a quantity oscillating with an amplitude gFA as indicated in 
Fig. 11-4. These classical results have their analogy in quantum mechanics, 
If the field is switched off shortly after it is switched on, then the coef- 


ficients of veda in Eq. (11-42) will be nearly zero (ei! 1 & (0), and 
the probability of finding the energy equal to 1’ Phy will be nearly zero, 
The probabilities for EP», Ee.s ..., Will be even smaller; the energy is 


thus essentially unchanged from /{”. Therefore for a short duration 7’, 
no energy transfer to the oscillator may take place, If a long enough 
time 7’ has elapsed, then (¢'“’ — 1) will have oneillated between 0 and 2 
many times, and the absolute value of the coefficient of yf"), will have 
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Figure 11-4 


oscillated many times between 0 and (gF/hw)\/2h(k + 1)/Mw. Let us 
digress for a moment to consider the meaning of this amplitude. When 
k > 1, we may find a classical analogy of /2h(k + 1)/Ma, ice., 





V2h(k + 1)/Mw ~ V2hw(k + $)/Mw? = V2E/K = Ay, (11-61) 


where A, is the classical amplitude corresponding to the energy Ef. Thus 
the amplitude of the coefficient oscillates between 0 and gf A;/hw. 
The numerator gf A, is the amplitude of the classical energy transfer. The 
denominator is the spacing between two adjacent energy levels. The 


ratio iP As 


Q=*5 (11-62) 





thus indicates the size of the classical energy transfer relative to the energy 
quantum fw. Since the perturbation theory is based on the requirement 
that the series expansion, such as Eq. (11-42), converges sufficiently 
rapidly, gf A;/hw must be much smaller than unity (Q < 1) in order 
that the perturbation theory may be valid. Thus the field must be so 
weak that the classical energy transfer qf A; is a small fraction of the 
energy quantum fiw. In classical mechanics, energy may be changed con- 
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tinuously, so that the energy of the oscillator after a field is on and off 
may be changed to any amount within the range from 2qgF A; to —2qF A; 
(see Fig. 11-4). In quantum mechanics, energy is quantized and can 
change only by discrete steps. For an oscillator, energy can change only 
by units of the quantum fiw, which is much greater than the classical 
quantity gFA,. Equation (11-42) asserts that the energy transfer due 
to the perturbation, if it occurs at all, is at least one unit of the quantum 
(transition to state ¥{°}, or ¥{,). Thus the amount of energy change is 
much greater (by a factor of 1/Q) in quantum mechanics than in classical 
mechanics. However, this increase in amount of energy transfer is offset 
by the fact that such transition takes place only with a very small proba- 
bility (of the order of Q?). Hence on the average, the quantization of energy 
actually hinders the transfer of energy (by a factor of Q). (This hindrance 
effect has a bearing on the Planck theory of blackbody radiation dis- 
cussed before in Section 1-1.) Returning to the analogy between the 
classical and quantum-mechanical energy transfer, we note that a definite 
amount of energy transfer in classical mechanics of the order of qF Ax is 
now replaced in quantum mechanics by a probable energy transfer of a 
much larger but fixed amount hw, which takes place with a small but varying 
probability. The variation of the amount of energy transfer in classical 
mechanics (with an amplitude of g/'A; as indicated in Fig. 11-4) is now 
replaced by the variation of the absolute value of the coefficient of y{°, 
in Eq. (11-42) (between 0 and qgF'A;/hw). This comparison is graphically 
represented in Fig. 11-5. Another difference may be mentioned here. 
In classical mechanics the amount of energy transfer is limited between 
+2qPA. In quantum mechanics the energy transfer in first-order pertur- 
bation is one quantum, hw; in second-order perturbation is two quanta 
2hw; and in nth-order perturbation is n quanta nw, Thus there is a very 
small chance for a very large amount of energy transfer to take place. 
This fact has no classical analogy, It arises as a result of the fact that the 
wave function in quantum mechanics has a “tail” extending to in- 
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infinity, whereas the classical oscillator is strictly confined in the region 
—-A<2a<A. 


The energy transfer in quantum mechanics may be given a physical interpre- 
tation as follows. Before the field is turned on, the wave function ¥{° is an 
energy eigenfunction. The distribution of probability elements* is given by 
\W(a, t)|2 or |p{(z)|? and is independent of time. Such a state is a stationary 
state. After the field is switched on, YO (x)e— W/m BAe is no longer an energy 
eigenfunction, |W(2, t)|? is no longer time independent, and the state is no longer 
stationary. The probability elements will continuously redistribute themselves 
in space without reaching equilibrium. When the probability elements move in 
the electric field, the latter does work on them with amounts depending on the 
locality and velocity of the probability elements. The small fraction of them 
at infinity are to receive very large amounts of energy. Upon an observation, 
the energy value of the oscillator may be found equal to many possible values, 
including very large ones. This qualitative argument cannot be carried out 
quantitatively, since it does not give rise to quantized energy values. (It is the 
failure in energy interpretation that led de Broglie to abandon the pilot wave 
theory in favor of Born’s second assumption.) 


The perturbation represented by Fig. 11-3 is an ideal case. In actual 
cases it always takes some time to turn the field on or off. The sharp rise 
and fall of the perturbing field shown in Fig. 11-3 is an idealization. 
However, if the time required to turn the field on or off is short compared 
with the period of oscillation of the system, Fig. 11-3 may be shown 
presently to be a valid approximation (the sudden approximation). On 
the other hand, we have another approximation called the adzabatic ap- 
proximation,t for the other extreme case where the field is switched on or 
off very slowly. This approximation will now be considered. 

Let us simplify the problem by considering a perturbing field which rises 
linearly in time (Fig. 11-6). The linear rise may be approximated by 
a series of step rises in intervals of time AT’, at the beginning of which 








Figure 11-6 


* See Section 2-7. ; 
{ M. Born and V. Fock, Zeits, f. Phys. 51, 165 (1928); P. Giittinger, Zeits. f. 
Phya, '73, 169 (1981). 
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the field rises suddenly by an amount AF (see Fig. 11-6). When AF and 
AT approach zero, the steps approach a straight line. Let us assume 
the initial condition to be such that before t = 0, there is no perturbing 
field and the oscillator is in a stationary state y. At t= 0, a field AF 
is switched on suddenly for a period of AT. The evolution of the wave 
function in the period 0 < t < AT is a problem we have already dis- 
cussed. Therefore the wave function at ¢ = AT’ may be written down by 
Eq. (11-42). In adiabatic approximation we require the perturbation to be 
switched on so slowly that after the period 7’ of the linear rise has passed, 
the coefficients of Eq. (11-42) have completed a large number of oscillations. 
Thus, after the interval AT’, the phases of these coefficients may be finite 
fractions of 27. Att = AT, an additional amount of field AF is switched 
on. The evolution of the wave function after ¢ = AT may be treated 
similarly. But we cannot apply Eq. (11-42) directly, because the initial 
condition, Eq. (11-30), is not satisfied. The initial wave function at 
t = AT is not a stationary state of the system in the time interval 
0 < t < AT; instead, it is a superposition of states given by Eq. (11-51). 
The new initial condition, Eq. (11-51) taken at ¢ = AT’, may be written 
as follows: 


U(a, AT) = e~ UME ATT — g AF (Kk -F 1)/2hak eR AT 
X (eei)’ + g AP VK /2hoK e—O/MBR—TAT YY, 7, (11-63) 


where (y,,)!’s are energy eigenfunctions and (E,)!’s are energy eigenvalues 
in the period 0 < ¢ < AT’, ie., in the first step of the series of rises. 
The solution in the second step, i.e., in the period AT’ < t < 2 AT’, may 
be found by the time-independent perturbation method. First, (y;)! 
and (Wx41)' are to be expanded in terms of the energy eigenfunctions 
(vn)!! of the period AT < t < 2AT. To do this we consider a more 
general problem of expanding (y;)”, eigenfunctions in the Rth step, in 
terms of (¥,)"*1, eigenfunctions in the (R + 1)th step. Taking varia- 
tion of Eq. (11-47) with respect to F, we obtain 


(i)"** — e)® = gAFV(k + 1)/2hoK vit} 
— g AFVk/2hwK yO, + higher order terms. 
Therefore 
(a) = (Wa)! — g AF V(k + 1)/2h0K (Yaga) 
bq PV k/2hwK (pp—1)"** 4 higher order terma, 


It is found that Bq, (1149) represents a special case of this general 
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result. Applying it to (¥,)! we have 


k 
Wn)" = Wa) — ga IEE ea) +a AP aloe Wea te, 


Wega) = Wey te, 
(We—1)) = (Wea) +-°°. (11-64) 
Substituting Eqs. (11-64) in Eq. (11-63) we have 

U(x, AT) = eMEDEAL Cy, TT 


— gar a 1 (c —(i/%) (By)! AT 4 el Expt “vaca 


—(i I _«a mer | 
+ qAF (eSB AT pCR VEAP) yy yTT ss, 





k 
2hok 
(11-65) 


Thus the time-dependent wave function in the period AT < t < 2AT is 


_ i (4/h)(E,)T AT II ,—(i/h)( Ex) (t— aT) 
W(x, t) =e (Wx) e 
; = I tints I 
— q AF ox z te G/M EPIAT 4 C/A Bey" ar) 


II —(i/i)(E Tl(¢—at 
x (We41) e (1/h)(BR+1)°*( ) 





coke sex (e-IMwT aT 4 4G, a7) 


Il —(i/%)(BR—1) 1 (t— aT 
x (Wri) Me (¢/h%)(BR—1)11¢ ) 


AT <t<2AT. (11-66) 


At t = 2 AT, the wave function is given by 
U(2,2AT) = eo MCE + (Ee ary, il 


st —(i/h)(E,)! AT —(i/h)(E,— TAT) —(i/%)(B Il ar II 
= q AF K k +e v k-1 Je @ k+1) (We-41) 


—(i/h)(E,)! aT —(i/h)(Ep—y)1 AT) —(i/h)(Ep—1)! aT II 
+qAF (e (t/%)( Ex) +e (i/h)(ER—1) Ye (i/h)(E~—1) (We—1) ; 





Tok 
(11-67) 


‘This procedure may be repeated to obtain W(a, 3 AT7'), W(a,4A7'), ete. 
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U(z, NAT) = PERTH bo HER IAT Oy, N 
P M—1 9, 3N 
— g AF a (> ol [Zsat eee) Wear 
M=1 
k ~ enn (Dear ey S425 Ep] 47 N 
+qAF CMLL Sat (PR)? +215 —M(ER-1)”] Wii)”. 
Vaiok | 2, 
(11-68) 
Assume that after N steps the field reaches its full value F, i.e., 
N AF = F, 
(11-69) 
NAT = T. 


Equation (11-68) thus gives us the probabilities of finding the energy 
value equal to eigenvalues (Hy,)%, (2x41)%, and (H,~1)%. Let us examine 
the coefficients of (Wx41)% and (¥z—1)%. Inside the parentheses of each 
coefficient there is a summation of complex numbers all of modulus unity. 
Under the assumption of adiabatic approximation, A7' is large enough so 
that the phases of these complex numbers are completely at random. 
Consequently, the sum of these complex numbers is zero and Eq. (11-68) 
reduces to one term (p,)%, 


U(x, T) = e WME yy (11-70) 
where F; is the average of FE}, Ei!,..., EN. As a result, 
V(2,t) = eS ERT p—GIMEWN IT) YN for ¢> 7. (11-71) 


Thus the quantum state for ¢ > T after the field has reached its full value 
is an eigenstate (¥,)" and has a definite energy value (E;)". This con- 
clusion may be stated differently as follows: in adiabatic approximation a 
quantum state, if started as an energy eigenstate y,’, remains an energy 
eigenstate instantaneously. This is different from the sudden approxi- 
mation in which the quantum state, after the field is switched on suddenly, 
is no longer an energy eigenstate. In the adiabatic approximation, if the 
field is switched off gradually the quantum state (~,)" will gradually 
change back to ¥,”, remaining an eigenstate all the time. Thus when a 
field is switched on and then off very slowly, the quantum state, after 
some transitory changes in response to the perturbation, returns to the 
initial state, As a result, there is to be no energy exchange between the 
oscillator and the field (hence the term adiabatic approximation). In the 
sudden approximation, energy exchange does take place, That there is 
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no energy exchange in adiabatic approximation may also be understood 
by a classical analogy. If the field is nearly constant throughout one 
period of vibration of the classical oscillator, then the work done on the 
oscillator when it moves in the +2 direction is compensated for by that 
in the —a direction. Therefore the field adds no energy to the system. 
From the viewpoint of the motion of the probability elements, we may 
also reach the same conclusion. Since the system remains in an eigenstate 
instantaneously, it is stationary and so does not exchange energy with 
the field. 

Equation (11-68) reduces to the result of the sudden approximation if 
we set 7’ = 0 for a quick switch-on of the field. From Eq. (11-69) we 
have AT = 0. The quantities in each of the two parentheses in Eq. (11-68) 
thus reduce to a sum of complex numbers all having the same phase, ie., 
zero. Instead of destructive interference among the complex numbers, 
as in the case of the adiabatic approximation, we now have reinforcement. 
The sum is simply N. Since N AF equals F, Eq. (11-68) reduces to Eq. 
(11-51), as it should. 

It will be left to the reader to consider the case in which the field is 
switched on gradually but is turned off suddenly; also the case in which 
the field is switched on quickly but is turned off slowly (Problem 11-10). 

We have considered as an example of the sudden approximation the ioni- 
zation of gas atoms or molecules by a fast-moving charged particle. If the 
charged particle moves so slowly that the electrons complete a large 
number of revolutions before the charged particle moves over an appreci- 
able distance in their immediate neighborhood, then the adiabatic approxi- 
mation will be valid. The electron wave functions (or orbits) will undergo 
transitory distortions in response to the presence of the charged particle 
in the neighborhood of the atom but will return to the original state when 
the charged particle has moved far away. The slow-moving charged par- 
ticle will produce no permanent effect on the atoms or molecules, unlike 
the fast-moving one which causes permanent change by inducing excitation 
and ionization. 

The adiabatic approximation has an application in molecular physics. 
Consider a diatomic molecule made of atoms A and B. Electrons in 
atoms A and B are arranged in “orbits” described by wave functions. 
These wave functions are dependent on the interatomic distance of the 
molecule. As the molecule vibrates and rotates, the electronic wave 
functions change accordingly. Because the nuclear mass is much greater 
than the electron mass, the period of the nuclear motion (i.e., the vibration 
and rotation of the molecule) is much longer than that of the electronic 
motion. Thus the disturbance of electronic motion due to nuclear motion 
may be treated by adiabatic approximation. We may speak of the elec- 
(rons being in certain eigenstates with definite energy eigenvalues while 
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the vibrational and rotational motion of the molecule is going on. Actually 
the electronic orbits suffer transitory but reversible distortions in response 
to the vibration and rotation, and the energy eigenvalues vary accordingly. 
These variations are periodic and are in phase with the vibration and 
rotation. They are so small that in the long run we may consider them 
by their time averages. The molecular problem may thus be treated rather 
simply. The adiabatic approximation is also applied in nuclear physics 
to treat the collective motion of the nucleons. The nucleonic states and 
rotational states of a nucleus are analogous to the electronic states and 
rotational states of a molecule. According to the adiabatic approximation 
the nucleonic states adjust themselves to follow the nuclear rotation with- 
out losing their identity as nucleonic states. The nuclear energy levels 
may thus be analyzed just as the analysis of molecular energy levels. 

The sudden and the adiabatic approximations represent two extreme 
cases. Practical problems may be solved approximately, more or less, by one 
of the two methods. The conditions for the validity of the sudden and 
adiabatic approximations are actually the conditions of reinforcement and 
interference of the wave functions summed over in Eq. (11-68). The 
phase difference between successive terms in Hq. (11-68) is (7/h) X 
(FE, — E,_1) AT. If the change of phase after N terms is much greater 
than 27, then the N phases will be completely at random and the destruc- 
tive interference will be nearly complete. Thus the condition for the adia- 
batic approximation to be valid is 


: (FE, — Ey_1)N AT > 277i (11-72) 
or 
h 


Ky, — By_-a 


Similarly, the condition for the sudden approximation is 


; (E, — By_1)N AT «K 207i (11-74) 
or 
Ti ae (11-75) 
Hy — Ey 


The right-hand side of Eqs. (11-73) and (11-75) is the period of oscillation 
of the oscillator. ‘Thus we justify the previous statements concerning the 
condition of validity of these two approximations. 

Let us apply this condition to the ionization of an atom by a charged 
particle, The field experienced by the atom is schematically represented 
in lig. 11-7. The field is appreciable when the charged particle is within 
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the line segment AB, the length of which is comparable to the impact 
parameter d. Let the velocity of the charged particle be v; we have 


Now, the denominator in Eq. (11-73) is actually the ionization potential 
H;. The condition for the adiabatic approximation to be valid is thus 

d h 

. > E, (11-76) 
or 


E 


Consequently, for impact parameters d much greater than (h/H;)v, there 
will be no ionization. For this reason we may regard the quantity (h/E,)v 
as a measure of the radius of influence of the ionizing particle. For slow- 
moving particles, v is small and the sphere of influence is small. Thus few 
ions will be produced. On the other hand, within the sphere of influence 
where the sudden approximation is valid, the probability of inducing 
transition depends on the length of time the perturbing field is present, 
which is also of the order of d/v. When v is so large that d/v is much 
smaller than (h/H;), there is little time for the transition probability to 
build up to an appreciable amount, as may be seen in Fig. 11-1. Thus 
very fast charged particles again produce little ionization. Between these 
two extreme cases there exists a velocity at which maximum ionization is 
produced. This happens when the velocity of the charged particle is com- 
parable with the velocity of the electron inside the atom. 


d>ty, 


11-3 Transition to continuous states. The perturbation theory de- 
veloped in the previous sections applies to systems with discrete energy 
levels, Yet we have seen in Chapter 3 (the free particle) and Section 8-3 
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physical systems with continuous energy levels. Problems involving con- 
tinuous energy levels may also be treated by the perturbation method. 
The Rutherford scattering process, i.e., the scattering of an a-particle by 
the Coulomb field of an atomic nucleus, may be treated as a perturbation 
problem; the Coulomb potential is considered as a perturbation which 
induces transitions of the unperturbed states—the free particle states. 
For problems of this kind, we need a perturbation theory dealing with 
continuous levels. The physical principles of this theory are the same 
as those in the previous sections. Nevertheless, special mathematical 
techniques are required. 

Since in a large number of cases the unperturbed wave equation is the 
equation of the free particle, the results of Chapter 3 will be reviewed here 
for later use. The eigenfunctions, given by Iq. (3-8), are plane waves, 


ve(a, y, 2) = ef Mipattpyy tpt) (11-77) 


where pz, Dy, pz are three integration constants identified with the com- 
ponents of momentum. The energy eigenvalues H are related to pz, Dy, Dz 
by Eq. (3-9): 


_ 1s 2 2 " 
E= oy (pz + py + D2). (11-78) 


E may take on any positive value and the energy is not quantized. In 
Chapter 3 we discussed the normalization of these eigenfunctions. It is 
accomplished by confining the free particle in a large but finite volume Q. 
The normalized wave functions are given by 


1 i/h)(pet+pyy+P22) 
Vx(x, Yy, 2) — é * ¥ Pa, (11-79) 
VQ 


We now consider this normalization procedure from a different angle. 
Let us start with a different problem, i.e., a particle in a square box, 
which was discussed at the end of Section 8-2. Assume the lengths of the 
three sides of the box to be the same, say a. Equation (8-69) gives the 
normalized eigenfunctions as follows: 


ae An LI RL Sepp LL LL = 
Wnan,n,(Z, Y, 2) = G/as sin qe Sin — ysin — & (11-80) 


and Eq. (8-70) gives the eigenvalues of energy 


hea? 2 2 2 iy! 
E = 2Ma2 (ne | Ny + "s), ny = 1, 2, : (11-81) 
Ne 


In this problem the energy is quantized. Now let the value of a increase, 
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As a approaches infinity, this problem approaches that of a free particle 
and the eigenvalues and eigenfunctions of this problem approach those 
of the free particle. Thus we may regard the solution of the free particle 
as a limiting case of that of a particle in a box. Consider the limit of the 
energy eigenvalues. Since the level spacing, i.e., the energy difference 
between two successive levels, is inversely proportional to a”, it decreases 
rapidly as a increases. When a approaches infinity the levels become so 
closely spaced that they may be regarded as forming a continuous band. 
This result agrees with the fact that the energy of a free particle is not 
quantized. Consider next the limit of the eigenfunctions. As the size of 
the box approaches infinity, Eq. (11-80) may be considered to be equiva- 
lent to Eq. (11-79) in the following sense. It is always possible to choose 
from the numerous solutions of Eq. (11-80) two waves of nearly the same 
wavelengths such that, within a finite range, say, b < x < e (consider 
the one-dimensional case for simplicity), these two waves seem to have 
the same wavelength but differ in phase by a constant amount 7/2. A 
graphical illustration is provided in Tig. 11-8. These two waves may be 
regarded as a sine wave and a cosine wave having equal wavelengths so 
far as the region b < x <¢ is concerned. A linear combination of them 
gives rise to the exponential wave function of Eq. (11-79). In practical 
applications, wave functions are used to evaluate matrix elements of the 
perturbation potential. Since the perturbation potential usually is ap- 
preciable only in a limited region in space, say, b < x < c, the exponential 
wave functions are equivalent to the trigonometric wave functions so far 
as the matrix element is concerned. The change from the sine functions to 
exponential functions may be regarded as a change of the base functions 
of a manifold of degenerate eigenfunctions, the physical results being the 
same whichever set of base is used for calculation. Having shown the 
identity of the two sets of functions we may use Eqs. (11-80) and (11-81) 
(with a — o) to represent the eigenfunctions and eigenvalues of the ‘free 
particle. Since the energy of a particle in a box is quantized, we may apply 
the theory of the previous sections, which is developed for quantized 
energy levels. After having applied the perturbation theory, we let the 
sive of the box approach infinity. The limiting result thus obtained is the 
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result for continuous energy levels. This is the general procedure of the 
perturbation theory for continuous energy levels. 

When the size of the box is large but not infinite, the level spacings are 
small but finite. Thus within a small energy interval AH there exist a 
large number of energy levels. Let the number of levels be AN. When 
the level spacing is much smaller than Al’, we may define a level density 
function p(Z) as follows: 


4 


phim tis (11-82) 
ano AE 


p(E) is considered as a continuous function, For a particle confined in a 
square box of length a, the level density may be calculated as follows. 
Let us draw a set of coordinate axes representing the three quantum num- 
bers nz, Ny, Nz (Fig. 11-9). Each combination of the three quantum num- 
bers will be represented by a point in this space. Since nz, ny, nz are all 
positive integers, the representative points form a cubic lattice in the first 
octant with unit cell (1, 1, 1). Let a sphere of radius & be drawn. A lattice 
point on this sphere satisfies the equation 


R? = n24 n24 72. (11-83) 


This’ point represents an energy level the energy value of which is, ac- 
cording to Eq. (11-81), 
ha? R? 

} = > 11-84 
ss 2M a2 ( ) 
Theetotal number of lattice points within this sphere is simply the volume 
of the sphere in the first oetant divided by the volume of the unit cell, 
the result being 

| 4 


r pd 
8 3 Rs 
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Since the value of (n2 + ny + nz) of all these points is less than R?, 
the corresponding states have energy values less than that given by 


Kq. (11-84). Thus the total number of states with energy value less than 
Eis 


fis 
140 Gee as 
8 3 \ h2r? 
This represents the integral of the level density function p(#). Therefore 
p(£) may be obtained by differentiation: 











(11-85) 
where 2, being the volume of the box, is given by 
a=. (11-86) 


Another useful expression may be written here: 


_ ad 7 pa®\ —xa® 2 dp Q p 
pL) = aR ( iq) — Oeq3 ? Ge — Dees yp? 18D 


where p and v are the momentum and velocity of the particle respec- 
tively. From this equation, we derive the following: 


na 


p(B) dE = 5 


Q4rp” dp. (11-88) 
Since Q is the volume of the configuration space* and 41p? dp is the volume 
of the momentum spacet corresponding to the momentum range dp, the 
product of the two volumes Q47p? dp, by definition, is the volume of the 
corresponding phase space.t The above equation may thus be interpreted 
as meaning that each volume h® in phase space is represented by one 
energy level. We digress for a moment to mention that the validity of 
this result is not limited to the free particle. In fact this result is taken 


* This term is used for the physical space extended by the coordinates 2, y, 2, 


to distinguish it from the mathematical spaces such as the momentum space, 


and phase space. 

{ The momentum space is defined as a three-dimensional space the three 
coordinates of which are pz, py, pz, the components of momentum. 

} The phase space is defined as a six-dimensional space, the coordinates being 
®, Y,) & Px) Py, Pe This definition is a generalization of that of the phase space 
of the one-dimensional motion discussed in Chapter 1. 
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as a fundamental assumption in quantum statistical mechanics. The level 
density expressions derived here will be used in later applications. 

Since the volume Q in which we confine the particle is eventually to be 
made to approach infinity, it may be useful to summarize here the de- 
pendence on © of many important quantities. The exponential wave 
functions given by Eq. (11-79) are proportional to 2~/?, as the normaliza- 
tion constants are Q—!/?. The level density varies as 2. The matrix ele- 
ments, containing two wave functions, vary as 2~'. Thus a single matrix 
element is infinitesimal in magnitude. However, the summation of the 
matrix elements of all levels in a finite energy range is independent of Q 
because the level density varies as 2; such a summation is thus finite. 

Now we are ready to develop the perturbation theory for continuous 
levels. Our purpose is to solve the perturbed equation 


ow 

(HH 4 Hy = — 4S (11-89) 

by the knowledge of the solutions of the unperturbed equation 
Hoy = BOyo (11-90) 

, 

which has continuous energy eigenvalues. Consider the case in which the 
unperturbed equation is the free particle equation, lor this case we first: 
confine the particle in a large volume 2. The energy is then quantized, 
although the levels are very close together, The perturbation theory of 


quantized energy levels of Section 11-1 may thus be applied. The solu- 
tion of Eq. (11-89) may be assumed to take the form 


: (0) 
U(x, y, zt) = D> an(the~ OF YY, (11-91) 
n 


where the undetermined parameters a,(t) are functions of time and may 
be broken down in different orders of the perturbation parameter \. Thus 


a(t) = 0 (t) + ralP(t) + PoP) +e. (11-92) 


The initial condition is assumed to be that at ¢ = 0, V(a, y, z, 0) = 


ve, 1.€., 
an(0) = Sinz, m= 1,2,...,8,.... (11-93) 


The first-order solution is given by Iq. (11-81), 


lump 
a(t) 5 HRS ar LY (11-94) 
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Equation (11-33) gives us the relative probability of finding the particle 
in the state yO at time t, which is 


4n”|Hyb|” sin? (wmet) _ 


[ra ()|? = 
hw2n 





(11-95) 


Because of the factor 1/w%,,, the probability is largest for those states yo 
in which the unperturbed energies E® are closest to HO. If B® is far 
away from E{., the probability is small. Since the levels are very close 
to one another, there are a large number of levels having an appreciable 
probability of occurring at time ¢ (see Fig. 11-10). These levels form a 
cluster around EY = E(® with a range of +AE®. As the levels almost 
form a continuous band, the physical properties of a level may be regarded 
as continuously varying from one level to the other. Since all levels in 
the cluster represent nearly the same physical properties, we may add up 
the probabilities of all levels in the cluster and consider them as a whole. 
The total probability thus obtained which depends on time ¢ is called 
the transition probability at time ¢ from the initial state yO to the 
cluster of levels. The summation may be evaluated by the following 
integral in which p(#) dE is the number of levels in the infinitesimal 
energy range di within which the matrix elements of all levels may be 
regarded as the same: 





©), (0) 
BE Tama | ayetiy( a at ® P4 
ros)? = 4"|Hmi|” Sin™ (Somxt) - 
pe, | (t)| 2 a2 he aes p(E) dE. (11-96) 


Since the largest contribution to the integral comes from the levels for 
Which Hi) & Ei, we may replace WH‘ and p(2) by their values at 
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E = E© and take them out of the integral without affecting to a large 
extent the value of the integral. Also we may extend the limits of inte- 
gration to —o and +, since only negligibly small amounts will be added 
by this extension. Let ¥{” be a typical level in the cluster and EO = EO. 
We have . 

D iratrn? = 2AHELE pcg [Sin Geonal) ay 


2 
mek h —- Wmk 


A? 61) 12 07 (0) * sin? (Somxt) 
= Heel CE) aye tem 


27 . 
= 37 HELI o(BYYt (11-97) 
The last step is rendered by using the following definite integral :* 
* sin? x 
rae dz = mT. (11-98) 
The important result is that the transition probability to the cluster 
(designated by k’) is proportional to time ¢. This is similar to the law of 


radioactive decay, and we may define the transition probability per unit 
time A,_,x and the mean lifetime 7,” analogously. ‘Thus 








(1) 2 ¢ 
Agape = mek Nae Ol a IH E22 BO), BO = EW, (11-99) 


and 





_ = 27 \HRI2(B\), BY = EY (first order). (11-100) 
k—k’ 





The last equation or its alae B gre of the most frequently used 
formulas in quantum mechanics. 4 gfves the lifetime of a state yf against 
transition into a cluster_of levels designated by k’. It may be remarked 
that the above summation method needs modification for physical systems 
where the matrix element depends not only on the unperturbed energies 
E® and E® but also on some other variables such as 0, ¢ representing 
the angular orientation in space. In such cases we first sort out in the 
cluster a subcluster of levels with fixed values of 0, ¢, etc., in which E® 
is the only variable. The above summation method may thus be applied 
to the subcluster. The lifetime rT,” obtained by summation over the 
subcluster is the lifetime against transition into this particular subcluster 





" Poirce’s Table of Integrala, p, 63, 
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of levels designated by k’’ (k’’ specifies the physical properties of the sub- 
cluster of levels including 9, ¢, etc.). The total lifetime 7; of a state y 
may be calculated by combining these partial lifetimes 7,_,”.. Since the 
transition probabilities are additive, we obtain the total transition proba- 
bility of a state yf as follows: 





Ae = D> Anse”. (11-101) 
om 
Hence the total lifetime is 
1 1 
oes i 


These results are analogous to those in some radioactive decay processes 
in which a number of decay modes are possible. The application of the 
results obtained here will be illustrated by a discussion of the Rutherford 
scattering process in the next section. 

We note that the transition probability depends on the normalization 
volume 2. As the matrix element is proportional to 1/Q and the level 
density is proportional to Q, the transition probability per unit time is 
proportional to 1/Q. However, as we shall see in the next section, the 
physically significant quantity, e.g., the scattering cross section, calcu- 
lated from the transition probability, is independent of Q and thus remains 
the same when we let 2 approach infinity. It is this result that justifies 
the normalization procedure of confining the particle in a finite volume Q 
for the unperturbed eigenfunctions with continuous energy eigenvalues. 
For those cases in which the unperturbed energy is quantized but the 
levels are very closely spaced, the perturbation theory developed in this 
section is readily applicable, there being no need of introducing the 
normalization volume Q. 

A remark may be added here concerning the cluster of levels designated 
by k’. The #\ values of these levels are close to E® but are spreading 
out about Ey” with a width AE® (see Fig. 11-10). The width may be 
calculated from Eq. (11-95) as follows. The first minimum in Fig. 11-10 
occurs when in Eq. (11-95) 





Smal = 1 (11-103) 
or 
AEm 
( ; ye ~ (11-104) 
or 
ABE & h. (11-105) 


Thus the energy width of the cluster is inversely proportional to time t. 
This result may be interpreted in a different manner as follows: Suppose 
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we switch on a perturbation potential at ¢ = 0 and later switch it off at 
t = t. Then a physical system originally represented by a pure state Vo 
before t = 0 is to be represented by a mixed state Sim © after t = t. 
Since before { = 0 and after t = ¢ the functions y® represent energy 
eigenstates, the perturbation changes the energy information of the system 
from a definite value EZ before t = 0 to a probability distribution of 
E® after t = t. According to Eq. (11-105) the width of this probability 
distribution AE® and the time duration of the perturbation ¢ are inversely 
proportional to each other and their product is the Planck constant h. 
The longer the duration of the perturbation, the more well-defined is the 
energy of the system. In experiments we used to prepare a system with 
definite properties by a set of physical operations. For example, slits, 
diaphragms, electric fields, magnetic fields, etc., may be used to prepare a 
beam with definite kinematical and dynamical properties. Each operation 
is actually a perturbation on the beam being prepared. The above result 
thus means that to prepare a system lo possess a well-defined energy value 
must take an infinitely long time. This statement, as well as Eq. (11-105), 
resembles the statement of Eq. (6-10) concerning the uncertainty relation 
between energy and time. Actually this result may be shown to be a 
manifestation of the uncertainty relation as follows: Let us consider a 
specific experimental set-up, the Dempster mass spectrograph. A stream 
of particles (positive ions) produced by a hot filament pass through an 
accelerating field in a chamber and enter another chamber, through a slit 
in a diaphragm, where a magnetic field is applied to deflect the particles. 
We are interested in the properties of the beam in the second chamber 
which are determined by the source and the slit. The slit is assumed to 
be closed before t = 0. After an exposure of ¢’ seconds, the slit is closed 
again. If the slit remained closed all the time, there would be no positive 
ions in the deflection chamber. But the opening of the slit from ¢ = 0 to 
i = t' has the effect that after ¢ = ¢’ there will be particles present in the 
deflection chamber. The wave function describing these particles in the 
deflection chamber is generated by the perturbation, i.e., the opening of 
the slit from t = 0 tot = @’, according to Eq. (11-95). That the opening 
of a slit may be considered as the switching-on of a perturbation potential 
may be explained as follows: When the slit is closed, the whole diaphragm 
may be considered as a surface over which the potential is infinitely large 
so that it acts as an impenetrable barrier. The opening of the slit may be 
regarded as altering the potential in such a way that its value over the slit 
is reduced to zero. The closing of the slit restores the potential to the 
original, infinite value. Therefore the opening and closing of the slit is 
equivalent to switching a perturbing potential on and off, Now let us 
assume that the stream of particles in the first ehamber forms a uni- 
form beam with definite momentum and energy deseribed by a mono- 
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chromatic plane wave. If the exposure time ¢ is short, the slit allows a 
finite wave train or a wave packet to pass. For a wave packet the un- 
certainty relations between p, and 2, and between EF and ¢ have been 
established in Chapters 2 and 6. It was shown that a short wave packet 
contains a large number of Fourier components corresponding to a wide 
spread in energy and momentum values. In order that the energy and 
momentum have well-defined values, the wave train, containing only one 
Fourier component, must be infinitely long. This requires an infinitely 
long exposure time. This problem may also be discussed by using a dif- 
ferent mathematical method, namely, the time-dependent perturbation 
method. The conclusion according to Eq. (11-105) is that the wave in 
the deflection chamber, given by Eq. (11-95), is to have a less spread in 
energy when the time of exposure ¢ is long. Since the two lines of approach 
deal with the same phenomenon, their underlying physical principles must 
be the same. Therefore Eq. (11-105) is a manifestation of the uncertainty 
relation. 

As a special case let us consider Eq. (11-105) for the time t = T._4x’. 
At this time the transition probability is unity and a transition to the 
cluster k’ is likely to have happened. The spread of E® of the final states 
in the cluster, ie., AE, is given by 

ABO es ae (11-106) 

Tkok’ 

This is a frequently used formula relating the “energy” spread of the 
final states to the lifetime of the initial state. In case there are several 
partial lifetimes, the “energy” spread of any subcluster k’’ has to be 
measured at the time ¢ = 7%, where 7, is the total lifetime. Since 7, < 
Tk’ the energy spread becomes larger. Thus the opening-up of addi- 
tional decay channels widens the “energy” spread of the final states. 

Having discussed the first-order perturbation, we now proceed to the 
second-order perturbation. It is not unusual that the matrix element in 
Eq. (11-100) connecting states of nearly the same unperturbed energy 
may vanish. Under such circumstances no transition corresponding to 
the first-order perturbation may take place; the second-order perturba- 
tion becomes important. Equation (11-36) states the result of the 
second-order perturbation for discrete energy levels. It is reproduced 


here: ; 
(1) p71) eiemnt 1 etemnt 1 
QD) = oe a Hin - (11-107) 


nk Wmk Wmn 





The parentheses may be regarded as a weight function for the summation. 
When the normalization volume approaches infinity, the levels become 
more closely spaced, HY H/wnk approaches a continuous function of n, 
and (¢'’mn' — 1)/wmn approaches a rapidly oscillating function of n. The 
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weighted summation 





HH (= — ') 
A Onk Wmn 

then approaches zero. Note that HSinH{h /wnx remains finite in spite of 

the denominator, since we assume that matrix elements connecting y\” 

with states of nearly the same unperturbed energy all vanish. There- 

fore we may drop the second term in the parentheses (see also Prob- 

lem 11-7). As a result, 





1 ( Heals # eet — 1 


2 
am '(t) = hy Wnk Wmk 
m 


(1) yy(1) eiemkt __ 
a +( Hanl nk ): 1. (11-108) 


AMS EP — EDT Ome 





The above equation becomes identical with Eq. (11-94) if in the latter 
we make the substitution 
(1) p(t) 
HS a > Ain nk _ . (11-109) 


BY? : - RO 


As a result all equations and conclusions following Eq. (11-94), except 
for the order of \, may be taken over for the second-order perturbation 
provided the above substitution is assumed. In particular, the second- 
order perturbation causes a transitjon to take place leading from y)” to 

a cluster of levels with ES) values close to HX. The transition proba- 
bility per unit time to a cluster k’ is 


p(EX), EX? = E,® (second order). 
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Tkok’ 
(11-110) 


Equation (11-109) is a convenient mnemonic aid as it applies not only 
to the time-dependent perturbation theory but also to the time-inde- 
pendent perturbation theory; the latter may be verified by comparing 
Iqs. (10- rH and (10-33) with Eqs. (10-30) and (10-31). [Note: In Eq. 
(10-33) H‘? is assumed to be zero.] 


11-4 The Rutherford scattering. Rutherford’s experiments on the 
scattering of a-particles by various materials are the foundation of the 
modern atomic theory, They established the concept of the nuclear atom 
and determined the sive and charge of the nucleus. We shall first derive 
the Rutherford scattering equation according (o classical mechanics as 
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Rutherford did. Then the same equation will be derived according to 
quantum mechanics by using the time-dependent perturbation method. 
Finally the time-independent perturbation method will be used for the 
same purpose as a mathematical alternative. 

(A) The classical theory. In classical mechanics both the a-particle, 
with charge Z,e and mass M, and the nucleus, with charge Z2e and mass 
M’, are considered as dimensionless points. The force between them is 
the Coulomb force Z,;Z2e7/r?. Classical mechanics gives the result that 
the orbit of the e-particle relative to the nucleus is a hyperbola, a general 
result of all repulsive, inverse-square-law forces. In Rutherford’s experi- 
ments a uniform beam of a-particles with given velocity v along the z-axis 
impinges on a thin foil of metal, for example, a gold foil. Consider in 
particular one gold nucleus, assumed to be fixed at the origin of the co- 
ordinates.* This nucleus sees the e-particles coming in at different impact 
parameters b (see Fig. 11-11). The angle of deflection 9, i.e., the angle 
between the two asymptotes, depends on the impact parameter b. This 
relation may be obtained as follows. By conservation of angular momentum 
we have 

2 dB. 


Mob = —Mr’ (11-111) 


* Actually it is the center of mass of Jf and M’ that is fixed in space. However, 
according to a result in classical mechanics, we may consider M’ as fixed pro- 
vided the value of M is replaced by the reduced mass MM’/(M + M’). As 
the nucleus is usually much heavier than the a-particle, MM'/(M -+- M’) is 
not much different from M. We shall ignore this complication by assuming 
M' — ©, 
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Applying Newton’s second law in the y-direction, we obtain 


52 
M ey = Aor sin B. (11-112) 


Combining the two equations we have 


dvy = £:20° a dB 


a ee ae: 





(11-113) 


Integration of the above equation for —# < t < #, which corresponds 
tom > 6B > @andO0 < vy < vsin 8, results in 
7 2 
Mov sin 6 = Abate (cos 0 + 1). (11-114) 
The impact parameter 6 is thus a function of the deflection angle 6, which 
may be expressed as follows: 


_ tite 
bes “Mv? cot 5" (11-115) 


Irom the above equation we calculate a quantity 27b db, 


2b db = 1 d(b’) 


Z?Ze' a ( 


42¢ d/2 8 er 
M24 do cot aa, (11-116) 


This quantity is the area of a ring (lig. 11-11) on a plane far from the 
origin, perpendicular to the z-axis. If an a-particle hits this area, it will 
be scattered in an angle between 6 and 6+ dé. This area is defined as 
the differential scattering cross section 0(6) dé. Thus, 


272 4 
o(6) do = ee £ (cot? 4 do. (11-117) 


The physical significance of this quantity is this: When a uniform beam 
of particles with density D and velocity v impinges on the nucleus, the 
number of particles scattered in an angle between @ and 6 + dé per unit 
time is D-v-+o(0) d@. In other words, 


scattering current within dé = incident current density < o(6) dé. 
(11-118) 


In most scattering processes the experimental results may be stated in 
terms of the differential scattering cross section, and the purpose of a 
scattering theory is to derive an expression for it, Mquation (11-117) is 
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the Rutherford formula for the differential scattering cross section. It was 
verified by experiments. There is another way of expressing the scattering 
cross section. The solid angle dw between @ and 6 + dé is —27 sin 6 dé, 
the sign being negative as d@ is a negative quantity for a positive db. 
The scattering cross section per solid angle is thus 








(6) dé V AV A nr (cot? ) 
dw 2M2v4sin 6 dé 2 
UAW fe 1 





~ 4M2y4 sin4 (0/2) PEE) 
Hence the differential scattering cross section in the direction (6, ¢) within 
the solid angle dw is 

ZiZie* 1 
~ 4M?2v4 sin4 (0/2) 





a(6, ¢) dw dw. (11-120) 

(B) The time-dependent perturbation theory. We now consider the same 
problem from the quantum-mechanical point of view. The equation of 
motion for this problem is the time-dependent Schrédinger equation in 
which the potential is the Coulomb potential of the nucleus: 


Rig nee 


2M r oa 





h OW, 

a ot 

This equation may be solved by treating the entire potential as a perturba- 

tion. The unperturbed equation is thus the free particle equation and the 

perturbation Hamiltonian is 

Zilose™ 
r 


AH) = (11-121) 
This method of treating the scattering potential as a perturbation is 
called the Born approximation. As the perturbation theory is based 
on the assumption that the perturbation term is small, this method is 
suited for those cases in which the scattering potential is small compared 
with the kinetic energy of the incident particle (the unperturbed energy). 

Let us assume that the scattering foil is inserted in position at ¢ = 0. 
Before t = 0 the a-particle is described by a plane wave along the z-axis, 


yO = L gtiirre — 1 

Va Vo 

where p is the magnitude of the momentum vector po of the a-particle. 
Therefore the initial condition is that at ¢ = 0 the particle is described 


> ead 
eltlMpyt ; 
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by a single unperturbed eigenfunction. The perturbation theory developed 
in the last section is based on such an initial condition and thus is readily 
applicable. At ¢ = 0 the perturbation is switched on. According to the 
theory in the last section, transitions may occur to clusters of levels the 
unperturbed energy values E® of which are close to EZ}. Let us examine 
these levels. They are all plane waves (unperturbed eigenfunctions), the 
momentum vectors of which have nearly the same magnitudes but dif- 
ferent directions, 1.e., 


1 jap 

(0) (i/h)p' +r > ¢ 

m = —xe » |p| Sp. (11-122) 
VQ 


These levels may be grouped into subclusters, each containing waves with 
momentum vectors in a fixed direction (0, ¢). The transition matrix ele- 
ments of all levels in such a subcluster may be shown presently to depend 
on the unperturbed energy only. Therefore the total transition proba- 
bility to such a subcluster may be evaluated by the summation method 
of the last section. Take a typical level yj?) in a given subcluster for which 
\p’| = p. For this level the momentum vector may be denoted by p. 


Thus 





l (i/n) i r ¢ 
YD? ee efter (11-123) 
VO 
The matrix element for the transition is given by 
2 i/Ayp? — py? 
AAV, = fide Ill - dr. (11-124) 


Once we have evaluated this matrix element and found the density of 
levels of this subcluster, Eq. (11-100) gives us the transition probability 
per unit time from the initial state ¥ to this subcluster. As waves in 
this subcluster represent particles moving in the direction (8, y) and having 
energy values near EY (with a spread AE® specified before), this transi- 
tion probability represents the probability of elastic scattering of the 
a-particle in the direction (0, ¢). The same procedure may be repeated 
for other subclusters corresponding to different directions of scattering. 
The differential scattering cross section may thus be derived. 

We now proceed to evaluate the matrix element of Hq. (11-124). The 
direction of the vector py — p is graphically shown in I’ig. 11-12 and the 
magnitude of this vector is found to be 2p sin (0/2) where @ is the scatter- 
ing angle. Thus we have 


(po = Por = 2pr sin : con 0! (11-125) 
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a 


Figure 11-12 


In carrying out the volume integration we shall use a set of spherical 
coordinates (r, 6’, y) the origin being at 0 but the polar axis being parallel 
to the vector py — p. It follows that 
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Q —(i/h)2pr sin (0/2) eee 
_2nbiZx0% [- (22" sin f 
~~ Qpsin (6/2) Jo ieee Tae a 
2p2 
2mZ Ze h sin x dv. (11-126) 


~ 20p2 sin2 (6/2) Jo 


When the upper limit approaches infinity the value of the last integral 
fluctuates between 0 and 2; thus we have no definite value for the matrix 
element. This situation may be examined in the light of the following con- 
sideration. In Fig. 11-13 we show the graphs of the function y;(x) = sin x 
and its integral yo(x) = fo sin X dX. Let us now consider a scattering 
problem in which the force is nearly, but not exactly, an inverse-square-law 
force, expressed by 


2 
F= Ait ee oe (11-127) 





The corresponding potential is 


2 
SS aes (11-128) 
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yi(x) =sin & 





Figure 11-13 


The last integral in Eq. (11-126) is to be replaced by 


ya(o) = i = de. (11-129) 


The functions 


sin x sin X 


Y3(v) = oer and y4(t) = i oc dX 


qa qd 


are plotted in Fig. 11-14. The integral y4(v) converges to unity as —> o. 
When gq is comparatively large, the convergence takes place rapidly; 
when gq is small, it takes place slowly. For any finite value g, no matter 
how small, convergence may eventually be realized. Bear in mind that 
Coulomb’s law is an experimental law which is subject to experimental 
error. When Cavendish investigated the law of force between electric 
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charges (before Coulomb did) he believed the expression for the force to 
be an equation like Eq. (11-127) and he was able to narrow down the 
value of g to within +1/50. Maxwell later claimed that ¢ cannot be greater 
than 1/21600. Still it is not vanishing. From the experimental point of 
view it is perfectly legitimate to use a law of force with a nonvanishing q 
smaller than the experimental error, say 1/21600. Such a law of force 
will reproduce, for practical purposes, all results of the inverse square 
law and will have the additional advantage of making the integral in 
Eq. (11-126) converge. Using the limiting value 1 for {6 sin x dx we have 


QZ ZF e7h? 


C1): 7 
Mek = 9052 sin? (6/2) 


(11-130) 


We see that the matrix element for scattering in a given direction (6, ¢) 
depends on the unperturbed energy E® = p?/2M only, as mentioned 
previously. It may be remarked here that the original method to make 
the integral converge was due to Wentzel who replaced the Coulomb 
potential by 

lim AL ert": 

ko) 60 


The last integral in Eq. (11-126) thus becomes 


| e—* sin r dr = Ss 1 when k— 0, 
0 
(atom) + 


and the result obtained is the same as before. De Broglie interpreted 
Wentzel’s method in the following manner. The plane wave used for 
calculation represents an infinite wave, whereas the actual beam is finite 
and limited in dimension laterally. By using an infinite wave we introduce 
a part which has no real existence. The effect of this error may be annulled 
by the cut-off factor e—*” introduced in the potential. 

We next calculate the level density of the subcluster of levels correspond- 
ing to scattering in the direction (6, g). The total level density consisting 
of all levels near Ei is given by Eq. (11-87). As the space is isotropic, 
the density of levels with momentum vectors pointing in the direction 
(6, ¢) within a solid angle dw is 


2 


_ pe), 2 p oe 
pH, 0, ¢) dx = “dw = og de. (11-131) 


We are now ready to write down the transition probability per unit time 
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for scattering in the direction (6, ¢) within a solid angle dw, according to 
Eq. (11-100); 

1 20 ( QnZ 1Zoe7h? : Q p° 

Trok’ hh ~\2Qp? sin? (0/2)/ (27h)> v 

Zidzes 1 

~ 4M2v4 sin4 (6/2) Q 





dw 





dw. (11-132) 


This result may be expressed in terms of the scattering cross section. 
The initial wave function represents a beam of a-particles the velocity of 
which is v and the density of which is 1/Q. Let the scattering cross section 
be denoted by o(6, ¢) dw. Since the transition probability per unit time 
for scattering in the direction (6, ¢) represents the scattered current in 
the direction (6, ¢), Eq. (11-118) yields 





- ae ‘ v 0(0, ¢) dw (11-133) 
kk’ 
or 
2724 
o(6, ¢) dw = Ash x dw. (11-134) 
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Equation (11-134) is identical with Nq. (11-120); thus quantum me- 
chanics in the Born approximation gives the same result as classical 
mechanics. 

How can classical mechanics and quantum mechanics, the mathematical 
apparatuses of which are drastically different, render exactly the same 
result? That this happens by chance is extremely improbable. ‘The 
answer may be found in Section 2-7 where we discuss the relation between 
quantum mechanics and the Hamiltonian theory of classical mechanics. 
We have shown that the quantity W*W, in the limit 4 — 0, may be re- 
garded as a density function of a “fluid” made of a large number of clas- 
sical particles moving independently of one another; these particles obey 
the laws of classical mechanics and are described in the Hamiltonian theory 
by a given principal function ¢. Now a uniform beam of a-particles 
actually represents an ensemble of particles befitting this description. 
The future distribution of the particles, which is determined by the classi- 
cal trajectories of the particles, therefore may be represented by W*¥, 
the wave function being obtained by solving the Schrédinger equation 
in quantum mechanics. Consequently the classical result, expressed in 
Eq. (11-120) may be reproduced automatically in quantum mechanics 
in the approximation A 0. The quantumemechanical result is given 
in Eq. (11184), in whieh A does not appear, 

(C) The time-independent perturbation theory, The above relation be- 
tween classical and quantum mechanics is perhapa obseured by the com- 
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plicated mathematics of the time-dependent perturbation theory. Since a 
beam of a-particles undergoing scattering is an ensemble of particles 
describable by the motion of a fluid, it should be possible to find a solution 
W(x, y, 2,t) of the time-dependent Schrédinger equation such that ¥*¥ 
describes the density of this fluid. Furthermore, for a steady beam (a 
beam turned on for an infinitely long time) undergoing scattering, the 
density distribution of the representative fluid must be stationary (inde- 
pendent of time). This requires that Y*W be independent of time or 
W(x, y, 2, t) be a stationary solution of the form (x, y, z)e~UM na". It 
follows that such a wave function W(z, y, z, £) must be an energy eigen- 
function and is obtainable by solving the time-independent Schrédinger 
equation. To find such a wave function ¥(a, y, z) we shall now proceed 
to solve the time-independent Schrédinger equation by a method which 
is essentially a time-independent perturbation method. We shall see that 
this wave function ¥(z, y, z) also leads to the Rutherford equation, thus 
demonstrating the fact that the two perturbation theories are equivalent. 

The time-independent Schrédinger equation for the scattering problem 
is as follows: 





vy 4 20 (x Filia “)y = 0. (11-135) 


It may be noted that this equation is identical with that of the hydrogen 
atom except for the values of M, Z,, and Z2. However, for scattering 
problems we are interested in solutions of positive energy values which 
satisfy certain boundary conditions (the eigenfunctions of the hydrogen 
atom correspond to negative energy values). As before, we consider the 
Coulomb potential as a perturbation, the unperturbed equation being 
again the free particle equation. The beam of a-particles before being 
scattered may be represented by an unperturbed eigenfunction denoted 
by y¥, which is a plane wave in the z-direction represented by 
(1/VQ)e?", The perturbation changes the wave function slightly and 
we may write 


y= yO Hy, (11-136) 


where y is small compared with y. wy represents the scattered 

particles. To obtain y‘” we put Eq. (11-136) in Eq. (11-135) and make 

use of the unperturbed equation, V7y° + (2ME/h?)y = 0. The result 

is 

ca ZZ oe? 
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vay) 4 Ey = (yO + yy). (11-137) 


So far the derivation is exact. In the spirit of the perturbation theory we 
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now make an approximation by neglecting y‘? in comparison with y 
in the right-hand side. Thus 


2M QM ZiZ2e7 1 Gs 
2 (1) (1). ase B1e2 (1/h)px 
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To solve this inhomogeneous differential equation for y™, we deviate from 
the standard perturbation method of Chapter 10 and take a different 
approach. Multiplying this equation by the time factor e~“/””", we obtain 


(11-138) 
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(11-140) 


This equation takes the form of the equation for the retarded potential 
in electrodynamics and thus may be solved by Kirchhoff’s formula (see 
Fig. 11-15). The result is 
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We are only interested in the value of y‘?(X, Y,Z) at a large distance 
from the origin. As the integral is largely determined by the integrand in 
a region near the origin, we may approximate the p in the denominator 
by po and the p in the exponent by 


Pp = Po — rcos’Y. 
Hence 


yx Yy Ze tiat 


—— 1 2M Z Zoe? ht B) (peo EW) /// ef t/Mp(z—r cos 7) a3 
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(11-143) 
The exponent may be reduced as follows: 


p(x — reos Y) = pr [cos (Y + 6) — cos 7] 
pr[eos( +848) — cos(7 +2 Bs ‘| 


= —2pr sin G + £) sin 


0 Tw\ . 6 
= 2pr cos (7 -- a7 *) sin $ 
= 2pr cos 6’ sin 5 (11-144) 


The integral in Eq. (11-143) is thus exactly the same as that in Eq. 
(11-126), as the solid angle dw may be written as 27 sin 6’ d6’, referring 
to the direction OZ’ as the polar axis. The result of Eq. (11-126) may 
thus be taken over and we have 
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It may be remarked that Eq. (11-144) is physically equivalent to the 
equation (11-125) obtained by geometrical method, and the direction OZ’ 
is actually the direction of pg — p in Fig. 11-12. The point (X, Y, Z) 
may be expressed in the polar coordinates (po, 6, ¢). Thus 

1 2D oe" ef /*)(peo—E t) 
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(11-145) 
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Scattering of a-particles according to quantum mechanics 
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The last factor in the above expression represents a radial spherical wave. 
Thus Eq. (11-145) represents a wave the amplitude of which depends on 
the azimuth angle @ according to the second factor, but is independent of 
the longitude angle ¢, i.e., the wave exhibits axial symmetry. The first 
factor 1/\/Q fixes the absolute intensity of this wave. This result may be 
interpreted to mean that the effect of the perturbation of the Coulomb 
potential on wy, the plane wave along the a-axis, is to generate a weak 
spherical wave from the center of the force field, The student may visualize - 
this situation by considering a plane wave in water impinging on a fixed 
object from which a spherical wave is generated, Since the scattered 








280 TIME-DEPENDENT PERTURBATION THEORY [cHap. 11 


wave y‘? is to represent the scattered a-particles, Eq. (11-145) tells us 
that the a-particles will be scattered with different intensities in different 
directions. Again the result may be expressed in terms of the scattering 
cross section. By definition the incident current density multiplied by 
a(6, ¢) dw equals the scattered current in the solid angle dw. The latter 
equals the intensity of the scattered wave at (po, 6, ¢) multiplied by the 
surface area pjdw covering the solid angle dw, and by the velocity of 
the scattered particle, which equals v for elastic scattering: 


2 2 P: 
(=) v o(8, ¢) dw = (+. EEE i) (pj dw)v. (11-146) 





Thus the differential scattering cross section is 


AV ALS 1 
4M 2y4 sin4 (0/2) 





a(8, y) dw = dw, (11-147) 
which is identical with Eq. (11-120) and Eq. (11-134). 

It may be remarked that the wave functions used in quantum me- 
chanics actually represent the motion of one particle. For many particles, 
the results are additive. However, the cross sections remain the same since 
they are geometrical quantities independent of the beam intensity. In 
Fig. 11-16 we sketch the scattering process symbolically according to 
both classical and quantum mechanics. The density distributions of the 
a-particles are the same in both cases. 


11-5 The radiation processes. Bohr’s theory is based on two assump- 
tions: the quantum condition and the frequency rule. He restricted clas- 
sical mechanics by the quantum condition and replaced classical electro- 
dynamics by the frequency rule. In spite of the remarkable successes 
achieved, it remains an incoherent theory. Yet there is no doubt that 
the two assumptions are the master keys to atomic physics and a more 
refined theory will put these assumptions on a firm basis within a coherent 
theoretical structure. So far quantum mechanics has succeeded in incor- 
porating the quantum condition into mechanics, but the frequency rule 
remains unexplained. In fact, quantum mechanics as we have discussed it 
so far does not allow any radiative transition to take place as specified 
by the Bohr frequency rule. Suppose that at ¢ = 0 the initial wave 
function of the electron of a hydrogen atom is ~219. The equation of 
motion, i.e., the time-dependent Schrédinger equation, tells us that the 
wave function at any later time ¢ is Yo19¢ ‘’””2'. This means that after 
t = 0 the electron always stays at the 2p state, unable to come down to 
the 1s state accompanied by the emission of the first line in the Lyman 
sorlos, Clearly quantum mechanics as we have discussed it so far is not 
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complete when a radiation process is involved. It is complete for purely 
mechanical problems, as may be seen in its application to the Rutherford 
scattering. On the other hand, the classical theory of electrodynamics is 
inadequate in many applications, such as the photoelectric effect and the 
Compton effect. It has to be modified just as classical mechanics has been 
modified (by passing to a quantized theory). A radiation process such as 
the emission of the first Lyman line by a hydrogen atom, involving both 
the mechanics of the atom and the electrodynamics, can be successfully 
treated only on the basis of a quantized theory of electrodynamics. Much 
work has been done in developing a quantum theory of radiation, which is 
an advanced topic in quantum mechanics and will not be included in this 
volume. In this theory the quantum nature of the radiation process is 
accounted for, and not only the frequency rule but also the selection, 
intensity, and polarization rules may be derived from the theory. However, 
before such a systematic treatment of the radiation process can be made, 
many of the results may be obtained within the present scheme of quantum 
mechanics by treating the radiation field classically and considering its 
influence on the atom as a perturbation. Such a theory, considering the 
atom quantum-mechanically while considering the radiation field clas- 
sically, may be called a semiclassical theory. Because it overlooks the quan- 
tum nature of radiation, it is approximate from the beginning and is not 
expected to be wholly satisfactory. However, the success of the semi- 
classical theory is an important step in the development of the theory of 
radiation; actually the quantum theory of radiation is more or less a 
refinement of it. We discuss the semiclassical theory of radiation here 
not only for our interest in radiation, but also as an illustration of the 
perturbation theory. 

(A) The perturbation treatment of the radiative transitions. Consider an 
atom exposed to a radiation field. We know as experimental fact that the 
atom may absorb radiation and thereby raises itself to an excited state. 
From the point of view of the semiclassical theory the atom, treated 
quantum-mechanically, may undergo a transition from one energy level 
to another under the perturbation of the radiation field. Along this line 
of thought we may formulate a theory of absorption. Also, a theory of 
induced emission—emission of light induced by an external field—may be 
worked out along a line parallel to the theory of absorption. However, the 
semiclassical theory was unable to account for the spontaneous emission, 
such as the emission of the Lyman lines without the presence of am ex- 
ternal field. This is one of the limitations of the semiclassical theory. As 
the radiation field is treated classically, it may be expressed by a time- 
dependent potential function, We have treated the perturbation by a 
static electric field, the perturbation potential being a function of the 
coordinates x, 7, # only, Mor the perturbation by a radiation field the per- 
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turbation potential is not only a function of the position x, y, z but also is 
dependent on time ¢. Except for this point the perturbation theory to be 
developed is the same as that developed before. 

Consider a monochromatic electromagnetic wave propagating in the 
x-direction with its electric field polarized along the z-axis: 

E, = Acos (wt —_ 7 , (11-148) 
where A is the amplitude of the wave, w is the angular frequency and X is 
the wave length divided by 27. The magnetic field H of the wave is equal 
in magnitude to the electric field H, but points in the —y direction. When 
an atom is exposed to this wave, both the electric and magnetic fields act 
on the electron, the Lorentz force being g# + (q/c)? X H. However, the 
ratio of the magnetic force (the second term) to the electric force (the 
first term) is of the order of v/c, since E and H are equal in magnitude. 
For electrons moving slowly compared with the velocity of light, the 
effect of the magnetic field may be neglected. As the electron in the first 
Bohr orbit of the hydrogen atom has a velocity c/137, the effect of the 


magnetic field may be neglected in atomic physics. The dimension of the - 


atom is about 10~% cm while the wavelength of light in the visible region 
is of the order of 10~° cm, much greater than the dimension of the atom. 
Thus the variation of the electric field over the space of the atom is small. 
(See Fig. 11-17.) Consequently, the field may be regarded as constant 
with respect to the space variables. With these two approximations the 
radiation field as seen by the atom may be represented by the equation 


KE, = A cos at. (11-149) 


It may be remarked that these two approximations are valid only within 
certain limitations. When higher accuracy is required, both the magnetic 
field and the space variation of the electric field must also be considered, 

The potential corresponding to the field of Eq. (11-149) is —F, +z and 
the potential energy of an electron with charge —e in this field is ez/,. 
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Thus the perturbation potential is 
AH = ezA coswt (for linearly polarized light). (11-150) 


With the perturbation potential known, the machinery of the time-de- 
pendent perturbation theory may be applied to calculate the probability 
of transition. However, the present case differs from the previous ones 
in that the perturbation potential is time-dependent, a possibility we did 
not exclude in formulating the time-dependent perturbation theory. As 
a time-dependent Hamiltonian represents a nonconservative force, the law 
of conservation of energy may not hold. This point will be discussed in 
more detail later. 

Before we apply the perturbation theory we first express the wave 
amplitude A in terms of more familiar quantities. The energy density of 
an electromagnetic wave is (H? + H?)/87, the time-average of which is 


BE? 4 Hi) 7 (2) _ A? 
(2 8x) \ar) > Br haat) 


In actual cases a light beam of a continuous spectrum is often used, for 
which the intensity distribution with respect to frequency may be specified 
by a spectral distribution function U(w). Within an infinitesimal range dw, 
all waves may be lumped together as a single monochromatic wave for 
which Eq. (11-151) applies. Thus 





A2 
or 


A2 = 81U(w) dw. (11-153) 


Consider an atomic system exposed to a radiation field expressed by 
Eq. (11-149). For simplicity we consider the hydrogen atom because its 
wave functions ¥nim are well known. The results obtained may easily be 
generalized to other atoms. The electron in the hydrogen atom is assumed, 
for generality, to be in a state Yyzm before the light is turned on at 
t = 0. Therefore the initial condition is 


W(x, y, 2,0) = Ywim(r, 4, ¢). (11-154) 


After ¢ = 0 the perturbation Hamiltonian of Eq. (11-150) is switched on, 
and the time-dependent Schrédinger equation becomes 


] gz ,2 
E (") v! ae oA cost] W = a. (11-155) 
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Since we consider the term ezA cos wt as a perturbation, the unperturbed 
equation is simply that of the hydrogen atom, and the unperturbed solu- 
tions are the Wrim’s of Section 8-3. As the initial condition, Eq. (11-154), 
is such that the system is described by one of its unperturbed states, the 
perturbation theory developed in Section 11-1 is applicable and leads to 
the conclusion that other unperturbed eigenfunctions Ynim may gradually 
appear in the wave function. The amplitude of nim at time t, halen, 
according to Eq. (11-28), is determined by 


ran t) = — % Mpa zane oN, (11-156) 


where 


—E 
Onn = An = Sy (11-157) 


The matrix element may be written as follows: 


AAA enn LM = eA COS Wl Znim;N LM, (11-158) 
where : 
znimin em = [[[¥nim eon nae ar. (11-159) 


In integrating Eq. (11-156) we have to consider the time-dependence of 
the matrix element which we did not have to consider in Section 11-1. 
The function cos wt may be written in the exponential form 


coswt = Re + e—**’). (11-160) 

Equation (11-156) may thus be written as follows: 
an(t) = — eAznimnim (enemy tm! 4 efenn—*)*) = (11-161) 
Integrating Eq. (11-161) with the initial condition that a) (0) = 0, we 


obtain 


UOnn+o)e 1 eienn—#)t =i 





Degen Fe ). 11-162 
Aan Im(C) = oh, snimon tae ( aa oe Ban =e ( ) 


When w,y is clos ec the above equation becomes 
very large and the amplitud the _correspondin Im becomes Ta c. 
Thus at_ti i ili indi n in this 
state Ynim than in others, This means that the radiation field may induce 


a transition from the initial state vz to a final state Prim for which the 
resonance condition w,v & w is satisfied. This transition raises the elec- 
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tron from a lower energy level Ey to a higher one Ep, and the energy 
necessary for the transition is supplied by the radiation field. (The situa- 
tion is similar to the ionization or excitation of atoms by fast-moving 
charged particles, discussed in Section 11-2.) Thus the transition of 
atomic states is accompanied by the absorption of light. The result of 
the semiclassical theory may be stated thus: strong absorption of light is 
to take place when the light frequency is close to one of the Bohr fre- 
quencies; as a result the electron is raised to the corresponding excited 
level. This explains the resonance absorption. This statement was an as- 
sumption in the Bohr theory with regard to the absorption process. Here we 
have derived it from quantum mechanics. One difference may be noted. In 
Bohr’s theory only light waves of frequency w = w,y may be absorbed. 
The quantum-mechanical result is that all waves with frequencies w near 
@nn may be absorbed, but the probability becomes small when w is far 
away from wry. [In quantum mechanics a wave of any frequency may 
induce transitions to any states according to Eq. (11-162); the proba- 
bility is in general extremely small except when the resonance condition 
is satisfied.] It may be added that even when w = Wnn, the second term 
in Kq. (11-162) is not infinite, since the numerator also vanishes and the 
ratio is finite. 

We now consider the first term in Eq. (11-162). This term becomes 
large when w,vy = —w. The value of wry becomes negative when the 
final energy /,, is lower than the initial energy Hy. Thus there is a large 
probability that the electron may come down to a lower energy level Prim 
when the resonance condition wy, = w is satisfied. The semiclassical 
theory thus concludes that under the perturbation of a light wave, an 
electron may jump down to a lower energy level. We have mentioned before 
that without any perturbation an electron cannot jump down. The semi- 
classical theory makes this possible with the help of an external field. In 
doing so the electron loses energy. According to the law of conservation 
of energy we may conclude that the loss of energy of the electron Hy — En 
becomes the gain of the radiation field. Thus light emission accompanies 
the transition of states. Assuming the light emitted to be a photon, we 
find the angular frequency to be 


Thus we have arrived at the Bohr frequency rule in induced emission. 
It must be pointed out that the last step invoking conservation of energy 
is physically convineing but logically unsound, Also the photon is intro- 
duced by an ad hoe assumption, By the quantum theory of the atom we 
can only predict about the atom, but not about the radiation field. As 
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mentioned before, the semiclassical theory is not expected to be perfect. 
Furthermore the semiclassical theory is unable to account for the spon- 
taneous emission—a most unsatisfactory feature of this theory. Again the 
difficulty lies in the fact that the quantum nature of the radiation field is 
ignored; the solution is to be found in the quantum theory of radiation. 

(B) Transition probabilities; selection, intensity, and polarization rules. 
After the above qualitative discussions we return to Eq. (11-162) to derive 
some quantitative results. Consider first the absorption of light. For a 
state Wnim satisfying the condition of resonance absorption, we may omit 
the first term in Eq. (11-162), which is small compared with the second. 
The square of the amplitude of this state is thus 


2 


A in? $(Wnn — w)t 
|aake. (|? = om ecu Neal OE, ata) 


(Wnn — w)? 


In absorption experiments, light of a continuous spectrum is often used 
which may be specified by a spectral distribution function U(w). Even a 
so-called monochromatic wave may be subject to a small frequency spread, 
since only an infinite wave train is strictly monochromatic. Such a wave 
may also be represented by a spectral distribution function U(w), though 
this function is narrowly peaked. A light beam of a continuous spectrum 
may be considered as being made up of a large number of monochromatic 
waves each having an intensity U(w) dw. The quantity A? corresponding 
to each monochromatic wave is given by Eq. (11-153). Applying Eq. 
(11-164) to each wave, we have 


2 sin? wny — w)t 
(Wnn ional w)? 


Se” 
h2 





[rawr (t)|? = U(w) dw|znim:n LM | 


The total probability of finding the electron in the state Prim at time t 
due to all these waves may be obtained by integrating the above expres- 
sion over w. As the integral is largely determined by the value of the inte- 
grand near the resonance frequency, we may approximate it by replacing 


U(w) with U(wny) and then taking it out of the integral. Thus the total 
transition probability to state Yrim 1s 


81re” sin? San — w)t d 


CD gyi8 2 
> |Aanim(t)|" = a- U(Wnn) |@ntm:N LM| j= ie 


Ane” 


5 U (nw) lentm:n Lot. (11-165) 


The result of Eq. (11-98) is used for the last step. As in Section 11-3, 
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the total transition probability is proportional to the time ¢ and therefore 
we may speak of a transition probability per unit time A or a mean life- 
time 7, 





Are? 
ANLM—ntm = —5—- U(@nn) entmiviem|”, (11-166) 
1 4? 
TNLM-—s3nlm = h2 U(@nrn) 2ntmiv eu |’. (11-167) 


Equation (11-167) or Eq. (11-166) is the basic equation for the absorption 
process. For the induced emission we retain the first term in Eq. (11-162) 
but neglect the second term. The result is the same as Eq. (11-167) if 
we remember that wry is now a negative number. Thus Eq. (11-167) 
applies to induced emission as well as to absorption. For an electron in 
a given initial state Yyrm, exposed to a radiation field described by U(a), 
we can calculate its lifetimes against transitions to all other states Vnlm} 
and the total lifetime of the state yyy is given by 


1 1 
TNLM ds TNLM—sntm_ (11-168) 


nlm 
In order to evaluate the lifetimes we must first know the matrix elements 
of z with respect to the final and initial states, Using the hydrogen wave 
functions of Section 8-3, we have 


&nlm;N LM 


= |[ [vim 2 nim at 


* m —im i 
= [ff Briar (cos 0)e—"”"*(r cos 8) Ry (Pi (cos pe e,? sin 6dr d6 de 
* m 7 
= [Rae Ryx(r)r° dr [Pi (cos 0)P1* (cos 8) cos 6 sin 6 da feM—me de. 


(11-169) 


The last integral vanishes unless m = M. It may be shown that the 
second integral vanishes unless 1] = L + 1. (For a mathematical proof 
see, for example, Sommerfeld’s Wave Mechanics.) This may be Visualied 
as follows: The multiplication of PZ’ (cos 6) by cos 0 raises the order of 
the polynomial with respect to the variable cos @ by one so that the prod- 
uct, expanded in a series of spherical harmonies, contains at least a term 
Pi‘, (cos 6). By the orthonormal relation, the integral will not vanish 
when! = L + 1, Since dand L are in symmetric positions in the integral, 
we can interchange them and prove the same when le L 1, The values 
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of the second and third integrals combined are listed below without proof: 


P = al =e 
core cos OY 1m do = Vé + 3)(21 + 1)’ 


f[vi er ene =, 2g AIO 
book im fae QLNhA= 1p 


others = 0. 














From these results, Eq. (11-166) tells us that no transition will take place 
between two states unless 


Al = +1, Am = 0 (for linearly polarized light), (11-171) 


where Al and Am are the changes of the two quantum numbers / and m 
between the initial and final states. These equations represent the selection 
rules that specify the pairs of states between which transition is possible. 
Selection rules were first obtained empirically in spectral analysis. In the 
old quantum theory, selection rules may be derived from the corre- 
spondence principle which makes a correlation between classical and 
quantum-mechanical quantities. In the semiclassical theory of radiation, 
selection rules are derived on a more satisfactory basis. The selection rules 
of Eq. (11-171) are based on the perturbation potential of Eq. (11-150) 
which represents light polarized in the z-direction; therefore they are valid 
only for the linearly polarized light. Also their validity is based on the 
two assumptions that the magnetic field of the light wave and the space 
variation of the electric field over the volume of the atom may be ignored. 
Actually, the small effects of the magnetic field and the space variation of 
the electric field may induce transitions violating the selection rules of 
Eq. (11-171) (these are called forbidden transitions), but the transition 
probabilities are very small. In spectroscopy such transitions are actually 
observed with very weak intensity. The corresponding spectral lines are 
called forbidden lines. The effect of the variation of the electric field over 
the atom may be investigated by writing Eq. (11-148) in the following 


f : 
ee E, = Acosat + AS sinat +---. 


In addition to the perturbation of Eq. (11-150) there is a new term 
(eA/X)zx sin wt, the matrix element of which is essentially determined by 
(«z)ntm:v~m- The corresponding selection rule is Al = 0, +2. Higher 
order terms in the expansion introduce new matrix elements and thereby 
new selection rules. The transitions induced by the potential ezA cos wt 
are called electric dipole transitions. Those induced by (eA/A)zx sin wt are 
called electric quadrupole transitions. The ratio of the two potentials is of 
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Figure 11-18 


the order of (x/X) ~ (10~8/10—5) = 10-*. The ratio of the transition 
probabilities is the square of 10~*, ie., 10~°. Thus the quadrupole transi- 
tion is about a million times weaker than the dipole transition. Higher 
order terms result in higher order multipole transitions which decrease 
rapidly in intensity. The magnetic field of the light wave also induces 
multipole transitions with different selection rules. The intensity of the 
lines due to magnetic dipole transition is of the same order of magnitude 
as that of the electric quadrupole transition. 

While the second and third integrals of Eq. (11-169) determine the 
selection rules, the first integral determines the magnitude of the matrix 
clement and thus the intensity of the spectral lines. When (n, 1) are 
identical with (NV, L), the first integral is simply the average value of r 
over the state yyzm and will have an order of magnitude comparable 
with the radius of the atom. For (n, 1) different from (N, L), we may 
think of the integral as a sort of “mixed average” of r over the two states 
Yvim and Wnim. If the two sets of quantum numbers are not close to each 
other, the two radial wave functions Rn»; and Ry, may “interfere” strongly 
in the radial integral, and the value of the integral may be much smaller 
than the radius of the atom (see Fig. 11-18). For the hydrogen atom, 
the wave functions are all known and the matrix elements of Eq. (11-169) 
may be calculated exactly. The transition probabilities may thus be 
calculated by Eq. (11-166). For several other kinds of atoms the wave 
functions have a structure similar to those of hydrogen atom in that they 
consist of a radial part multiplied by a spherical harmonic. Since the 
spherical harmonic determines the selection rules, these atoms have the 
same selection rules as the hydrogen atom. We need only change the 
radial integral in Iq. (11-169) in order to caleulate the transition 
probabilities. 
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Having considered the linearly polarized light, we now consider the 
perturbation by a circularly polarized light. If the electric field vector 
rotates in the zy-plane in the counterclockwise sense, its components may 
be expressed as follows: 


EL, = A cos ot, E, = Asinat. (11-172) 


Equation (11-149) is to be replaced by Eqs. (11-172) and analogously 
Eq. (11-150) is to be replaced by 


AH‘? = exA coswt + eyA sin wt. (11-173) 


Again, replace the trigonometric functions by exponential functions. Thus 
Ws how = Fev A(e™! mie en) +3; eyA(e™ aes et) 


= keA(x — iy)e™’ + $eA(a + iy)e—**", (11-174) 


In evaluating the matrix elements, the role played by Zntm;vim is to be 
taken by (x + 7y)ntm:wiM, defined in a similar way. Equation (11-161) 
is thus replaced by 


a . L (Wy, w 
ann(t) = — ah eA(x — ty)niminim enn to)! 


— 55 eA + iy) nimiveae e"Y—", (11-175) 


Equations (11-166) and (11-167) remain valid for circularly polarized 
light if zntm:viM is replaced by (a + 7y)nim:wxm for the case of absorption 
and by (x — ty)nim:wzm for induced emission. If the circularly polarized 
light is such that its electric vector rotates in the xy-plane in a clockwise 
sense, then in the above substitution, (c + zy) is to be replaced: by 
(x * iy). Therefore the matrix elements determining the absorption and 
emission of circularly polarized light in the xy-plane are (« + ty)nim;vLM- 
In spherical coordinates (x + iy) = rsin 6e*'*, Their matrix elements 
may be evaluated accordingly. Again they may be written as a product 
of three integrals of r, 6, and ¢. The radial integral is identical with the 
radial integral of Eq. (11-169) while the angular integrals may be evalu- 
ated by a straightforward calculation, the results of which are listed below 
without proof, 


: 1+m)(l + 1+ m) 
ieee sin 6et"*Y) m¢1 dw = #F mi (21 ol + 3) ; 


: i i+ [+1 
ise sin de*'?Y) mx 1 dw = + 4/! a Cl rer 5 » (11-176) 














others = 0. 
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These lead to the following selection rules: 
Al = +1, Am = +1 (for circularly polarized light). (11-177) 


The choice of the z-direction for the linearly polarized light and the zy- 
plane for the circularly polarized light is merely for convenience in making 
calculations. If the linearly polarized light is in the z-direction or the 
circularly polarized light is in the yz-plane, we may use the x-direction as 
the polar axis and the spherical harmonics may be transformed accordingly. 

Both the linearly and circularly polarized light discussed above prop- 
agate in one fixed direction. We now consider a radiation field which 
is isotropic in space, such as the electromagnetic radiation in an enclosure 
which obeys the law of blackbody radiation. lor an isotropic radiation 
the electric field vector may be oriented in any direction specified by 
direction cosines a, 8, Y, which are random variables. Equation (11-149) 
is to be replaced by the following: 


E, = Aacoswt, Hy, = ABcoswt, KH, = AY coswt, (11-178) 


and all equations following Eq. (11-149) remain valid if zpim;yru is re- 
placed by (ax + By + Y2)ntm:nim. In the expression for the transition 
probability, the matrix element appears in absolute value squared, which is 


|(aa + By + Y2)nimswim|” 
= 27 ltntm:wiM|” + B7|YntminEM|? + 17 lentmin om? 
+ ofl (Tnimivim)*(Ynim:nim) + (Ynimwim)*(nimvim)] 
+ BY(YnimswLm)*(ZnimsniM) + (ZntmivimM)*(YnimiwiM)] 
+ Yol(Zntm:wLM)*(tnim:wLM) + (Lnimswim)*(éntmywim)]. (11-179) 


Since the direction cosines are random variables, the average values of 
a8, BY, and Ya are all zero while those of a”, 8, and Y? are all 4. Thus 





l(ax + By + Y2)ntmineM|? = 3l|tatmivim|? + [Yntmiwem|? + lentmiv im |?] 


= 4Mratmwiul”. (11-180) 


The last step defines the quantity |rnim;vim|? which will be used for con- 
venience in writing. Equation (11-167) thus becomes 


1 417¢” 
Fw gna U nw) Itntmin na (11-181) 
4 onim ‘ 


The selection rules may be obtained from the matrix elements of av, y, 
and zg, Since the matrix element of « (or y) may be expressed in terme 
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of those of (x + zy) and (x — zy), the corresponding selection rules are 
the same as in Kq. (11-177). Therefore the selection rules for isotropic 
radiation are a combination of those for circularly polarized light in the 
xy-plane and those for linearly polarized light in the z-direction, Le., 


Al = +1, Am = 0, +1 (for isotropic radiation). (11-182) 


Referring to the energy level diagram reproduced in Fig. 11-19, the 
selection rule Al = +1 means that a transition can take place only be- 
tween adjacent columns. A level in this diagram represents (2/ ++ 1) states 
with m = —l,..., 1. Between two levels a number of transitions may be 
possible satisfying the selection rule Am = 0, +1. For example, the line 
3d — 2p includes the following possible changes of m: 2— 1; 1— 1,0; 
0— 1,0, —1; —1—- 0, —1; and —2 > —1. 

In spectral analysis, a number of intensity rules have been obtained 
empirically. Some of them may be derived with the aid of Eqs. (11-170) 
and (11-176). Since the states that differ in magnetic quantum numbers 
only have the same energy, we do not distinguish them in spectral analysis 
unless a magnetic field is applied. (The effect of the magnetic field will be 
discussed in Section 12-10.) Thus a single observed spectral line is actually 
the aggregation of a number of lines associated with different magnetic 
quantum numbers. Consider transitions between a given initial level 
(N, L) and levels of the same principal quantum number n. The selection 
rule requires the / values of the final level to be L + 1. Thus only two 
levels are available for allowed transition, giving rise to two spectral lines. 
The intensity of each of the two lines represents the total transition 
probability of all individual transitions between states of different magnetic 
quantum numbers. The matrix elements of all these transitions have 
nearly the same radial integrals. Thus the relative probabilities of these 
(transitions may be expressed in terms of the quantities in Nqs. (11-170) 
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and (11-176). The total intensity of the two lines turns out to be pro- 
portional to (24+ 1), which is the quantum weight of the initial level. 
This result agrees with the empirical Burger and Dorgelo rule. 

(C) The spontaneous emission. The above derivation of the frequency, 
selection, polarization, and intensity rules are subject to the same criti- 
cisms we mentioned previously, i.e., they are valid for the absorption 
process; their validity for the induced emission depends on additional 
assumptions; and they have nothing to do with the spontaneous emission. 
Let us forget for a moment the incompleteness of the semiclassical theory 
in dealing with the emission processes and consider its success in dealing 
with the absorption process. If we have another piece of information, 
independent of the semiclassical theory, which gives us the relation be- 
tween the emission and absorption processes, then we can combine this 
information with the correct result of absorption obtained in the semi- 
classical theory to derive the correct laws of emission. It so happens that 
the equilibrium condition governing an atom exposed to a blackbody 
radiation provides us with exactly such an information. In lig. 11-20 we 
consider two of the quantum states of an atom designated by | and 2. 
An atom in state 1 may absorb radiation and be excited to state 2. An 
atom in state 2 may emit radiation and return to state 1. In order to 
establish equilibrium, the kind and amount of radiation emitted and ab- 
sorbed by an ensemble of atoms must be the same. Set the emission rate 
equal to the absorption rate; we obtain 


Pods. = PiA152, (11-183) 


where P2 and P, are the equilibrium probabilities of finding the atomic 
system in states 2 and 1, and A»_,; and A,_,2 are the corresponding transi- 
tion probabilities per unit time. P 2 and P, are determined by the 
general laws of statistical mechanics: 


Pow galt Vee (11-184) 
Therefore 
_ gi Bam Ei) /kT = hears he (11-185) 
a 
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According to the semiclassical theory of absorption, A,_,2 is given by 


Ane? 
Aioe = aa lro1|?U (wos), (11-186) 


where U(w) is now the spectral distribution function of the blackbody 
radiation given by Eq. (1-2) which is reproduced below: 


w ha 


Uw) w2e3 palkT 








(11-187) 
Irom Eq. (11-187) we obtain 
2 
U(ol*? — ar ho + U(o). 


Equation (11-183) thus gives the transition probability from the upper 
state 2 to the lower state 1, 


¥ 4 
Ap = er ae Ir21|?U (war) (11-188) 
or 
4 4 
or. ae ire |r21|"U@) + a Iroal?. (11-189) 


The first term of Eq. (11-189) is exactly the same as Eq. (11-186). This 
term represents a probability for the transition from state 2 to state 1 
accompanied by emission, which is proportional to the intensity of the 
radiation field U(w). Therefore it may be interpreted as the transition 
probability due to induced emission. The expression for induced emission 
thus obtained is the same as that of the semiclassical theory. The 
second term of Eq. (11-189) is independent of the radiation field and 
remains there when the field U(w) is reduced to zero. This term rep- 
resents a transition probability which is intrinsic to the atomic system 
and so may be interpreted as being due to the spontaneous emission. 
Thus we have derived the spontaneous emission* as well as the induced 
emission. The lifetime of spontaneous emission is given by 

1 4e 





a [roal”, (11-190) 


T251 
the order of magnitude of r2_,; for an atomic system being 107° sec. 


Because of the fact that the emitted radiation must be in equilibrium 


“The expression for the spontaneous emission may also be obtained from a 
consideration of the radiation damping force, See Problem 11-8. 
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with the absorbed radiation, the frequency, selection, polarization, and 
intensity rules derived for absorption must apply equally well to the 
emission process. Thus by the help of the equilibrium condition for an 
atom in a blackbody radiation, the semiclassical theory succeeds in pro- 
viding us with the essential information regarding the emission process as 
well as the absorption process, and thereby gives us a certain degree of 
understanding of the radiation process without having to go into the 
details of the quantum theory of radiation. 


PROBLEMS 


11-1. Before the time t = 0, the motion of a particle of mass M in a cubic 
box of finite volume a® is known to be described by an eigenfunction, the quan- 
tum numbers of which are nz = 1, ny = 1, nz = 1. At the timet = 0, a weak 
perturbation potential is switched on. The perturbation potential is such that 
all matrix elements are equal, their values being denoted by \H. Determine 
the state of motion of the particle in the long run after the time t = 0. 

11-2. In the previous problem the quantum numbers are changed to nz = 
1,000,000, n, = 0, nz = 0; other conditions remain the same. Determine the 
state of motion of the particle in the time period 0 < t < ©. What conclusion 
may one draw from this problem with respect to quantum statistical mechanics, 
which concerns the behavior of a system when t > ©? 

11-3. The quadruply ionized boron atom (Z = 5) B++++ is a hydrogenlike 
atom. Assume hypothetically that the nuclear charge, after the time t = 0, 
increases linearly in time so that after 10-29 sec the nucleus has changed to 
a carbon nucleus (Z = 6). After the time t = 10~?° sec, the nuclear charge is 
assumed to change no more. Before tf = 0 the electron is known to be at the 
ground state. Give the quantum-mechanical prediction of the state of motion 
of the electron after ¢ = 10-9 sec. Repeat the same problem with the time 
interval 10-29 sec changed to 10—!4 sec. What conclusion may one draw con- 
cerning the possibility of ionizing an atom by the 8-decay of its nucleus? 

11-4. The following problems are for those who are familiar with nuclear 
physics: (a) Derive the energy spectrum of the B-particles in a B-decay process. 
Assume the matrix element to be a constant. Note that the final state is specified 
by the momenta of three particles—the B-particle, the neutrino, and the nucleus, 
the sum of which is zero. (b) Discuss the energy dependence of the neutron 
cross sections in elastic scattering (n, n), inelastic scattering (n, n’) and radiative 
capture (n, Y) processes. The nuclear physics part of the problem concerns the 
matrix element only, which is assumed to be a constant. (c) Discuss qualita- 
tively the nuclear reaction through compound nucleus formation (resonance 
theory) from the point of view of the second-order perturbation theory. 

11-5. Determine the differential cross section of seattering by a spherical po- 
tential well in the low energy limit. 

11-6, Discuss the process of scattering by an electric dipole, the moment of 
which lies in the direction of the incident beam, 
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11-7. Show that the second term in the parentheses of Eq. (11-107) gives rise 
to a term which may be interpreted as a transient that fades away rapidly. 
[Hint: (emn* — 1) is a complex number the representative point of which in 
the complex plane is on a circle centered at x = —1 and having a radius equal 
to unity. Note also that w,,., in the denominator changes sign when n passes m.] 

*11-8. Consider a charged linear harmonic oscillator in the high quantum 
number region. Derive the expression for the rate of spontaneous emission by 
considering the fact that the classical rate of energy loss by radiation is 


dw 2Q? 

ra om £2, (11-191) 
where Q is the charge and z is the coordinate of the oscillator. [Hint: Express 
the matrix element [x?]n, in terms of the matrix elements 2, and remember 
that in the high quantum number region the matrix element 2m, changes little 
when the index changes a few units. 

11-9. Equation (11-31) does not exclude m = k. From the result of Eq. 
(11-31), ineluding m = k, calculate >x=1 |am|?. Does the result agree with 
the fact that the total probability is always unity? Note: The first-order per- 
turbation contributes only terms of the order of \? to the total probability to 
which the second-order perturbation also contributes. When all contributions 
are considered, the total probability is always unity. 

11-10. Discuss the case of a charged linear harmonic oscillator for which an 
electric field is switched on slowly but is turned off suddenly. Also the case in 
which the field is switched on suddenly but is turned off slowly. 


* Indicates more difficult problems. 





CHAPTER 12 


GENERAL FORMULATION OF QUANTUM MECHANICS 
AND ITS APPLICATIONS 


We have developed quantum mechanics in a way which brings out the 
physical meaning most clearly. It is limited to quantum-mechanical sys- 
tems of one particle. For systems of more than one particle, a more 
general formulation is necessary. Because of its use of the noncommutative 
operators, which seems too abstract for beginners, the general formulation 
is postponed to this last chapter. We shall first restate the basic assump- 
tions we have used so far and then derive a few theorems stated in terms 
of the operators. By a generalization of this logical system we obtain the 
general formulation of quantum mechanics. The general theory will then 
be applied to several physical systems to show the wide application of 
quantum mechanics. Many-particle systems, rigid bodies, radiation fields 
and matter waves will be discussed. ‘The wave-particle duality will be 
further discussed from the viewpoint of quantization of wave fields to 
conclude this introductory volume on the quantum theory. 


12-1 Dynamical quantities represented by operators. We have estab- 
lished quantum mechanics on the basis of three assumptions: 

Assumption A.  Born’s first assumption. The quantum-mechanical 
state of a particle at a given time to is described by a wave function 
W(x, y, 2, to), the square of the absolute value of which, |W(x, y, z, to)|?, 
represents the probability density distribution of the position of the par- 
ticle in coordinate space (x, y, 2). 

Assumption B. Born’s second assumption. The square of the absolute 
value of the Fourier coefficients of W(2, y, z, to), lap,p,p,l> represents the 
probabilities of finding the particle at time to to have momentum values 
equal to (pz, Py, Dz), these values being related to the coefficients by 


W(x, Y; %, to) aa > ApepyPz a ef Mpartpyy tre?) (12-1) 


1 
P2zPyPz V2 


Assumption C. Time-dependent Schrodinger equation, ‘The evolution of 
the wave function W(a, y, 2,2) in time with a given initial condition 
W(x, y, 2, lo) is determined by the equation of motion 

» OW Aa +-o AS 
— a . 7) t 12-2 
a al Hi (} dc’ i ay’ t oe :) Via, y,2,0, (12-2) 


207 
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until a measurement is made at some later time ¢;. The measurement 
causes a sudden and uncontrollable change of the wave function at ¢; and 
thus gives a new initial condition for the evolution of W(2, y, z, ¢) after 1. 

Irom these assumptions we now deduce a few theorems. The theorems 
will be expressed in terms of the operators, such as the operators in 
Kq. (12-2), the use of which was first made in Chapters 10 and 11. These 
theorems will bring out the physical significance of the operators. We 
first make a few remarks concerning operators in general. An operator O 
is a mathematical operation which may be applied to a function f(x) and 
changes the function to another, g(x). This relation may be represented 
symbolically by the equation 


Of(x) = g(2). (12-3) 


Throughout this chapter we shall use boldface italic letters to denote 
operators. A few simple examples of the operators will be mentioned here. 
“Multiplication by x” may be considered as an operator. Thus the equation 


az? +1)=2t+2 (12-4) 


may be stated in the operator language as follows: the operator O = z, 
operated on the function f(z) = x* + 1, changes f(x) to g(z) = 2* +2. 
The operation is multiplication. “Differentiation with respect to x” may 
also be considered as an operator. Thus the equation 


2 (x? + 1) = 32” (12-5) 


may be stated in the operator language as follows: the operator O = d/dzx, 
operated on f(x) = x? + 1, changes f(x) to g(x) = 32°. The operation 
is differentiation. Operators may be added and multiplied to form new 
operators. Thus the operator O = 3(d/dx)? + 2x? is defined by 


2 267, 
Ofte (3 (“) a 2x*| ee £2) 4 2xF(x2). (12-6) 





There are many other kinds of operators. 
One important class of operators is the linear operator, which is defined 
by the following equations: 


Olfi(x) + fo(x)] = Ofi(x) + Ofe(z), 
Ofef(x)] = cOf(x), (12-7) 


where ¢ is a constant. “Multiplication by «” and “differentiation with 
p y 
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respect to x” are both linear operators, while “taking square” and “taking 
square root” are not, as may be verified readily. In quantum mechanics 
we consider mostly linear operators. 

The most important class of operators used in quantum mechanics is 
the Hermitian operator, which is defined as follows: For any two well- 
behaved functions f(x) and g(x) vanishing at infinity, an operator O 
satisfying the equation 


[cron ae=[f son ae] 


is said to be Hermitian. The importance of the Hermitian operator lies 
in the fact that f_, y*Oy dz is a real quantity as may be proved readily 
by the above equation. 


THEOREM 1. The average values* of the coordinates 2, y, 2 of a particle 
described by a normalized wave function W(a, y, z, to) are 


(to) => If W*(z, Y; 2, to)aW(x, Y, 2, to) dx dy dz, 
7 (to) ome If W*(z, Y; 2, to)yW(x, Y; 2, to) dx dy dz, (12-8) 


2(to) = / ff i W*(x, y, 2; to)e¥(a, y, 2, to) dx dy dz. 


Stated in the operator language, the average values of 2, y, z are ob- 
tained by inserting the multiplication operators x, y, z between ¥* and 
W and then performing integration. 

This theorem follows immediately from assumption A. We here deliber- 
ately write the operator between ¥* and W for a reason to be made clear 
later in Theorem 2. This order means that W is to be multiplied by z 
(or y, 2) first, then by * before the final integration. By the definition 
it may be shown that the operators x, y, z2 are Hermitian. Therefore the 
average values are real, as they should be. 


Coroutuary 1-1. The average value of any function f(z, y, 2) at fo 
in a quantum-mechanical state described by W(q, y, 2, to) is 


Fig(2, Y; 2) = [[[v@ Y, 2, tof (x, Y; z)V(z, Y; @, to) dx dy dz. (12-9) 


Here f(x, y, z) may be regarded as a multiplication operator, i.e., multi- 
plication by f(z, y, 2). This operator is also Hermitian. 





“Tn some books the average value is called the expectation value, 
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THEOREM 2. The average values of momenta pz, py, pz of a particle 
described by W(a, y, 2, to) are 


Dz(to) = [fe Y; %, to) is - V(x, Y, 2, to) dx dy dz, 

2 . a 

Dy(to) =  G (x, Y, 2, to) 7 eA ge Y, 2, to) dx dy dz, (12-10) 
Da(to) = = [fore Y, @, ta) 4 2 ue, Y, 2, to) dx dy dz. 


In other words the average values of pz, py, pz may be obtained by in- 


serting the differentiation operators (4/7) (0/dx), (h/t) (0/dy), (h/2)(0/dz) 
between W* and W and then performing integration. 


Proof. 


W* (x, y, 2, ta) 4 2 we, Y, 2, to) dx dy dz 


ap! ora! 1 eM Dt + PyytP22) 
ah yz 
2 Vo 


C) 1 
, ax D, Spgp,p, a Mee eth | de dy de 


PyPyPz Vo 


Ap’ p'p! aay eM D t+ yY+Pz2) 
ae yrz 
2 V2 


1 3 
X{ >> Pe dp.yyp, —= eee tee ths | de dy dz. (12-11) 
DaPyPz Va 


I 
2. 


The dummy indices p,, p,, p, are used in the expression of ¥* to distin- 
guish them from the other dummy indices pz, py, pz. Integrating with 
respect to 2, y, z first and making use of the orthonormal property of the 
plane-wave functions, we reduce the double summation to a single summa- 
tion as the cross terms vanish: 


* 1 -caltyewixt phy tpiz) 
Dy, du ( deisies ae a 
DPyPz PpPyPz Q 


1 eth) (Dpt+Pyv +P?) dx dy dz = 


* 
x ArePyPs 75 >> PxAp,pyp,p,PyPs" 


PaPyPs 
(12-12) 
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The right-hand side, according to assumption B, is the average value of pz 
over the momentum probability distribution. The theorem is thus proved. 

Here, unlike in Eqs. (12-8), the order of writing Y, (h/7)(0/dx), and v* 
becomes important. It means that W is to be differentiated first and then 
the result is to be multiplied by Y* before integration. Equations (12-8) 
are so written that they have forms similar to those in Eqs. (12-10). By 
the definition it may be proved that the momentum operators (h/i)(0/d2), 
(h/2)(0/dy), (h/t)(0/dz) are Hermitian. Therefore the average values are 
all real, as they should be. 


Coro.tuary 2-1. The average value of pi? may be obtained if in the 
right-hand side of Eq. (12-10) the operator (h/7)(d/dx) is replaced by 
the operator [(f/7)(0/dx)]"; ie., successive operation of (h/7)(0/dx) for 
n times. 


This may be proved by the fact that 


ho\" |, . 
G = eM tt Pyyt+P22) pre Matt Py tPs2), (12-13) 


Note that [(h/2)(0/dx)]" is a Hermitian operator. 


CoroLuAry 2-2. The average value of a function of pz, f(pr), which is 
expressible in power series >; @,p", may be obtained by letting the 
operator f[(/2)(0/dx)| take the place of (h/7)(0/dx) in the right-hand 
side of Eq. (12-10), f[(4/i)(0/dx)] being defined by 


h r) = oO h ay n 
+ z)v= dm (? agi 
This result follows directly from Corollary 2-1. 


THEOREM 3. The average value of any function f(pz, Py, Pz, v, Y, 2) may 
be obtained as follows provided that the function may be expressed in 
a sum of two parts: one depending on 2, y, z only, and the other de- 
pending on pz, Py, pz, only the latter being expressible in power series 
Of Pz, Py Dz: 


ahd ote 0 
* ad pend . 
S(Pz, Py Pzi %, Y, 2) Py Pz X,Y, @ 5= ff fv (x, Y, 2, to) s(t ax’ 1 oy 1 oz’ x,y; :) 


xX W(x, y, Z, to) dx dy dz. (12-14) 


This follows from Corollary 1-1 and Corollary 2-2. Note that the 
operator is Hermitian, 

If f(pe, Py Pei & Y) #) Cannot be separated into two parts, assumptions 
A and B give no information regarding its average value, We are thus 
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free to define an average value of this function by Eq. (12-14). This 
definition is consistent with the previous results and thus is a natural 
generalization of assumptions A and B. Equation (12-14) is thus assumed 
for any function f(pz, Dy, Pz} X,Y, 2). Furthermore, the operator is re- 
quired to be Hermitian as the average value is always required to be real. 

As an example we consider the energy as a function of momenta and 
coordinates: 


H (pz, Dy) Bei ©) Ys 2) = a> (pz + py + pz) + Ula,y,2). (12-15) 
2M 


This function consists of two parts and the momentum part is in the 
form of a power series. According to Theorem 3, the average value of 
energy is 


ho ha 
H (Pz, Dy, P23 ZY, 2) = |[f (x, Y; 2, a(t 2, a ay’ 42 aye) 


xX Wa, y, 2, to) dx dy dz. (12-16) 


Let the wave function be expressed as a superposition of energy eigen- 
functions: 


U(x, y, 2 to) = D7 babala, y, ze IM Fate, (12-17) 
Making use of the time-independent Schrédinger equation 


hoa ha ha. os - 
a(t 2, 7 oy 42s sue) vn = nn (12 18) 


and the orthonormal property of its solutions, we reduce Eq. (12-16) to 
the following: 


H (pz, Py Pz ©, Y; 2) = 2 Enbabn. (12-19) 
n 


In Section 4-3 we made a generalization of Born’s second assumption: 
bxb, represents the probability of finding the system to have energy 
value F,. As a result, the average value is to be +n Enbxbn. Equation 
(12-19) shows that this generalization is consistent with Theorem 3. Later 
we shall show that this generalization may be derived from Theorem 3. 

It may be shown that the energy operator is Hermitian. Therefore its 
average value is real as it should be. In quantum mechanics dynamical 
quantities are associated with Hermitian operators and their average 
values are all real as they should be. 

We now consider another aspect of the time-independent Schrédinger 
equation which is the equation determining the Fourier coefficients of 
W(v, y, 2, 4) with respect to time. Equation (12-18) may be interpreted 
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as follows: the energy eigenvalue FH, and the energy eigenfunction pp, 
satisfy an operator equation 


Ay, = EWn; (12-20) 


where H is the operator corresponding to energy as specified in Theorem 3. 
Let us also consider the fact that the plane-wave function satisfies 


( a) eR (Prtt+Pyv + P22) 


(i/h) (py +Pyy+Pz2) 12-2] 
t Ox . ( ) 


= Pxl 
which may be interpreted to mean that the momentum eigenvalue p, and 
eigenfunction e/”?.*t+Pyw+t?.” satisfy an operator equation similar to 
Eq. (12-20). These facts strongly suggest that the eigenvalues and eigen- 
functions of any other physical quantities satisfy an operator equation 
similar to Eq. (12-20). This generalization will be discussed in the fol- 
lowing theorems. 


TureorEM 4. The wave function ,(2, y,z), satisfying the operator 
equation 


< +e, Y, :) Vn(x, Y; 2) = Srdn(x, Y; z) (12-22) 


in which f, is a constant, represents a quantum-mechanical state for 
which measurements of the quantity (pz, Py, Pz} 7, Y, 2) (a function of 
momenta and coordinates) yield invariably a definite value f, (instead 
of many different values). 


Proof. By Theorem 3 we may show that the average value of 
S (pz, Py, Pz} L,Y, z) in the state y, is fr. Now consider the square of 
S(Pz, Py, Pz} X, Y; 2), the average value of which is, according to Theorem 8, 


ce) fh ~ Jf 0 
F [foenalt 288 nn) 
hdohoe kha 
x(t 2, 7 ay’ er 
hoho ha 
= fff once a(t 2, $e) woe! ee 2) Iudal tv z) dx dy dz 


x 
= [ff vac Y, 2faWn(x, y, 2) dx dy dz 


= fi. (12-23) 


Similarly the average values of any powers of J, ie., f”", may be shown to 
be f". In statistics the average value of the square (or any other power) 
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of a quantity f is usually not the same as the square of the average of f. 
Here we have a situation where the average of any power of f is equal to 
the same power of the average value f,. This can be the case only when 
the statistical distribution of the possible values of f is sharply peaked at 
a single value f,; in other words, the probability of finding the value of f 
to be fn is unity and the probabilities for any other values are zero. The 
theorem is thus proved. 

The wave functions y, and the constants f, satisfying Eq. (12-22) are 
called eigenfunctions and eigenvalues of f(pz, Dy, Pz} 2, Y, 2)- 


TuHerorEM 5. All normalized eigenfunctions of an operator f satisfying 
the boundary condition at infinity form a complete orthonormal set by 
which a well-behaved function vanishing at infinity may be expanded. 


A special case of this theorem concerning energy eigenfunctions has been 
mentioned before in Sections 4—2 and 9-4. We omit the general proof. 


TuHreoreM 6. The eigenvalues of f(pz, Py, pz} 2, Y, 2) of a system are the 
only possible values of f that may be obtained upon an observation of f 
in any quantum-mechanical state of the system. 


The proof will be given in conjunction with the following theorem. 


Turorem 7. The square of the absolute value of a coefficient of expan- 
sion, CXC, of a wave function y in terms of an orthonormal set of 
eigenfunctions of f(pz, Py, Pz} X, Y, 2), represents the probability of find- 
ing the value of f in the state y, upon an observation, to be fn. 
Proof. 

¥(2, Y, 2) oan rs Crva(x, Y, 2). (12-24) 


From Theorem 3 the average value of f(pz, Py, Pz; %, y, 2) in the state 
¥(2, y, 2) is 


rd ho ho ha 
r= [fore vas(? ax’ i oy’ 5 apt v2) 02, v2) dx dy dz 


= ok hod hod ha. 
= ff{f[xewienalr( Or 4 on. % 2. ay2) 


> Crdn(a, Y, 2] dx dy dz 


n 


teas. (12-25) 
” 





1 


x 
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Similarly, the average value of the square of f is 
fo Pi tence: (12-26) 


Furthermore, 


f= DV MCnCn. (12-27) 


Equations (12-25) through (12-27) may be satisfied only when the 
quantities C*C,, represent the probabilities of finding the value of f to be 
fn. Theorem 7 is thus proved. Since the probability distribution is limited 
to the eigenvalues f, only, these values represent the only possible values 
that may be obtained upon observation. Theorem 6 is thus proved. It 
may be remarked that the generalization of Born’s second assumption in 
Section 4-3 is a special case of Theorem 7. Therefore it is not an inde- 
pendent assumption. 

The above theorems show that the kinematics of quantum mechanics 
may be very conveniently formulated in the operator language. With 
each dynamical quantity expressed as a function of momenta and co- 
ordinates f(pz, Py, Pz} ©, Y, 2) We May associate an operator 


hohod ha. 

s(t ax’ i dy’ a 3 ae): 
which may be abbreviated by the boldface letter f, by means of which 
the average value of f in a state ~ may be calculated according to 
Theorem 3. The eigenvalues of f may be obtained by solving Iq. (12-22). 
As the eigenvalues usually form a discrete set, Iq. (12-22) leads to quan- 
tization of the dynamical quantity f(pz, Dy, Pz} %) Y, 2). Thus we have a 
general method of quantization applicable to any dynamical quantity f. 
(This method is thus the quantum-mechanical answer to the first problem 
mentioned at the end of Section 1-3. The quantum-mechanical answer to 
the second problem there is given by the time-dependent perturbation 
theory of Chapter 11.) 

It is commonly stated in textbooks that a dynamical quantity may be 
represented by an operator. The physical meaning will be clearer if we 
state that the average value of a dynamical quantity may be calculated 
with the aid of an operator. The significant physical quantity is the 
average value (or its equivalent, i.e., the probability distribution over the 
eigenvalues). The operator is but a mathematical tool for obtaining this 
physical quantity. The situation is similar to the use of the ¢maginary 
numbers in electrical network theory with an ultimate aim of obtaining 
real physical results. If the student will keep in mind the average values 
behind the operators, the use of this abstract mathematical tool will no 
longer appear mysterious, 
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12-2 The algebra of operators. We have seen that operators may be 
added and multiplied to form new operators. Also it can be shown that 
operators obey the distributive law and the associative law. Thus the 
algebraic relations among the operators are very much the same as those 
among the numbers (integral, rational, irrational, or imaginary). However, 
there is one major difference, i.e., the commutative law of numbers is not 
obeyed by operators. Consider the following example. The operator 
formed by the product of two operators x and d/dz in the order 2 - (d/dz) 
is defined by 


d aig a z 
(2-4) 1 = 25. (12-28) 
If the order of the product is (d/dx) - x, the operator is defined by 


(2-2)s@ = 4 el =s@ + 2%. 


Evidently the two operators x- (d/dx) and (d/dx) -x are not the same. 
Thus the operators « and d/dx are not commutative. In special cases, 
operators may be commutative. For example, “multiplication by x” and 
“multiplication by y” are commutative. So are “differentiation with 
respect to x” and “differentiation with respect to y”. When noncommuting 
operators are involved, the order of writing the product becomes important. 
In all previous examples, e.g., in the energy operator, the products do not 
involve noncommuting operators. Thus we need not pay, and actually 
have not paid, any attention to the order of the operators. Later we shall 
see more of the noncommuting operators. When two operators O; and O2 
are not commutative to each other, we may define a new operator 
(0,0, — O,0,;), which is not vanishing, called the commutator of O, 
and Oy. For example, the commutator of d/dx and x may be found by 
taking the difference of Eqs. (10-28) and (10-27): 


d d 
Since f(x) is arbitrary, Eq. (10-29) implies that the operator 
(2. oo 4) 
dx "de 


is equivalent to “multiplication by unity.” Therefore the commutator is 


equal to unity: 
d d . 
(2 ae) a 2) - an) 
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Similarly, the commutator of the momentum operator (h/i)(d/dx) and 
the position operator «x is 


(2. ha\_h 
foe” eae a 





or 
h 
prx “= Xpx = ie 
h 
byY — Yhy = c. (12-31) 
h 
pz — 2p, = ra 


On the other hand p,, ~,, p2 commute among themselves. The same is 
true for x, y, z. Thus, 


xy — yx = 0, bify — pypx = 9, 


yz—zy=0, pyp: — phy = 9, (12-32) 
zx — xz = 0, Debx pbrp: = 


| 
S 


One complication thus arises when we write down the operator f from 
the classical expression f(pz, Py, Pz} v, y, 2) if some products in the expres- 
sion of f involve noncommuting operators. In the classical expression, the 
order of a product is immaterial. Here new assumptions are needed for 
determining the order of the quantum-mechanical operators.* One im- 
portant consideration is that the operator so written must be Hermitian, 
as the average value is always required to be real. Usually, but not always, 
a symmetric average of the operators, e.g., 4(p.x + xpx), may be used as 
the quantum-mechanical counterpart of the classical product xp, (which 
is the same as p,x7). The justification for this assumption lies not only in 
the fact that this symmetric average reduces to the classical value in the 
classical limit but also that its deductions agree with experimental results. 

The significance of the noncommuting property of the operators x and 
px may be brought out by the following theorem which relates it to the 
Heisenberg uncertainty relation. 


TueorEM 8. The commutation relation between p, and x, i.e., 
pix — Xp, = (h/i), leads to the result that the root-mean-square devi- 





* These are assumptions pertaining to specific quantum-mechanical systems, 
not to the general theory of quantum mechanics itself, 
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ations of position and momentum satisfy the following relation: 


eee (12-33) 


= Dy . 
The same holds when z is replaced by y or z. 


Proof. Consider the one-dimensional case for simplicity. By using the 
operators pz and x we may calculate the average values 3, and %. The 
mean-square deviation of position from the average X may be obtained by 

(Ax)? = | "w(x — 8) wde. (12-34) 
Similarly, the mean-square deviation of momentum from the average BD; is 
(Ape)? = [ ¥*(bs — Ba)” de. (12-35) 
Define two new operators: 

a=x-—f, B = ps — Dr. (12-36) 

Thus - “4 

(Ax)? (Ap)? = fo vtarvarf v*B°y de 

= fo (av)*(ay) def ° yeydx. (12-87) 


Integrating by parts and remembering that y vanishes at infinity, we 
transform the second integral and obtain the following result: 


(Ax)? (aps)? = [" (av)*(ed) dxf” (8) *(BY) de. (12-38) 


The above equation may be obtained directly from the first equation in 
Eq. (12-37) by making use of the Hermitian properties of a and B. We 
now make use of a mathematical relation known as the Schwarz inequality, 
which states that for any two complex functions f and g, 


[Ul acl” lol? ax = |" seg arl?. (12-39) 


This relation may be derived from the following self-evident inequality 


: “fot de|? 
f-—g=—| ak 20. (12-40) 
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By Eq. (12-39) we change Eq. (12-38): 
(Az)? (Ap.)? 2 | [” (av)*(B¥) ae]? 

= [eae al 


[via — Bade + [° ¥*8(ab + Bay del? 


1 
4 





[v*@B — Ba del? + 4] [" v* (ap + Bay de|* 


(12-41) 


In the last expression the two cross terms cancel because of the following 
relation: 


[ [i vee + Bay ac} = +[ i. V*(aB + Bay de], (12-42) 


which may be verified by such operations as are shown in Eqs. (12-37) 
and (12-38) or by the Hermitian properties of the operators (a#B + Ba) 
and i(@B — Ba). Equation (12-41) means that 


(Ax)? (Ap;)? = 1 fo (ae — pay dx|? 


I 


4] [0 wb. — pex)w de]? 
= #4". 
Therefore ' 


Az Ap, 2 =: (12-43) 


Nol> 


The above proof may be reformulated in a more general way in which 
no explicit use of the differential operator p, = (h/z)(d/dx) is made. 
From the Hermitian property of x and ~,, and the commutation relation 
pix — xp, = h, the same result may be derived. Equation (12-43) 
represents the uncertainty relation. The above theorem shows that the 
uncertainty relation is borne out by any wave function y and therefore 
is satisfied in any quantum-mechanical state. Previously we have derived 
it only in special quantum-mechanical states. 

This theorem shows that the mathematical origin of the uncertainty 
relation lies in:the noncommutativity of the operators p; and x. From 
the mathematical point of view, the extension from classical mechanics 
to quantum mechanies corresponds to an extension from a commutative 
algebra to a noncommutative algebra. And the requirement that the 
uncertainty relation be incorporated in a mechanical theory is fulfilled by 
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the noncommutativity of the operators. This consideration also enables 
us to gain some insight into the meaning of the noncommutativity of the 
operators. It also guides us, as we shall see later, in formulating quantum- 
mechanical theories for physical systems not yet discussed. 

The above theorem implies that momentum eigenfunctions (Ap = 0) 
cannot be position eigenfunctions (Ax = 0) at the same time and vice 
versa. This leads to the following theorem concerning simultaneous eigen- 
functions. 


TuHrEoreEM 9. The necessary and sufficient condition that simultaneous 
eigenfunctions exist for two operators O; and Og is that they commute, 


0,0, ae O20; = 0. (12-44) 
Proof. If simultaneous eigenfunctions y, exist for O; and Og, i.e., 


OWn aaa Oindn; Oovn — OonVn; 


then 
0; O0ovn, a O; (Oon¥n) — O2nOWn = O2nO 1nWn, 


O20ibn = O2(Oinbn) = OinOown = O1nOonYn. 


Therefore 
(0,02 — O20;)~n = 0. 


As any wave function may be expanded in a series of ¥,, the above equa- 
tion holds also for any arbitrary wave function y. Therefore 


0,0, = O20; = 0. 


Thus the condition is proved to be necessary. To prove the condition to 
be sufficient we consider a set of eigenfunctions of O,, satisfying 


OWin = On. 
From the condition O;O2 = O20;, we have 
O1(Oxin) = O20 in = O20invin = O1n(OoWin). 


Therefore (Og¥in) 18 a wave function which is an eigenfunction of O, 
with eigenvalue O;,. In the nondegenerate case there is only one eigen- 
function for eigenvalue O,, which is ¥;,. Therefore (Oo¥1n) and Win must 
be equivalent and they can differ only by a multiplication constant Oon: 


Ootin = OonWin- 


The last equation states that Yi, is an eigenfunction of Oy with eigen- 
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value Oon. The theorem is thus proved. We omit the proof for the 
degenerate case which may be carried out similarly with slight modi- 
fication. 


12-3 Angular momentum in quantum mechanics. The theorems of the 
last two sections will now be applied to a special case for illustration. We 
consider the dynamical quantity angular momentum. In classical me- 
chanics the angular momentum M is a vector quantity defined as a 
function of momenta and coordinates: 


M=rxXp. (12-45) 
The three components are 
Mz = YP: — 2Py 
M, = 2pzr — Xz, (12-46) 
M,z = xpy — Pr. 


Actually there are three functions, M,, M,, M,, of momenta and coordi- 
nates. As these functions are not the kind that can be separated in two 
parts, one containing momenta and the other containing coordinates, we 
cannot rely on Born’s two assumptions to determine their average values 
(or their equivalent). However, they may be treated by the generalized 
point of view of Theorem 3. Accordingly, the following operators are 
associated with the angular momentum components: 


u,—4 (: ae 2), (12-47) 


The order of the two operators in the six products is immaterial, since 
the two always commute. By means of these operators their average 
values in a state y may be obtained by Eq. (12-14). Also the quantiza- 
tion of angular momentum may be worked out by solving Eq. (12-22), 
the eigenvalues of which are the allowed angular momentum values. 
Incidentally, it may be shown that these operators are Hermitian. 

Let us first consider M,. Making a transformation from rectangular to 
spherical coordinates we may express M, as follows: 


_ Aen 


tbe (12-48) 
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The eigenvalue equation is thus 


a aaa aN (12-49) 

t dp 
where M, is a constant representing the eigenvalue of M,. This equation 
may be solved readily. The eigenfunction takes the form 


v= C(r, deme, (12-50) 


where C(r, 0) is an arbitrary function of the other two spherical coordi- 
nates. As ¢ is a variable with a period of 27, y will not be a single-valued 
function unless 

5 Made =2rim, m=0, +1, +2,..., 


or 
M, = mh, m= 0, +1, +2,.... (12-51) 


Thus the z-component of the angular momentum is quantized to integral 
units of i. The corresponding eigenfunctions are 


Yn = C(r, oe’, m=0,+1,+2,.... (12-52) 


As M, and M, are on the same footing with M,, the rule of quantization 
for M, and M, is the same as M,. However, we may not conclude that 
they are all quantized at the same time. First, we show that M,, M,, 
and M, do not commute to one another. To do this we calculate M,M, 
and M,M,: 


M,M, = (yb: — 2py) (2px — Xpz) = Ybz2Pr — YbeXpz — ZhyZhx + 2hyXpz, 
(12-53) 


M,M, = (2px — Xpz)(Ybz — 2py) = thryPz — ZPxtpy — Xpzbz + Xpztpy. 
(12-54) 


The order of multiplication is preserved in all products. The four negative 
terms in Eqs. (12-53, 54) are all products of commuting operators while 
the four positive terms contain noncommuting operators. Taking the 
difference of the two equations, we have 


M.M, — M,M, = yp:(p:Z2 — Zpz) + Xpy(zhz — p:2) 
h a 
aed Ypxz — - Xpy 


=- , M.,. (12-55) 
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Two similar equations may be obtained by permutation of x, y, z. The 
three together specify the commutation rules: 


M,M, — M,M, = — 4 M., 

h 
M,M, — M.M, = — " M,, (12-56) 
M.M, — M,M, — —" M,, 


v 


These equations may be summarized in vector notation, 
ery _ h > 
Mx M= — i M. (12-57) 


Since the three operators do not commute, we conclude from Theorem 9 
that any eigenfunction of M, cannot be at the same time an eigenfunction 
of M, or M,. For a quantum state described by a wave function of the 
form of Eq. (12-52), M, has a definite value but W/, (or M,) has not. 
Upon observation of M, (or M,), the values obtained are limited to the 
eigenvalues of M,, which are also given by Iq. (12-51). Each eigenvalue 
has a certain probability of being observed. Similarly, wave functions 
may be constructed such that M, has a definite value. [Tor these wave 
functions, M, (or M,) does not have a definite value but has a distribution 
of probable values limited to its eigenvalues. 

We now consider a new physical quantity, the square of the angular 
momentum vector M?: 


M? = M24 M24 M?. (12-58) 


The operator associated with this quantity is 


i gf, oe) (2222) (22 — a? 
iin ne(y 2 2) NOM oa Poe WN ay Osa) 


(12-59) 





By straightforward transformation to the spherical coordinates, we obtain 


2 7? 1 oO . a | ce ; = 
NR: E 0 00 (sin ‘ ) + sin? 0 a (12-60) 


The eigenvalue equation is thus 


oj_1 8/42 Eight . 
" lait a0 (sino 2) 4 ain? 0 fal mM", (12-61) 
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where M? is a constant representing the eigenvalue of M?. This equation 
is identical with the Schrédinger equation for a space rotator, Eq. (8-4), 
if in the latter 2Ma7E is replaced by M?. The eigenvalues and eigen- 
functions of Eq. (8-4) are already determined in Section 8-1 and may be 
taken over for the equation (12-61) if the substitution 2Va?E — M? is 
made. The eigenvalues of M? are thus, according to Eq. (8-36), 


M?7=1¢+ Dh, t=0,1,2,.... (12-62) 
The eigenfunctions are, according to Eq. (8-35), 
P30), 23a: <, 


Fas (eos es ey Pe | a 
(12-63) 


Yim = C(r) Yim = C(r)e*PT (cos 8), 


™m 


where C(r) is an arbitrary function of the radius vector r._ There are 
(21 + 1) independent eigenfunction’, with different m values, correspond- 
ing to one eigenvalue of M? designated by a given value of /. Comparison 
of Eqs. (12-52) and (12-63) leads immediately to the conclusion that the 
eigenfunctions of M? are also eigenfunctions of M,, but the 21 + 1 eigen- 
functions for a given / correspond to different eigenvalues of M, from —lh 
to +lh. Thus Eq. (12-63) actually gives the simultaneous eigenfunctions 
of both operators M? and M,. According to Theorem 9, the two operators 
M? and M, must commute. This is verified immediately by using Eqs. 
(12-48) and (12-60). Since M,, M,, M; are on an equal footing, M? must 
commute with M, and M,. The reader is urged to verify these relations 
by using Eqs. (12-56) [not by Eqs. (12-48) and (12-60)]. 

In central force problems, the energy or Hamiltonian operator may be 
written as follows: 


can Ge pry ee ee ee ees a call 
ee ue a; 2413, a0 (sino 3) 4, aga lf + UW. 
(12-64) 


From Eqs. (12-48), (12-60), and (12-64) it may be verified readily that 
the three operators M,, M’, and H commute with one another. From 
Theorem 9 it follows that there exist simultaneous eigenfunctions for all 
three operators. In fact, the reader may verify that the wave functions 
of the hydrogen atom Ynpim are actually simultaneous eigenfunctions of 
M., M?, and H, the energy eigenvalues being —(MZe*/2h?n?), M? eigen- 
values being l(J + 1)h?, and M, eigenvalues being mh. The three indices 
n, l, m, thus designate the three eigenvalues of H, M?, M,. As the electron 
in the hydrogen atom has three degrees of freedom, its motion is specified 
by three constants of motion, In the old quantum theory three quantum 
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conditions are imposed and thus the three constants of motion are quan- 
tized. In quantum mechanics the three commutation relations, Eqs. 
(10-32), serving the same purpose as the three quantum conditions (we 
shall not discuss in detail the relation between commutation relation and 
quantum condition here), lead to the simultaneous quantization of the 
three constants of motion. Other dynamical quantities like M, and M, 
are also quantized but not simultaneously with /,. Their eigenfunctions 
may be expressed as linear superpositions of the eigenfunctions of M,. 
It may also be concluded that in a system of three degrees of freedom it 
requires three observations to determine the quantum-mechanical state 
completely. The observation of energy determines the quantum number n, 
but there are n® degenerate states having the same energy value. A 
second observation of M? determines the quantum number 1, but there 
still remain (2/ + 1) degenerate states for the same n and J. <A third 
observation of M, determines the quantum number m. The quantum- 
mechanical state Prim is thus completely determined without degeneracy. 
(It may be remarked that in some special cases one measurement may 
serve the purpose of determining two quantum numbers, e.g., the energy 
measurement in the alkali atoms determines both n and l. Also all s-states 
are completely determined, once n and / are known, M, being zero 
automatically.) 

In classical mechanics the magnitude of the angular momentum is de- 
fined as the length of the angular momentum vector; it equals the maximum 
value of a component of it. In quantum mechanics the length of the angu- 
lar momentum vector is Vl(l + 1) h while the maximum value of a 
component is /h. The two are not the same. The reason is that the three 
components are represented by noncommuting operators so that there 
exists no simultaneous eigenfunctions of all three components. 


12-4 Position eigenfunctions and the principle of superposition. We 
have considered the eigenvalue problems of momentum, energy, and 
angular momentum. It is natural to extend this discussion to the simplest 
kind of all operators—the position operator. The coordinate x is associ- 
ated with a multiplication operator x. The eigenvalues and eigenfunctions 
of x are determined by the following equation: 


Xbn = nn, (12-65) 


where x, is a constant. The eigenfunction y, is a function of x such that, 
after multiplying it by the variable z, it changes to itself multiplied by 
a constant a. A function A,(x), narrowly peaked at x = xp, defined by 


0, for i, > 22> a+, 
An(t) = 44 (12-66) 


ri for < 2S + ¢, 
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V(z) 





—-~ 





XXQ Xn In+1 X XQ wn Xn-+1 


Fiaurr 12-1 Figure 12-2 


and shown graphically in Fig. 12-1, approximately satisfies Eq. (12-65), 
as may be verified readily by substitution. Therefore it may be con- 
sidered as an approximation for the position eigenfunction. The approxi- 
mation becomes better when the peak width e becomes narrower. Before 
we let € approach zero, we first define the so-called Dirac 5-function, 6(2), 
by the following equations: 


d(x) = 0, for « € 0, 


, (12-67) 
| d(x) dx = 1. 


When e€ — 0 the function A,(x) approaches 6(x — x») as its limit. Thus 
5(a — 2p) may be considered as the position eigenfunction with position 
eigenvalue equal to xy. Since a solution 6(a — a,) may be found for any 
value of x,, the coordinate x is not quantized, its eigenvalues forming a 
continuous spectrum from —o to o. 

Since any wave function may be expanded in a series of eigenfunctions 
of any operator, it should be possible to do so with the position eigen- 
functions. We shall carry out this expansion by using the approximate 
form A(x). We first note that A,(2) and A,,(x) are orthogonal to each 
other if x, # Xm. This result may be verified readily. Next we find the 
normalization constant of A,(x), which turns out to be Ve. Thus V€An(x)’s 
form an orthonormal set. An arbitrary wave function (x2) may now be 
expanded in terms of this set: 


¥(2) = D5 anv An (2); (12-68) 


the coefficients of expansion may be calculated as follows: 
dn = fo ¥(e)Ve An(x) de 
= Vev(en), (12-69) 
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where y(x,) is a constant representing the average of ¥(x) over the range 
Ln —> Xn41. From Eqs. (12-68) and (12-69) we have 


W(x) = DD Wan) € An(2). (12-70) 


The right-hand side of Eq. (12-70) is plotted in Fig. 12-2. It is a zigzag 
line. When € is made smaller, the line approaches the smooth curve (x) 
as its limit. The expansion is thus verified. Iurthermore, the condition 
that >>, axa, = 1 leads to 


> €lW@n)|? = 1. (12-71) 


n 


When e — 0, Eq. (12-71) becomes 
f \W(x)|? dx = 1, (12-72) 


which is actually satisfied because ¥(x) is normalized. The above expan- 
sion may be easily written in terms of the 6-function; this is left to the 
reader. 

The meaning of the expansion coefficient specified by Theorem 7 leads 
to the conclusion that €|y(2,)|? represents the probability of finding the 
particle in the region a, <2 < a», -+ €. When e is small, this reduces 
to |W(x,)|? dx, which is actually the probability of finding the particle at 
Yn in dx according to Born’s first assumption. Therefore Born’s first 
assumption may be stated in a similar fashion as his second assumption; 
the square of the absolute value of the coefficient of expansion in terms of 
position eigenfunctions represents the relative probability of finding the 
position equal to the corresponding position eigenvalue. In Chapter 2 the 
mathematical expressions of the two assumptions are not similar in form, 
leaving the impression that they are different in nature. We now see that 
they are of the same kind and may be stated as two special cases of a 
general statement. 

The statement of Born’s first assumption as given in assumption A 
is based on a consideration of the geometric property of the wave func- 
tion (the amplitude of a wave propagating in space-time). The intro- 
duction of the position eigenfunctions makes it possible to consider the 
wave function from its algebraic property. Thus the wave function y, or 
more correctly the ensemble of numbers (a1), W(wg),..., W(a,),..., in 
the limit ¢€ —» 0, may be regarded, according to Wq, (12-69), as a set of 
coefficients of expansion, While the geometric property has strong appeal 
to intuition, it is useful only for systems of three degrees of freedom, The 
algebraic approach is more useful for more complicated ayatems. 
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When wave functions are expanded in series of orthonormal functions, 
e.g., the position eigenfunctions, they may be regarded as vectors in a 
space of infinitely many, continuous dimensions (Hilbert space). The 
orthonormal set plays the role of a set of orthogonal unit vectors and 
the expansion coefficients play the role of the components of the vectors. 
The addition of two wave functions may be regarded as the addition of 
two vectors, which is achieved by adding the corresponding components. 
Thus the wave functions may be studied by the algebraic properties of 
vectors in Hilbert space. A change of the wave function, such as its evolu- 
tion from time ¢; to t2, may be considered as a transformation of a vector 
in Hilbert space. Expanding a wave function ¥(x) in terms of another 
orthonormal set, e.g., the momentum eigenfunctions, may be considered 
as expressing a vector in another set of unit vectors. The momentum 
eigenfunctions 


Yor = —= Pn = —0,..., 00, (12-73) 


— 
VQ 
may thus be regarded as the equations of transformation connecting the 
new unit vectors (momentum eigenfunctions) with the old unit vectors 
(position eigenfunctions). In fact, the most general formulation of quan- 
tum mechanics is based on the concepts of vectors and transformations 
in Hilbert space which we do not discuss here. 

When a wave function y is expressed in a series of energy eigenfunctions, 


y= b> Ann, (12-74) 


n 


we interpret aza, as the probability of finding the energy value to be Ep. 
This is also the probability of finding f(Z) to be f(E,) and finding other 
characteristics to be those of y,. These may be summarized by saying that 
the state y has a probability axa, of being in the state yp». In other words, 
the state ¥ may be regarded as being partly in the state ¥1, partly in Yo, 
etc., with relative probabilities afa,, ajaz, etc. This situation may be 
referred to by saying that the state y is a superposition of states ~1, Yo, etc. 
(this is the definition of superposition). The two assumptions of Born and 
their generalization (Theorem 7) may be restated thus: any quantum 
state p may be considered as a superposition of eigenstates of any operator f, 
the relative probabilities of the eigenstates being given by the squares of the 
absolute values of the coefficients of expansion of p in terms of the eigen- 
functions of f. This statement is a derived theorem in our presentation of 
quantum mechanics. However, because of its fundamental importance, 
it may be taken as a starting point in developing a general formulation of 
quantum mechanics (see Dirac, The Principles of Quantum Mechanics). 
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When used in this manner, the statement is referred to as the principle of 
superposition.* 

The physical importance of the principle of superposition lies in the fact 
that it provides a mathematical scheme capable of describing the inter- 
ference phenomena. This is due to the fact that the probability is always 
related to a square. The diffraction pattern of an electron may be con- 
sidered as resulting from the interference of wave functions with regard to 
probability distribution of position. Nevertheless, the principle implies 
that wave functions may also interfere when we consider probability dis- 
tribution of other dynamical quantities, thus giving rise to a variety of 
interference phenomena. 


12-5 Equations of motion in the operator form. The previous formula- 
tion of quantum mechanics based on assumptions A, B, C has its equation 
of motion in the form of the time-dependent Schrédinger equation. We 
shall now deduce its equivalent in the operator formalism. 

Consider any function of momentum and position (pz, Dy, Dz} X, Y, 2), 
the corresponding operator 


pine we ees 
i ax’ i dy’ 7 2?” 


being Hermitian and denoted by F. Its average value in a state 
V(x, y, 2, t) is 


Fo = |[ [ov y, 2, LFW(x, y, 2, t) dx dy dz. (12-75) 


The average value is a function of time. This function may be differen- 
tiated with respect to time: 


ca) - fff (x FV + W*F ) dx dy dz. (12-76) 


Making use of the assumption C, we have 





Po) _ 5 a / fu —(HW)*FY + W*FHY dx dy dz. (12-77) 
*From the pedagogical point of view it seems desirable to introduce the 
mathematics and physies of the principle of superposition through the two 


assumptions of Born rather than to propose the principle axiomatically as a 
basic assumption, 
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By the Hermitian property of H we may change the first term as follows: 


“ = x | / i (—W*HFW + W*FHW) de dy dz 


~ 7 | ii art (HF — FH)w dz dy de. (12-78) 


Let us define an operator F by 


C) 


|] [vw dx dy dz = “_ ; (12-79) 


—o 


F is thus an operator related to the time rate of change of the dynamical 
quantity F(pz, Py, pz} ©, y, 2). Equations (12-78) and (12-79) lead im- 
mediately to 

= ; (HF — FH). (12-80) 
The right-hand side gives the explicit form of the operator F. Once the 
time rate of change of / is known, the initial condition determines the 
future of F completely. Therefore Eq. (12-80) may be regarded as the 
equation of motion of the dynamical quantity F in the operator form. 
It may be noted that the equations of motion of all dynamical quantities 
have the same form of Eq. (12-80). We shall consider this result as a 
theorem derived from assumptions A, B, C. This theorem is stated 
below. 


TuroreM 10. The equation of motion for a dynamical quantity F in 
the operator form is 


= | (HF — FE) (12-81) 


where F is defined by 


If W*FY dx dy dz = a (12-82) 


—o 


The resemblance of quantum mechanics (in the operator form) to 
Classical mechanies will now be demonstrated by considering two special 
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cases: F = x and F = p, (or the y, z counterparts). For F = x we have 


t 
ae (Hx — xH) 


{| - 25 v7 + Ue, w2)|-2 ~s.[— Sev + uena|| 


iF SIG) com 


since U(z, y, 2), a8 well as 07/dy?, 07/dz”, commutes with x. The last 
expression may be evaluated as follows: I’or an arbitrary function f(a), 


~ 


a a? = — a Se) @) 
(%) ‘2-2 (5) fx) = bafta) a a 
0 
= 2 ax f(x). 
Therefore 
a? 0° F) 

Equation (12-83) thus becomes 

x — ne a. 9-85 

x= iM ax (12-85). 
This may be expressed by 

<4 i 

c= M pr, (12-86) 
or 

0H 


where the differentiation of an operator function with respect to an 
operator may be defined in a similar manner as the differentiation of 
ordinary functions. Consider next F = pz: 


b = 5 (HPs — oH) 


2% a a _ rofl Wy | 
=i{/- a Yor OG walt 2 am Y + Ue wz) 


_ _ dU (x, y, 2) | (12-88) 
rT Ow 


or 
d, = — = (12-89) 
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Equations (12-86, 87, 88, 89) are well known in classical mechanics if 
the boldface quantities are replaced by ordinary numbers. Actually, the 
classical canonical equations of motion, 


,3H, , _ aH : 
= ap: ) be = oa (12-90) 





are identical with the quantum-mechanical equation in operator form, i.e., 
Eqs. (12-87) and (12-89). Equation (12-86) corresponds to the classical 
relation between velocity and momentum; Eq. (12-88) corresponds to 
the Newton second law. This resemblance strongly suggests that quantum 
mechanics is very much closer to classical mechanics when expressed in 
the operator form. Because of this similarity in the equations of motion, 
a classical theory may easily be translated into a quantum-mechanical 
theory. This is the basis of a general formulation of quantum mechanics 
which will be discussed in the next section. 


12-6 General formulation of quantum mechanics. In previous chapters 
we developed quantum mechanics for the one-particle system from assump- 
tions A, B, C. In this chapter we have derived Theorems 1-10 from 
assumptions A, B, C. In order to apply quantum mechanics to other sys- 
tems, such as a system of many particles, it has to be generalized. Before 
doing so we first reformulate the previous theory in terms of the operators. 
This operator formalism should include the previous theory as a special 
case and at the same time should be easily generalizable to apply to other 
systems. For logical consistency, the reader is urged to forget temporarily 
the logical system built upon assumptions A, B, C, and to start the whole 
theory again from the very beginning. In the general formulation the 
assumptions are to be labeled by Greek letters, and the theorems that 
follow are to be labeled by Roman numerals, so that they may be distin- 
guished from the previous assumptions which are labeled by Latin letters 
and the previous theorems which are labeled by Arabic numerals. 

We first make the observation that quantum mechanics reduces to 
classical mechanics in a special case. Therefore every classical quantity, 
such as position, momentum, energy, etc., is to have a quantum-mechan- 
ical counterpart. Furthermore, the major difference between classical and 
quantum mechanics lies in the kinematics. Every classical quantity has 
a definite value at a given time while its quantum-mechanical counterpart 
has not, and instead, has a distribution of possible values. In particular, 
the position information of a particle at any time is to be specified by a 
function (2, y, z, t) such that Y*¥ represents the probability distribution 
of position. Other quantities may also be specified by probability distri- 
butions among the possible values. Irom the previous discussions it seems 
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plausible that dynamical quantities may be represented by operators 
acting on W(x, y, z, t). We thus make the following assumption. 

Assumption a. A particle at time t is to be described by a function of 
its coordinates W(x, y, z,#), the square of the absolute value of which 
represents the probability distribution of the coordinates of the particle, 
and by means of which the average values of any other dynamical quanti- 
ties F may be calculated according to the following equation: 


7 = furry dr, (12-91) 


where F is a Hermitian operator associated with the quantity F. (The 
explicit form of F is to be specified later.) 

This assumption implies that for any classical quantity F there is a 
quantum-mechanical quantity which may be related to an operator. 
Theorems 3, 4, 6, 7 suggest that the quantity / may have a set of discrete 
eigenvalues and thus may be quantized. They further suggest that the 
function ¥(z, y, z, t), representing a state, may provide information on 
the probability distribution of possible values of /’ (which are the eigen- 
values) obtained in observation. Besides the dynamical quantities of the 
type F (pz, Py, Pz} X, Y; 2), We may also associate operators with dynamical 
quantities of the type F' (pz, Py, Pz} 2, y, 2). The meaning of the opera- 
tors F is somewhat different from that of F because the measurement of a 
time rate of change requires two observations in which the first disturbs 
the quantum state. The eigenvalues of F and their probability distribution 
thus do not have physical significance and, in fact, do not appear in the 
mathematical theory at all. Therefore we are free to define the physical 
meaning of F subject only to the condition that it reduces to the classical 
value in the limit. It is thus defined that the average value of F, which is 
the only significant quantity that enters the mathematical theory, equals 
the time rate of change of the average value of F;* this definition agrees 
with Eq. (12-79). 

The plausibility of assumption a is demonstrated by the one-particle 
quantum mechanics developed in the previous sections. It may be men- 
tioned that assumption a actually specifies a system of kinematics that 
allows the quantization of dynamical quantities and the existence of a 
probability distribution over a set of probable values. No dynamical law 
is involved here. Still, the kinematics specified by assumption a is too 
broad. The kinematics we need is more specific as the quantization is 
specified by the Planck constant. Therefore an additional assumption 
is required to introduce the Planck constant. The equation for this pur- 





“This is the only quantity we need to derive the Schrédinger equation later 
in Theorem X, 
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pose, ie. the quantum condition, is introduced by the following 
assumption. 

Assumption B. The operators for coordinates and momenta obey the 
following commutation relations: 


xy — yx = 0, yz — zy = 0, zx —xz=0; (12-92) 
Prpy — Pybz = 9, pybz — Pby = 9, pebr — Popz = 9; — (12-93) 
pox —ape— "sp — uty = pep — de =F (12-04) 


To gain some physical insight into these commutation relations we turn 
to the relation between the commutation relation and the uncertainty rela- 
tion stated in Theorem 8 (also Theorem 9). Although we cannot derive 
Eqs. (11-94) from the uncertainty relation (this is not surprising, because 
the uncertainty relation itself is not an exact law), we may satisfy our- 
selves by the fact that the kinematics based on assumptions a and 8 obeys 
the uncertainty relation. If we take the viewpoint that the uncertainty 
principle is the manifestation of a basic law in kinematics, we may say 
that this law is embodied in assumption 6. Although we have not discussed 
in Chapter 6 the possibility of simultaneous measurement of two coordi- 
nates, or of two momenta, it can be shown that such measurements are 
possible, so that the assumptions of Eqs. (11-92) and (11-93) are justified. 
It may also be mentioned again that Theorem 8 may be proved directly 
by making use of the commutation relation without the explicit use of the 
differential operator for the momentum operator. 

The quantum kinematics is now complete and the quantum dynamics 
will be introduced by the following assumption. 

Assumption Y. The algebraic relations among the operators represent- 
ing various dynamical quantities are exactly the same as those among the 
corresponding classical quantities. (In case the order of operators in a 
product may not be reversed because of the noncommutative nature of 
the operators, an additional assumption for the particular system involved 
will be required to determine the order of the operators.) 

According to this assumption, the classical relation H = (1/2M) X 
(p? + De + p?) + U(a, y, 2) demands that the operator for energy be 
related to those of momenta and coordinates by H = (1/2M) X 
(e+ p+ p:) + U(x,y,z). Similarly the classical canonical equa- 
tions of motion, Eqs. (12-90), demand that the quantum-mechanical 
equations of motion be Eqs. (12-87) and Eq. (12-89). Thus this assump- 
tion not only specifies the functional relations among all operators but also 
pronounces the equations of motion. At first look, to make such a broad 
claim, consisting of many apparently independent and irrelevant parts, 
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seems rather greedy. The assumption for the expression of the energy 
operator and the assumption for the equation of motion seem to be two 
independent assumptions which should be introduced separately. On the 
other hand, if we remember that quantum mechanics reduces to clas- 
sical mechanics as a special case, assumption Y appears to be the most 
reasonable assumption one may possibly make. Still, the operators and 
classical quantities are mathematically different, and the relations between 
classical quantities are no justification for their being valid for the opera- 
tors. The justification lies solely in the fact that the system of quantum 
mechanics so formulated is able to reproduce classical mechanics as a 
special case, as will be shown in the next section. 

We may remark that the revolution of quantum mechanics is actually 
a revolution in kinematics. No new dynamical laws are introduced to 
supplant the classical laws. The quantum dynamical laws are a natural 
extension of the classical laws in order to make them applicable in the 
new kinematics. 

From assumptions a, 8, Y, we shall now derive a number of theorems. 


TurorEeM I. The operators corresponding to the coordinates x, y, z 
are simply multiplication operators x, y, 2. 


This theorem follows from assumption a immediately. 


TueorEM II. The operators for the momentum components pz, Py, Dz 
are differential operators 


AO. ee, ee 
i ax’ a ay’ t dz 
Proof.* From Eqs. (12-94), we have 
h 
DrX — Xpz = ae (12-95) 
Thus for any function f(x), we have 
h 
prtf(x) = xpzf(x) + 5 S(2). (12-96) 
Consider a special case f(x) = 0 for ~~ <a < ». This function is 
represented by a line coinciding with the z-axis, lor this f(@), Bq, (12-06) 
reduces to 
p.0 = xp,0, (12-7) 


This proof is designed to show how the commutation relation leads to a 
differential operator; it is thus longer than that of Dirac ae given in his book 
The Principles of Quantum Mechanics, 
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where p,0 is a function of x obtained by the operation of p, on f(x) = 0 
for —o < x < ow. For Eq. (12-97) to be true for any value of x it must 
be that 

p0 = 0. (12-98) 


This means that the operator ~,, when operated on the function repre- 
sented by a line coinciding with the z-axis, turns this function into another, 
which is again a line coinciding with the z-axis. Next consider another 
special case, f(x) = 1 for —«o <2 < o. This function is represented 
by a horizontal line at a distance of unity above the z-axis. Equation 
(12-96) leads to 


pat = apa +*- (12-99) 
pxx and pl represent two functions of x resulting respectively from the 
operation of ~, on f(x) = x and f(z) = 1. Equation (12-99) tells us how 


they are related but not the explicit form of either. We then consider 
f(x) = xin Eq. (12-96): 


p42 = ee a e (12-100) 
By means of Eq. (12-99) we have 


prev? = 2*p,1 + , 2a. (12-101) 


Thus the function p,x is related to the function p,1, which remains 
undetermined. By repeated applications of the above procedure, we have 


pre” = x"ppl + 4 na}, (12-102) 
Since p, is assumed to be linear, we can easily generalize Eq. (12-102) to 


the following where a polynomial of x denoted by F(x) replaces x” in Eq. 
(12-102): 


p.F (2) = F(o)pei + * © re), (12-103) 
Similarly, for any f(x) expressible in a power series of x, we have 
hd 
pef(e) = fe)pel + 3 F fa). (12-104) 


Throughout the above derivation, the function f,1 remains undetermined. 
This represents a function of x resulting from the operation of pz on the 
function f(x) represented by a horizontal line at a distance of unity above 
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the z-axis. Let us denote this function by X(x). Equation (12-104) thus 
becomes 


pi) =| 2+ x@| 00, (12-105) 


which means that the operator pz is a differential operator plus a multi- 
plication operator: 
hd , . 


The form of X(2) is still undetermined. It cannot be determined by the 


commutation relation. In fact, Eq. (12-106) is the general solution of an 
operator ~, satisfying Eq. (11-95). This may be verified readily. 


hd hd hd hd h 
to+x@]-2—2[$2+x@]=[!4]-2-2-[A2]-4. 


(12-107) 
Equation (12-106) may be expressed in a different form: 
pe =e DSFEXC «? <. etGlMs?X ca de (12-108) 


This may be verified easily upon operation on any arbitrary function f(z), 
the exponentials being all multiplication operators. By choosing different 
forms of X(x), we have different expressions of the operator p;. However, 
it can be shown that these expressions are physically equivalent. We 
shall demonstrate this by the following example. Consider the eigenvalues 
of momentum. The eigenvalue equation is 


By Eq. (12-108), we write 


elm S ‘X (2) ae £. etlms ‘X(zx) dz (2) = p,(z), 


or 


a 


[Yayo MIX 42] _ p [y(a)eMS°X@ 42] (49-109) 


If we set X(x) = 0, the operator of p, is 


hd 
hx = Z de? (12-110) 
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and the eigenvalue equation is 


4 y(0) = plo). (12-111) 


Equation (12-111) is the same as Eq. (12-109) except for a change in the 
phase of the wave function. Thus the inclusion of X(x) in Eq. (12-108) 
merely changes the phase of the eigenfunctions. The eigenvalues remain 
the same. The reader is urged to verify the same conclusion in the energy 
eigenvalue problem. It may also be shown that in dynamical problems the 
use of Eqs. (12-108) and (12-110) are completely equivalent except for a 
trivial change of phase of the eigenfunctions.* As the Schrodinger equa- 
tion leaves the phase factor of an eigenfunction undetermined, the in- 
clusion of X(x) has no physical significance, and X (x) may thus be dropped. 
We therefore conclude that the operator for momentum p, is (h/i)(d/dz). 
Although this proof is worked out for the one-dimensional case, it may be 
generalized easily for the three-dimensional case. 


TueoreM III. The operator associated with an arbitrary function of 
momenta and position f(pz, Dy, Dz} Z, Y, 2) is 


s(22 ha ha :) 
ax’ i ay Te? OY 


if all factors in any product appearing in f(pz, py, Pz} 2, y, 2) are com- 
mutative to one another. 


This follows immediately from Theorems I and II and assumption 7. 
TueEoreM IV. (Identical with Theorem 3.) 

This follows from assumption a and Theorem III. 

TuHeEorEMs V, VI, VII, VIII. (Identical with Theorems 4, 5, 6, 7.) 


They follow from Theorem IV. 

Thus the present formulation has included the kinematics of the previ- 
ous formulation, i.e., assumptions A, B, and their derivatives. On the 
other hand, the present formulation is broader, since previously in 
Theorem 3 we. have to make a generalization of assumptions A and B. 

We shall now show that the present formulation also includes the dy- 
namics of the previous formulation. In other words, we can derive the time- 


* The exact proof of the equivalence of Eq. (12-108) and Eq. (12-110) is to 
be found in the transformation theory which we do not discuss here. In this 
theory Eq. (12-108) is merely a transformation of Eq. (12-110) as a result of a 
change of the phases of the position eigenfunctions. 
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dependent Schrédinger equation, which is assumption C of the previous 

formulation. First we establish Theorem 10 in the general formulation. 
TueorEeM IX. (Identical with Theorem 10.) 


Proof. The quantum-mechanical equation of motion for a general 
dynamical quantity F(pz, py, Pz} ©, y, 2) may be derived from the equation 
A OF . 
F=> —— x Beis 
which may be obtained directly from the classical equation according to 
assumption Y. Using the canonical equations of motion, we may write 





F pets si+8 p+ h (12-112) 


OF oH OF 0H OF oH 
Ox Ox oy oy Oz 02 


aF oH)! |oF aH|! |ar on| 
dp: Opz| ldpy Oy! ld: Op: 
The expression in the right-hand side is defined, in classical mechanics, as 
the Poisson bracket of F and H, and is denoted by [F,H]. It may be 
verified (by the rules of differentiation) that Poisson brackets satisfy the 
following algebraic relations: 


[A, B| = —(B, A], 





r= (12-113) 


[A,c] = 0, c¢ being a constant, 
[(A + B),C] = [A,C] + [B,C], 
[AB, C] = [A, C]B + A[B, C]. 


(12-114) 


Therefore, for any two polynomial functions of position and momentum, 
SilPz Py Dz3 X,Y, 2) and fo(pz, Py, Pz} X, y, 2), their Poisson bracket may 
be reduced to a sum of elementary Poisson brackets of coordinates and 
momenta, each multiplied by a polynomial function of pz, py, Pz; X,Y; 2 
The elementary Poisson brackets may be evaluated readily according to 
their definitions. The results are 


[z, Px] = i; ly; Py) = 1; [z, Pel = 1; 
[x, y] = 0, ly, z] = 0, lz, x] = 0; (12-115) 
(pe, Py) = 0, [Py Del = 0, [Pe Pel 0, 


Thus Eqs. (12-114) and (12-115) together furnish a method of evaluating 
the Poisson bracket of f; and fe, and we do not have to calculate it directly 
according to its definition, Now we make the important observation that 
the commutator of two operators A and B obeya the same algebraic rules 
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of Eqs. (12-114). (The proof is left to the reader.) Therefore the process 
of reducing the commutator (AB — BA), where A and B are functions of 
operators x, pz, etc., to elementary commutators (p.x — xz) and similar 
ones, is exactly the same as the reduction of Poisson bracket to elementary 
Poisson brackets. Furthermore, a comparison of Eqs. (12-92, 93, 94) 
with Eqs. (12-115) shows that the values of the elementary commutators 
equal those of the elementary Poisson bracket multiplied by zi. Therefore 
the expression of the commutator (AB — BA) in terms of pz, py, pz, X, Y, Z 
is exactly the same as that of the Poisson bracket multiplied by 7h: 


1 
ih (AB — BA) = [A, B]. (12-116) 
Equation (12-113) thus becomes 
= 5 (HF — FH). (12-117) 


This form of the equation of motion is identical with Eq. (12-81). Thus 
Theorem 10 is now proved in the general formulation. 


TuHEeorEM X. The W(z, y, z, ¢) function in assumption a satisfies the 
following equation of motion: 


ov 
ih S = HY, (12-118) 


where # is the Hamiltonian or the energy operator. 


Proof. First we consider the quantum-mechanical equation of motion 
for momentum. By the definition of p, and setting F equal to p, in 
Eq. (12-117) we derive Eq. (12-79): 


ai Ce ey) w* (Hp, — prH)W dx dy dz. (12-119) 
Again, working backward from Eq. (12-78), we obtain Eq. (12-77). On 
the other hand, the left-hand side of Eq. (12-119) is by definition given 
by Eq. (12-76). Comparing Eqs. (12-76) and (12-77) we arrive at 
., OW 
th a HW + JW, (12-120) 
where JY is a quantity which must satisfy 


If (—J*U*p,. + w*p,JV) dr dy dz.= 0. (12-121) 


Now repeat the same procedure for the equation of motion of x. We 
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derive again Eq. (12-120), but JY must satisfy 


If (—J*W*xd + W*xJ) dx dy dz = 0. (12-122) 


The same may be repeated for any other quantities and Eq. (12-120) will 
be reproduced, but JW has to satisfy a new equation every time a new 
dynamical quantity is considered. The only way that JY may satisfy all 
these equations is 


Jv = 0. (12-123) 
Therefore 
a ~ — HW, (12-124) 


The theorem is thus proved. 

The quantum-mechanical equations of motion of all dynamical quanti- 
ties, expressed by Eq. (12-117), lead to the same equation of motion of 
the wave function VW, Eq. (12-124). This gives us the advantage of not 
having to solve each of the equations of motion of the dynamical quantities 
individually. The solution of Eq. (12-124) alone will give us information 
on all dynamical quantities. In fact, the practical applications of quantum 
mechanics are usually carried out by solving the Schrodinger equation. 

We have now shown that the general formulation includes assump- 
tions A, B, C. Therefore it includes all deductions of the previous formula- 
tion, i.e., all theorems labeled with Arabic numerals. 

It may be remarked that the general formulation here described is not 
the most general form. In the most general formulation, which we do not 
discuss in this volume, the quantum-mechanical state is described by a 
vector in a Hilbert space and dynamical variables are represented by 
operators operating on the state vector; in other words, by transforma- 
tions in the Hilbert space. What we have developed in this chapter is a 
special representation known as the position representation or the Schré- 
dinger representation, in which the Hilbert space is represented by a special 
coordinate system, the unit vectors of which are the position eigenfunctions. 
In the most general formulation other eigenfunctions may also be used as 
unit vectors leading to formulations in other representations. For example, 
in the momentum representation the momentum eigenfunctions are used as 
unit vectors (see Problems 12-8 and 12-9). Another point may also be 
mentioned here. Our formulation is based on the so-called Schrédinger 
picture, in which the state vector depends on time explicitly while the 
operators are independent of time. An alternate is the so-called Heisenberg 
picture, in which the state vector is independent of time and the evolution 
of the system in time is represented by the explicit time-dependence of 
the operators, We shall not discuss these generalizations, 
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The general formulation of quantum mechanics in this section, though 
developed for a one-particle system, may very easily be generalized to 
apply to other mechanical systems. The generalization is based on the 
substitution for assumption 6 of the following assumption which is a natural 
extension of assumption 8 and includes it as a special case. 

Assumption 6’. In a general mechanical system describable by a 
Hamiltonian, the operators for the canonical coordinates and their conju- 
gate momenta obey the following commutation rules: 


h 
Pdi — Vidi = 7? 
{i= | Pe (12 125) 
Pip — pepi = 9, k= 1,2,...n; 


V9dk — 19: = 9, 


in deriving the Schrédinger equation the substitution of momenta by dif- 
ferential operators must be carried out in Cartesian coordinates [this point 
will be illustrated in an example later in Section 12-9(c)]. 

In some cases this generalization may be justified by an extension of 
the reasoning in the one-particle case. In others this is taken as a basic 
assumption. It follows from assumptions §’ and ¥ that the quantum- 
mechanical equation of motion is again Eq. (12-117) or, equivalently, the 
Schrédinger equation. 

The assumptions a, 6’, Y form the basis for establishing a general theory 
of quantum mechanics which is applicable to any mechanical system 
describable by a Hamiltonian. In the remainder of this chapter we shall 
apply this general theory to many-particle systems, rigid bodies, charged 
particles in a magnetic field, radiation fields, and matter waves. Before we 
make these diversified applications, we first prove in the next section that 
the general theory based on assumptions a, 8’, Y reduces to classical me- 
chanics as a limiting case, and thereby establish the fact that quantum 
mechanics in the general theory is a natural extension of classical 
mechanics. 


12-7 Classical mechanics as a limiting case of quantum mechanics. If 
one has any feeling of mystery regarding the general theory of quantum 
mechanics due to the abstractness of its mathematical apparatus, the 
mystery disappears when we find that classical mechanics may be formu- 
lated by using the same mathematical apparatus and, in fact, is a special 
case of quantum mechanics. 

That quantum mechanics reduces to classical mechanics in the special 
case of a one-particle system has been discussed before on many occasions. 
We now consider the general case of any system describable by a Hamil- 
tonian, In Section 12-6 the constant A is identified with the Planck con- 
atant, Let us assign to h a new value, A new system of mechanies is then 
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obtained which is of a similar structure. We now show that this system of 
mechanics approaches classical mechanics as h approaches zero. 

When h approaches zero, x and p, become commutative. As a result, 
all functions of x and p, commute with one another. According to 
Theorem 9, it becomes possible to find simultaneous eigenfunctions for all 
dynamical quantities. For such an eigenfunction (2, y, 2, t) at a given 
time t, all coordinates x, y, z, and momenta pz, Py, pz, have definite values. 
Therefore any function f(pz, Py, Pz} X,Y, 2) has a definite value. Such a 
kinematics is just what the classical kinematics claims to be. 

Now consider the dynamics. In the equation of motion 


F = (HF — FH), (12-126) 


the commutator is zero but f is also zero. The right-hand side of Eq. 
(12-126) is thus an indeterminate form which may be evaluated by the 
limiting process of letting % approach zero gradually. We already know 
that the right-hand side of Eq. (12-126) is independent of h, being equal to 
the Poisson bracket of F and H. Therefore even when h — 0, we still have 


F = [F,H]. (12-127) 


The right-hand side is a function of x, p,, etc., and, when it operates on ®, 
it yields a definite value equal to that obtained by replacing x, pz, etc., in 
the Poisson bracket operator by the eigenvalues of x, pz, ete., for the state 
®. Asa result, is an eigenfunction of F with an eigenvalue F as just 
described, i.e., 

F = [F, H). (12-128) 


The above equation means that the eigenvalues of F, x, and p, for the state 
® satisfy an equation exactly the same as the classical equation of motion. 
Therefore the change in time of the dynamical quantities of the system 
described by & follows exactly the laws of classical mechanics. Thus the 
limiting form of quantum mechanics, when # — 0, is classical mechanics. 
In applications to cases where 4 may be regarded as small, classical me- 
chanics is valid. 

The above argument makes no use of any explicit form of the operators 
and is thus quite general. Using the Schrédinger representation, i.e., 
x = x and p, = (h/i)(d/dx), we see that the wave function & becomes 
more and more localized when 4 — 0. When & is infinitesimally small, it 
becomes possible to construct a wave function ® localized in a small region 
Az within which there still exists an infinitely large number of wave crests, 
so that it may be considered as a plane wave within Av, The momentum 
value is thus almost definite (like a plane wave). Such a wave packet has 
almost definite position and momentum values, and therefore has almost 
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definite values of any other dynamical quantities. As — 0, the exactness 
may be indefinitely improved. The classical picture is thus reproduced. 

From the above discussion we realize that the operator formulation is 
not particularly abstruse, for classical mechanics may also be reformulated 
in its terms. The extension from classical mechanics to quantum mechanics 
is thus quite natural, this being achieved by introducing a quantum con- 
dition which changes the value of h from infinitesimal to 6.625 x 10727 
erg-sec. Classical and quantum mechanics may thus be regarded as 
theories of a similar structure, differing only in the magnitude of a 
parameter h. 

The fact that classical mechanics may be derived without any use of 
the explicit forms of the operators is a good illustration of the point 
that the relations among the operators, including the commutation rela- 
tions, completely determine the behavior of the system. The use of an 
explicit form, such as p, = (h/7)(0/dx) in the Schrédinger representation, 
is but one way of working out the results already contained in the algebra 
of the operators. This is also illustrated by the fact that the angular 
momentum eigenvalues, Eqs. (12-51, 62), may be obtained from the 
commutation relation, Eq. (12-57), without the use of the explicit form 
of the operators in the Schrédinger representation, Eqs. (12-47) (this will 
not be discussed in the present volume). In the general formulation, the 
algebra of the operators plays the dominant role. 

We noted that the classical equation of motion, Eq. (12-128), is derived 
as a result of the assumption that the quantum-mechanical equation of 
motion, Eq. (12-127), has the same form as the classical equation(assump- 
tion Y). This is the only justification for assuming that quantum-mechan- 
ical quantities satisfy the same relations as the classical quantities. 

In the following sections we shall apply the general method of Section 
12-6, i.e., applying assumptions a, 6’, Y, to a number of mechanical sys- 
tems to which the previous method of Chapter 2 is not applicable. 


12-8 Quantization of many-particle systems. Quantum mechanics as 
developed in Chapter 2 is a theory for just one particle moving in a speci- 
fied potential. It tells us nothing about quantum mechanics of two 
particles. In order to generalize the theory along the line of Chapter 2, 
we have to conceive of a wave in a six-dimensional space. The intuitive 
advantage of the wave picture is thus lost. On the other hand, we may 
easily treat the two-particle system by the general formulation of Section 
12-6. To find the quantum-mechanical laws of a system by inference from 
the classical theory of the system is a process called the quantization of a 
classical system. The technique of quantization according to Section 12-6 
consists in introducing assumptions a, 6’, Y. We shall now consider the 
quantization of a two-particle system. 
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A two-body system has six coordinates, 21, ¥1, 21} V2, Y2, 22, and six 
momenta, Pr1, Py1, Pz1; Pzr2, Py2, Pz2, for the two particles. There are 
many other dynamical quantities which are functions of the coordinates 
and momenta. According to assumption a, the system is to be described 
by a wave function V(x1, yi, 21; 22, Y2, 22; t) and each dynamical quantity 
is to be associated with an operator. It seems reasonable and natural to 
assume that each particle taken individually must obey the commutation 
relations of the one-particle system. This is exactly what assumption ’ 
asserts. Thus we obtain two sets of commutation relations, each like 
Eqs. (12-92, 93, 94), for the two particles. From Theorems I and II 
we conclude that the operators for the coordinates are multiplication 
operators 21, Y1, 21} 2, Y2, 22 and those for the momenta are differentiation 
operators 


ha ha ha, ha hoa ha. 
1 ax.” a ay1” t 02, : a ax,” a dy t O22 





The operator for a general dynamical quantity F(p21, Py1, Pz1, Px2) Py2) P22} 
X1, Y1, 21, V2, Yo, Z2) 1s thus 





re 3 2 haha ho ha 


7 ace 4 Se aor ar m5 7 & 21,0 2,22])° 
t Oxy @t Oy, 7% OZy 1% OXQ 4% OYQ 7 OZq’ 1p Yay 1) Tay 25 ) 


The eigenvalue equations may thus be written which lead to quantization 
of dynamical quantities. Assumption Y, by virtue of Theorem X, leads 
to the time-dependent Schrédinger equation which determines the evolu- 
tion of the W(x, y1, 21, Ya, Y2, 22, t) function. The Hamiltonian of the 
two-particle system is 


1 1 
H = x57 x + Pin + Par) + gap, (P22 + Pie + Pes) 
+ U(x1, y1, 21, Le, Y2, 22). (12-129) 
Therefore the Schrédinger equation is 
., OW 
th OL 


= G2 honhahoaha hoa 
"NG Ox,’ t Oy,’ t G2,’ 7 xg’ 7 Oyo’ 7 Azq 





521, Y1, 21, La, Yo, 2) 


(12-130) 
or 


at | A’ os n? 


io 2 9-1; 
ih ar 2M, vi 2M, V2 t U (a1, Wry @1y @ay 20). (12 131) 
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Equation (12-131) may be solved by Fourier expansion of V in the time 
variable, the expansion coefficients ¥, being determined by the time- 
independent Schrédinger equation 


Since Eq. (12-182) is also the eigenvalue equation of energy, the constant 
E,, is identified with the energy eigenvalue. Once Eq. (12-131) is solved 
and W is determined by its initial value at to, the average value or the 
probability distribution of the eigenvalues of any dynamical quantity F 
at any time ¢ may be obtained from the operator F by Theorems IV 
through VIII. The quantum-mechanical problem of the two-body sys- 
tem is thus completely solved. 

We shall illustrate the above general procedure by two special cases. 
First we consider a system of two distinct and independent particles, the 
Hamiltonian of which is 


1 1 
H = x57, Pa + Pr + Pa) + gyp, Pea + Pin + Pes) 
+ Ui(@1, y1, 21) + U2(x2, yo, 22). (12-133) 


The time-independent Schrédinger equation is thus 


1 1 
aM, Viv(x1, Yi) 21, La, Y2, 22) + IMs VaW(01, Y1, 21, V2, Y2, 22) 


1 v 
+ j2 [En — Uy(%1, y1, 21) — Uolwe, Ya, 22) W(%1, Y1, 21, L2, Y2, 22) = O. 
(12-134) 


Particular solutions of this equation may be found by the method of sepa- 
ration of variables. The solutions are of the following form: 


Wn(X1, Yi, 21, L2, Y2, 22) = WiX1, Y1, 21) W2(v2, Ya, 22), (12-135) 
Roa Re (12-136) 
where 1, Wz and £y, M2 satisfy 


2M 
Vidi, Yay 21) + oy [Ey — Ui(e1, ys, 21) 1 @1, yi, 21) = 0, (12-137) 





2 





M 
Vowo(a, Y2, 22) + oy [Hy — Uo(xa, Y2, 22) W2(x2, Y2, 22) = 0. (12-138) 


Actually ~1, v2 and /y, > are the eigenfunctions and eigenvalues of the 
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two particles taken individually. Therefore we conclude that the eigen- 
functions of the two-independent-particle system are the products of the 
eigenfunctions of the individual particles, while the energy eigenvalues 
are the sum of the individual energy eigenvalues. 

Next we consider a system of two particles with central-force interaction. 
It includes as special cases the hydrogen atom, which consists of an 
electron and a proton, and the positronium, which consists of an elec- 
tron and a positron. In each case the force between the two bodies is 
central (in fact, Coulomb force). We first write the time-dependent 
Schrédinger equation: 


1 
2M, 


1 
2M 





Vivn 4 





1 ip 
Vin h2 [En U(x1, Y1, 21, La, Ya, 22) Wn = 0, 
(12-139) 


The potential is no longer separable into two parts and the method of 
separation of variables used in the first example is no longer applicable. 
However, it is a well-known method in solving the central force problems 
to introduce the relative coordinates (x, y, z) and the coordinates of the 
center of mass (X, Y, Z), these being defined by 


v= X22 — X14, Y= ¥2— 1, z= 22 — 21; 
(12-140) 
y = Mati + More | y — Mant My | g — Maat Mee, 
M,+ Me M,+ My, M,+ MM. 
(12-141) 


Equations (12-140, 141) represent a transformation from the six original 
coordinates 21, Y1, 21, 2, Y2, 22 to the six new coordinates 2, y, z, X, Y, Z. 
By a straightforward though tedious calculation, we obtain 


a(S ae =) ai (5 e ©) = oa 
2M; axt oy 02% 2M 2 eed ay3 0z3 2(M; + M2) 
a See 1 (Z a? =) 
“ Ge + ya +5) + Sf Mo/( + Ma)] \an? T ay? T 322)” 
(12-142) 
Since the central force is the only force acting in the system, the potential 
depends on the relative coordinates only: 


U (ey, Wiy 1) Pay Yay 22) mm Vay yy @). (12-143) 
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Substituting Eqs. (12-142, 143) in Eq. (12-139), we find that the latter 
may be solved by separation of variables. The solutions are found to be 


Vn(21, Y1, 21, V2, Ya, Z2) — Wi(X, Ys Z)b2(x, Y, 2), (12-144) 
En = Ey + Eo, (12-145) 


where 1, Y2 and l’,, Hg satisfy 








ay, Oy , Oy, 2(MZ, + Mo) 7 
0x2 a oy2 + aZ2 all h2 Ey, = 0, (12-146) 
2 2 2 
OV | 02, V2 | AM Me/(Mi + Ma) in ve y ao = 0. 


Ox? dy? 0z2 h2 


(12-147) 


Equation (12-146) is the Schrédinger equation of a free particle of mass 
(M, + Mg), the coordinates of which are those of the center of mass 
(X, Y,Z). Equation (12-147) is that of a particle of mass M,M,./ 
(M, + M2), the coordinates of which are the relative coordinates (2, y, 2). 
In classical mechanics the solution of a system of two particles with central 
force is such that the coordinates of the center of mass (X, Y, Z) change 
like those of a particle of mass (7, + Mg), while the relative coordinates 
(x, y, 2) change like those of a particle of mass M,M,/(M, + M2), which 
is the reduced mass. Thus the quantum-mechanical results are very 
similar to the classical results. The energy of the quantum-mechanical 
system accordingly may be regarded as consisting of two parts: the energy 
of the center of mass /; and that of the relative motion Hy. In the previous 
discussion of the hydrogen atom we considered only the relative motion. 
This may be justified because of the fact that the motion of the center of 
mass is an independent and constant part which does not need to be 
considered. Nevertheless, the discussion here shows that when consider- 
ing the relative motion, we have to use the reduced mass for MW instead 
of the mass of the electron. Since the electron is 1836 times lighter than 
the proton, the reduced mass of the electron in any atom is nearly the 
same as the electron mass itself. Yet spectroscopic data are accurate 
enough to detect and verify this small reduced-mass effect. It may be 
mentioned that the reduced-mass effect was considered in Bohr’s theory 
and the deductions were verified by experiments. Although this effect is 
small for electrons in atoms, it becomes appreciable for the electron in 
positronium. Here the reduced mass is one-half of the electron mass. 
Thus the energy levels and other quantities for positronium change ac- 
cordingly when compared with those of the hydrogen atom. 

So far we have considered two distinct particles. The case of identical 
particles is complicated by the so-called exchange degeneracy and the 





12-9] QUANTIZATION OF MOTION OF RIGID BODY 339 


statistics (Bose-Einstein or Fermi-Dirac), which will not be discussed in 
this volume. 

The above theory of the two-particle system may be generalized to the 
N-particle system, the time-dependent Schrédinger equation of which is 
easily found to be 


a 





th at V(x, Y1, 21, +++, XN, YN, ZN, t) 
h? 5 h2 7 h? ; 
-| 2M, Vi 2M, *2° °° — IMy YN U(21, 91, 21, - ++, DN, YN, en) 
x Wr, 1, #1)... , AN, YN) 2Ny t), (12-148) 


where Vj = (0?/d2x;) + (0?/ay{) + (d7/dz7), ete. This is the equation 
of motion of the N-particle system. 


12-9 Quantization of the motion of a rigid body. We have not yet 
introduced the concept of a rigid body in quantum mechanics. From the 
discussion in Chapter 2 we have no idea of how a rigid body behaves in 
quantum mechanics. Its quantization will have to be considered from 
the general theory of Section 12-6. The following three special cases will 
be discussed. 

(A) The plane rotator. In classical mechanics a plane rotator, or a rigid 
rotator in a plane, is a rigid body rotating about a fixed axis. The Hamil- 


tonian of this system is 
1 ‘ 
R=7 M?, (12-149) 
where J is the moment of inertia of the rigid body about the fixed axis, 
assumed to be the z-axis, and M, is the angular momentum about the 
z-axis. To quantize this system we make use of assumptions a, f’, Y. 
In the classical theory the canonical variables are M, and ¢. As this sys- 
tem has one degree of freedom, it is completely specified by one coordi- 
nate, ¢. In quantum mechanics the wave function is thus a function of ¢ 
and assumption @’ leads to the replacing of M, by an operator as follows: 
| ee ee (12-150) 
=; td” 
The plausibility of this assumption may be seen in its similarity to 
Hq. (12-48), which gives the operator for the z-component of the angular 
momentum of a particle. The quantization of energy of the plane rotator 
may be carried out by solving the following equation obtained from Eqs. 
(12149) and (12150); 
i? 2 


0 . 
vo] dy? Yn(¢) a Hane). 
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Such an equation, except for the constants, has been solved in Chapter 8. 
The eigenfunctions and eigenvalues are 





lays ae em = 0,41,42,...; (12-151) 
Tv 
h? 
Em = 57 m, m= 0,+1,+2,.... (12-152) 


Thus the energy is quantized to the square of an integer. 

It may be interesting to note that the same result of quantization was 
obtained by using the Wilson-Sommerfeld quantum condition in the old 
quantum theory: 





pM. de = mh, (12-153) 
M, = mh, (12-154) 

Ma: BP 
E=SF=Hm’. (12-155) 


The justification of the assumption of Eq. (12-150) lies solely in the 
experimental verification of its deductions, such as Eq. (12-152). Whether 
such a quantized system actually existed in nature is a different problem. 
However, we know at least one system which may be considered as a 
special case of the plane rotation and thus may test the validity of the 
theory. This is a particle of mass M constrained to move along a circle 
of radius a without any other force acting on it. The reader is urged to 
solve the quantum-mechanical problem of this system. The result of the 
energy eigenvalues is as follows: 


2 


En = syfa3 m*, m=0,+1,+2,.... (12-156) 


This system may also be considered as a special case of the plane rotator 
with a moment of inertia Ma”. The quantized plane rotator leads to the 
energy eigenvalues Eq. (12-152) which are the same as Eq. (12-156). 
The procedure of quantizing the plane rotator is thus consistent with the 
mechanics of a particle. That Eq. (12-152) agrees with Eq. (15-156) is 
due to the fact that the assumption in Eq. (12-150) is so made that it 
reduces to Eq. (12-48) as a special case when the plane rotator consists 
of a single particle. 

The physical meaning of the wave function is that |¥(¢)|? represents 
the probability (when y is normalized) of finding the rotator at angular 
position y. As the rotator is specified by one coordinate only, the fore- 
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going is the complete kinematical description of the plane rotator in quan- 


- tum mechanics. 


(B) The rigid rotator. In classical mechanics the rigid rotator is a 
rotating rigid body satisfying two conditions: (1), two of its principal 
moments of inertia are equal; and (2), it does not rotate about its third 
principal axis. Referring to the principal axes, these conditions may be 
written as follows: 


I, = Tp, (12-157) 
w3 = 0. (12-158) 
In other words, it is a symmetric top which does not spin. The energy is 
$(Lw} + I2w3 + I3w3) 
=> 41 wo” 


E 


1 2 

=> 12-159 

ar, M, (12-159) 
where M? is the square of the total angular momentum. The Hamiltonian 
may thus be written, dropping the index of J, which is now trivial, 

| 2 € 2 
=> 12-160 
H 51 M*. ( 0) 

The standard procedure of quantizing the rigid rotator proceeds by 
making use of the two canonical momenta. This may be worked out as a 
special case of a more general problem—the symmetric top to be de- 
scribed in the next section. Here we shall take a short cut by assuming 
that M? is replaced by the same operator for the square of the angular 
momentum of a single particle as given by Eq. (12-47). This procedure 
is a natural extension of the quantization of the plane rotator. The 
quantization of energy may be carried out by solving the following equa- 
tion obtained from Eqs. (12-47) and (12-60): 


Wl1iaf. ,a 1 °" 
—- =—|— = = —— =] 0,(8, ¢) = Envn(8,¢). (12-161 

21 E 6 36 (sin : ) + zo aga]¥n@o) = BavnlB,¢). ( ) 
This eigenvalue problem is already solved in Chapter 8. The eigenfunc- 
tions and eigenvalues are 


Vim = Y im(9, ), (12-162) 


}? 


gy (+ 1). (12-163) 


Him 
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The rule of energy quantization is thus different from that of a plane 
rotator. The justification of this procedure of quantization lies in the 
experimental verification of Eq. (12-163). In molecular spectroscopy we 
have known that a diatomic molecule has a part of its energy quantized 
to the rule of Eq. (12-163). This part of energy may thus be regarded as 
due to the quantized rotational motion of the diatomic molecule (without 
spin about the axis of the molecule). These molecules may be considered 
in classical mechanics as either rigid rotators or plane rotators. The 
experimental results show that they are not plane rotators. Actually the 
diatomic molecule problem may be solved without regard to quantization 
of a rigid body, since it is a two-particle problem. By the method of 
Section 12-8 it may be separated in two parts. The part for the relative 
motion may be solved by the method of Section 8-1 which leads to the 
same result of energy quantization. Thus the method of quantization here 
employed for the rigid rotator is consistent with quantum mechanics 
of two-particle systems. This conclusion is also expected in view of the 
fact that the operator for M? in Eq. (12-160) is assumed to be the same 
as in Eq. (12-47). 

The physical meaning of the wave function y(8, ¢) is that the normalized 
\¥(8, ¢)|? represents the probability of finding the third axis of the rigid 
rotator in the angular position (6, y). As the rigid rotator is a system of 
two degrees of freedom, two coordinates 6 and ¢, determining the posi- 
tion of the axis, completely determine the position of the rigid rotator. 
The wave function thus provides a complete kinematical description of 
the rigid rotator in quantum mechanics. 

(C) The symmetric top. A rigid body with two of its principal moments 
of inertia equal to each other is a symmetric top. Referring to the principal 
axes, 

I, = Ip. (12-164) 


It differs from the rigid rotator in that it is allowed to spin about the 
third of the principal axes é, 7, ¢. A symmetric top has three degrees of 
freedom, its position being completely determined by the three Euler 
angles 6, ¢, ¥, where @ is the angle between the moving f-axis and the 
fixed z-axis (co-latitude), ¢ is the angle between the moving £axis and 
the line of intersection of the zy-plane and £y-plane (angle of spin), and 
y is the angle between the fixed x-axis and the same line of intersection 
(longitude). (See Fig. 12-3.) [In a sense, it is a combination of a rigid ro- 
tator (0, ¥) and a plane rotator (¢).] In classical mechanics the kinetic 
energy of the symmetric top is 


= $1, (wy + w3) + 41 3, (12-165) 
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Fiaure 12-3 


where J;, Zz, 73 are the principal moments of inertia and w1, w2, w3 are 
the components of the angular velocity with respect to the principal axes 
&, n, §. We shall use the three Euler angles as the generalized coordinates. 
The angular velocity w;, w2, ws; may be expressed in terms of 0, y, 9 as 
follows: 

w, = Wsin Osin g + 6 cos ¢, 


we = sin 0cos¢ — sing, (12-166) 


w3 = Pcos 6 + ¢. 
The kinetic energy is thus 
T = 41,(6? + ¥? sin? 6) + 4/3(¥ cos 6 + ¢)?. (12-167) 
The corresponding canonical momenta are | 


ar _ 


pe = 306 = 1,6, 
Goes oo ay er eae (12-168) 


Dy = = I, sin? 6) + T3 cos 0(y¥ cos 6 + ¢). 


The kinetic energy may be expressed in terms of the generalized momenta, 


2 2 2 
1 Po, Pe 1 (Py — Dy C08 8)" 2-166 
T= 27, +27,+  Ohsinre a i8e) 
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For the free rotation of a symmetric top the Hamiltonian consists of the 
kinetic energy only. Thus 


2 2 2 
— cos 0 
H (ps, Pe Pr 6, Y, y) = a + or + (Py ai eat r) ) ‘ (12-170) 





The Hamiltonian does not contain g and y; thus ¢ and y are cyclic vari- 
ables. Therefore p, and py are constants of motion. If we choose the 
z-axis lying in the direction of the total angular momentum, the solutions 
of the equations of motion are found to be 


6 = 46, 
g= 27V Rt + £0) (12-171) 
¥ = 2mvjt + Yo. 


It means that the top is spinning about its axis of symmetry (f-axis) 
with a frequency vx and also has a precessional motion about the axis of 
the total angular momentum (z-axis) with a frequency vy. 

We now proceed to quantize this classical system, i.e., to find the 
quantum-mechanical equations of motion and their solutions. Assumptions 
a, 6’, Y are introduced. The Hamiltonian in canonical variables is already 
known. However, it is not in the Cartesian form: 


1 
H= aM (pX + pa + De). (12-172) 


According to assumption 6’, we have to transform Eq. (12-170) to a form 
of Iq. (12-172) first, then we may replace py, py, py respectively by 
ho ho ha 
7 Or’ 7 dm = it 
to obtain the Hamiltonian operator which operates on wave function 
Y(A, u,v). The quantized equations of motion may thus be formulated in 
the coordinate system (A, u,v). If the original coordinates are preferred, 
the quantum-mechanical equation may be transformed back to the 
(6, ¢, ¥) system. However, the result of this lengthy procedure of ob- 
taining an equation of motion in the (6, y, ¥) system may be shown to 
be obtainable directly from H (po, py, py, 9, 9, ¥) by replacing pe, Py, Py 
respectively with 


ls 


ao ha h 
: i 


ft 3. oO 
; 00 i dp’ oy 


= 


provided the Hamiltonian is written in a particular manner.* We shall 


"TB, Podolsky, Phys. Rev. 32, 812 (1928), 
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not prove this general theorem nor give the specifications of the particular 
form of the Hamiltonian; we shall merely write down the appropriate 
Hamiltonian for the symmetric top in the (6, ¢, ¥) coordinate system: 


1 1 i 
H(pe, Pe Py; 6, Y, Y) = on, Sin 0 Po Sin 8 poe 


1a, (py = Pecos 6)”. 2 
213 Pay 21, sin2 6 (12-178) 


The Hamiltonian operator is thus 


ho hoa nha 
a(! aoe aey) 
ae re nh? (1, , cos? 6\ 0? 

= — — = — | sin 0 ; += 
27, sin 6 00 00 27, \I3 — sin? 07 dg? 
1 at e088 a? 
27, sin? 6 dy2 27, sin20 dp~dg 











(12-174) 





From this Hamiltonian operator the time-dependent Schrédinger equation 
may be written down, the wave function being a function of 0, ¢, y. The 
solution of this equation determines the quantum-mechanical behavior of 
this system, which we shall not describe in detail. It may be remarked that 
the Hamiltonian of Eq. (12-173) is identical with Eq. (12-170) in clas- 
sical mechanics. They become different in quantum mechanics because 
sin 6 and pe no longer commute. Because of this noncommutative nature 
of the quantum-mechanical quantities, one classical expression of the 
Hamiltonian corresponds to infinitely many different forms of the Hamil- 
tonian in quantum mechanics. The question thus arises: Which one of 
the forms leads to the correct equation in quantum mechanics? The 
answer to this question, according to assumption §’, is that in Cartesian 
coordinates the Hamiltonian should be just like Eq. (12-172) instead of 
something like 


1 (1 1 1 
H => Gh Prf(e)pa + ey Peg (H)Pu + FGy poh)pr * (12-175) 


This actually is an assumption justified by the fact that its application in 
the one-particle system leads to the correct result. Once the Hamiltonian 
operator is specified in one coordinate system, its forms in other systems 
are uniquely determined by straightforward transformation. The Podol- 
sky theorem is just a short cut for writing down the result of the trans- 
formation without going through the intermediate steps. The reader may 
notice a similar situation when he writes the Schrédinger equation of a 
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particle in spherical coordinates. The same equation may be obtained 
from the classical Hamiltonian in (r, 6, ¢) system only when the Hamil- 
tonian is arranged in a way similar to that of Eq. (12-173). The above 
discussion explains why in assumption 6’ the Cartesian coordinate system 
is insisted upon. 

We shall consider one important application of the quantized equation 
of motion, i.e., the quantization of energy. The eigenvalue equation is 


Aye = Ep. (12-176) 
From Eq. (12-174) we obtain 


es (sin o 2) 4 (1 _ 60s” *) abe 1 dpe 








sin 0 00 00 Tz ° sin? 6) dg2 ' sin26 dy2 
2 cos 0 OWE 27, 
aa Bp ae + 2 EWe = 0. (12-177) 


This equation may be solved by separation of variables. Assume that 


var = O(aeMretX?. (12-178) 


As both y and ¢ are coordinates with a period 27, the constants M and K 
must take integral value in order that yz be a single-valued function: 


M = 0, +1, +2,..., 
K = 0, +1, +2,.... (12-179) 


M and K thus become two quantum numbers. The equation of (6) 
may be obtained by substitution. Its acceptable solutions may be ex- 
pressed in terms of the hypergeometric functions, and the eigenvalues of 
energy are given by the following expression: 


7 _ Wl +1) “(4 | 
Bix =p [PEM + ‘camee alg 


Fy eae | os Be-e (12-180) 
K = 0,+1,+2,...,+J, 
M = 0, +1, +2,...,4J. 

It may be remarked that the rigid rotator is a special case of the sym- 
metric top for which the wave function is independent of ¢. Equation 
(12-177) reduces exactly to Eq. (12-161) if ¢ in the latter is changed to y. 
The eigenvalues are related accordingly. As mentioned previously, the 


quantization of the rigid rotator may be carried out as a special case of 
the symmetric top. 
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In molecular spectroscopy the rotational motion of a molecule as a 
whole may be treated approximately as the rotation of a rigid body. 
(Actually the molecule is not rigid, for it executes vibrational motion in 
addition to rotation.) Some molecules possess geometric symmetry such 
that two (or even three) of their principal moments of inertia are equal. 
Examples are CO2, NH3, CH3Cl. They may be considered as symmetric 
tops. According to quantum mechanics, their rotational energy is quan- 
tized according to Eq. (12-180). The analysis of the rotational bands of 
the spectra of these molecules agrees with Eq. (12-180) and thus provides 
experimental verification of the theory. 

Many other molecules have no geometrical symmetry and thus J; # 
Ig # Iz. The classical theory for such a rigid body is more complicated 
than that for the symmetric top and the quantum theory is even more 
complicated. They will not be discussed here. 


12-10 Quantization of the motion of a charged particle in a magnetic 
field. When a light source is placed in a magnetic field, each spectral 
line is split up in a number of components. This phenomenon is called the 
Zeeman effect. The quantum-mechanical theory of the Zeeman effect is 
based on the quantization of the motion of an electron in a magnetic 
field. 

We again start from the classical theory, express the equation of motion 
in the Hamiltonian form, and then quantize it according to assumptions 
a, B’, Y. (We simplify the problem by neglecting the effect of the electron 
spin.) The motion of a charged particle in a magnetic field cannot be 
described by a scalar potential; thus the method of Chapter 2 is not 
applicable. 

A magnetic field H may be related to a vector potential A by 


H=vxa. (12-181) 
A may always be chosen to satisfy the following condition: 


adr, OAy Ar _ 
Ox oy de 








This condition is conventionally imposed on A and thus is assumed here. 
In particular, a uniform magnetic field H along the z-direction may be 
represented by 


A; = — a Y) Ay = wv, A, = 0, (12-182) 


as may be verified readily by substitution in Eq, (12-181), Without the 
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magnetic field, the Hamiltonian of a charged particle is 
ee AS: 2 2 
H= 2M (pr + Py + Dz) + q¢(x, Y, 2); (12-183) 


where the potential energy U(z, y, z) is replaced by the product of the 
charge q and the scalar potential y. The effect of the magnetic field, as 
will be proved presently, may be accounted for if in the Hamiltonian we 
make the substitution 


Pr —> Pr — ~ Az, 
Py > Py — =~ Ay, (12-184) 
Pz > Pz — é Az, 


where c is the velocity of light. For an electron, 
q = —e = —4.80 x 107! esu. (12-185) 


The new Hamiltonian is thus 


1 ; a 
rd 14) oCo-t4) Hota owen 


(12-186) 


We shall show that the equations of motion derived from this Hamil- 
tonian are exactly those of a charged particle under the influence of a 
magnetic field described by A, as well as an electric field described by ¢. 
It may be mentioned that in Eq. (12-186), pz, py, pz are generalized 
momenta conjugate to x, y, z, but no longer equal to mass times the 
velocity components. 

The canonical equations of motion are 











de _ aH _ I q : 
aot a (>. ; Az); (12-187) 
dpr __ OH aU 
dt —iK (si(ité« 
a [(, %4 \942,(, 44 )94v (.- dA.) 
+ 9h [(>- £4.) Ox (>, f4,) Ox TAP: ¢ A Ox 
(12-188) 
Equation (12-188) may be rewritten with the help of Eq. (12-187): 


dye OU 9 bdo, , tae 2A.) 
ai Ou ¥, c (0. ax us v9 + (12-189) 
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Since 


dA,  dAz 
dt — at 


OA, 
Ox 


aA, , OAs 


Oy Vy + dz Vz, (12-190) 


a 





Ve + 








we may calculate M(d?x/dt?) from Eqs. (12-187, 189, 190): 



































d*x q oa 2s) 
Moe = axe +4 a "2 8x 
_ 4g dA, $45 2A) 
a (2As ore Yy oy + Ys dz . 
_ _, 9% 4 9Az 14, (2At 2s) 0 (24s - 7) 
= “dir cat c “\ dx oy c *\ 02 Ox 
= gE, + : (v X H)z. (12-191) 


This is the equation of motion of a particle of mass M and charge q under 
the influence of the Lorentz force of an electric field / and a magnetic field 
H. Therefore Eq. (12-186) is the correct Hamiltonian, 

We now quantize this mechanical system according to assumptions a, 
6’, Y. The wave function is to be a function of x, y, z, and the operators 
for Pz, Py, Pz are 


(12-192) 


The Hamiltonian operator is thus 


1[(r a ha a, (32-24,) | 
B= oul (2 ¢ 244.) + (22 14) +(¢2 aoe 


+ U(z, y, 2). 











(12-193) 
It is noted that 


> 


ép, (12-194) 


m 


we 


since 





B-2—4.9 = 8 (ss Ode 9A As) _ 9 (12-195) 


* As ps is not equal to Mv, it is difficult from the theory of Chapter 2 to 
understand why Mov» is not replaced by (4/i)(0/dx) but pe is. The present 
substitution follows necessarily from the general theory of Section 12-6, 
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We may thus rewrite Eq. (12-193): 





57, 2 

io sa + U,y2)— FEA P+ 5554? (12-196) 

The first two terms consist of the Hamiltonian of the field-free system. 

The last two terms, representing the effect of the magnetic field, may be 

considered as a perturbation and the problem may be solved by the 
perturbation theory. 

The above general method will be applied to a special case, i.e., the 
Zeeman effect. The field is assumed to be weak, so that we may neglect 
(q?/2Mc*) A? (of the second order of H) in comparison with (q/Mc) A - p 
(of the first order of H). The uniform external magnetic field H being 
along the z-axis, we use Eq. (12-182) and obtain 


aed > (1H 
= ie A-p= Oe (ypx — Py). (12-197) 


By Eq. (12-47) we have 


qH 


qf =) 
A 2Mc 


Sue ® 





M,. (12-198) 


Equation (12-196) may thus be written as follows: 


H = H® + AH 
where 


1 
FN au? a U(x, y, 2), 


HY = M, 


re ot 

2Mc (12-199) 
The problem is thus expressed in a form suitable for solution by the per- 
turbation method. There is only one difference. The perturbation Hamil- 
tonian now contains an operator instead of a function of x, y, z. However, 
the perturbation theory of Chapter 10 is so formulated that it applies 
equally well for perturbation Hamiltonians containing operators, pro- 
vided that in the matrix element 


HY = if f fi WAH OY, dr (12-200) 


HY, is interpreted as the result of the operation of H“ on p, instead 
of simple multiplication. The reader is urged to go back to Chapter 10 
and verify this generalization for himself, 
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Fiaurre 12-4 
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In the Zeeman effect, the valence electron (which causes the emission 
of light) of an atom moves under the central-force field of the nucleus 
shielded by the inner electrons, and the external magnetic field. The 
unperturbed wave functions of the electron are determined by the Hamil- 
tonian H®. Because of the central force the wave functions are of the 
following form: 

Vnim(T, 9, ¢) = Rnilr) Yim(9, ¢). (12-201) 


The perturbed energy eigenvalues, to the first order, are thus 
y H . € ‘ 
Entm = Entm — Tr i / / YnimM nim aT. (12-202) 


Since Yim(6, ¢) is an eigenfunction of M, [which is represented by the 
operator (f/7)(0/d¢)] with eigenvalue mh, we have 


qhH 


; = 9()E 
oe (12-203) 


Enin = Es —_—m 
Since Wnim is an eigenfunction of H® and also H™, it is an eigenfunction 
of H® +H, ie., of H. Thus Ynim’s are themselves the first-order 
perturbed eigenfunctions. The first-order perturbation is thus solved. 
The energy value now depends on the magnetic quantum number m as 
well as the other two quantum numbers n, |. The (2/ + 1)-fold degeneracy 
of the energy level designated by (n, l) is thus removed by the perturbation 
of the magnetic field. The energy level diagram is represented schematically 
in Fig. 12-4. There is no split for the s terms (1 = 0). The p terms split 
into 3 levels (21 4+- 1 = 3). The d terms split into 5 levels, etc. The 
spacings of the multiplet levels for any term (n, l) are independent. of 
n, l,m, being a constant equal to (eh/2Me)H, Equation (12-203) may 
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also be interpreted to mean that the state Ynim has a magnetic moment 
m(eh/2Mc) along the z-direction. This value suggests that the z- 
component of the magnetic moment is quantized to integral multiples of 
the Bohr magneton. It may be remembered that in Bohr’s theory each 
orbit has a magnetic moment equal to an integral multiple of the Bohr 
magneton. When the orientation of the orbit is quantized the z-component 
becomes quantized also. Although the picture of a circulating electron is 
no longer valid in quantum mechanics, there is a corresponding quantity, 
the probability current density, expressed by (ef/2Mi)(y*Vy — yVy*), 
which may be interpreted as currents contributing to the magnetic moment 
of the atom. Actually, the magnetic moment of a state wnim may be cal- 
culated from the probability current density, and the result turns out to 
be exactly the same as we obtained here from an energy consideration. 

If the external field is placed along the z-axis we may use the z-axis as 
the polar axis of the spherical coordinates for writing the spherical har- 
monics. The results will be the same. The choice of the polar axis is com- 
pletely arbitrary and we usually choose the most convenient one. It is 
also possible, when the field is along the x-axis, to solve the problem by 
using spherical harmonics referred to the z-axis. Then the eigenfunctions 
will no longer be Yim, but will be linear combinations of them. These 
combinations represent a transformation from spherical harmonics referring 
to the z-axis to those referring to the z-axis. The physical meaning of the 
solutions and the eigenvalues are not changed. 


12-11 Quantization of the radiation field. We can only mention a few 
general ideas of the elaborate theory of quantization of radiation field. 
The radiation field in vacuum is specified by two vector field quantities 
E(x, y, 2) and H(x, y, z), which are governed by the Maxwell equations, 


Sy 


V-H=0, 
V-H=0, 
ee eg (12-209 
c ot 
> 108 
VR Se ae 


The last two equations, specifying the time rate of change, may be re- 
garded as the equations of motion. Solutions of these equations, in the 
form of three-dimensional waves, describes the propagation of the electro- 
magnetic waves. A wave exhibits the properties of interference, diffraction, 
and polarization. The electromagnetic theory of light asserts that light is 
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a form of electromagnetic wave and explains successfully the propagation 
of light and the phenomena of interference, diffraction, and polarization. 

Before we proceed to quantize this physical system we first note a 
difference between this system and those we discussed before. In a system 
of N particles the number of independent variables, being equal to 3N, 
is always finite. The number of variables of an electromagnetic field, 
however, is infinite. The value of the electric (or magnetic) field, say Fz, 
at a point (21, y1, 21) is a dependent variable. For the infinitely many 
points in space there are infinitely many variables of H,. The same is 
true for Ey, E,, Hz, Hy, Hz. Actually E,(x, y, z) (or E,, etc.) represents a 
collection of variables each labeled by three indices, (x, y, z). To compli- 
cate the situation further, these variables are continuous, instead of 
discrete as in the case of a many-particle problem. 

In spite of the fact that the classical theory of the electromagnetic wave 
is theoretically complete and experimentally verified, we have to re- 
examine the theory in view of both the development of the quantum theory 
and the appearance of new experimental facts. Consider the field values 
of E and H at (2x1, y1, 21). In the spirit of the operational philosophy, 
which quantum theory helped to develop, they are meaningful only 
when they can be ascertained by some experimental operations. To 
measure the electric field we have to use a test charge. Since the test 
charge is a particle the mechanical description of which is subject to the 
uncertainty relation, the measured results of # and H are subject to some 
kind of uncertainty. In fact Heisenberg has shown that the uncertainties 
of E, and H, are subject to a relation similar to, but not exactly the same 
as, the uncertainty relation of a particle. This seems to suggest that we 
may not be justified in assuming definite values for L,, Hy, etc. at a given 
point (2, ¥1, 21) and given time ¢, as it is tacitly assumed in the classical 
wave theory. We may have to assume that as in the quantum theory 
of a particle, H, at (71, y1, 21) at time ¢, is to be specified by a probability 
distribution of values which may be obtained through an operator. Also, 
these operators may satisfy some kind of commutation relations as do the 
operators p, and x of a particle. We have seen that a classical system may 
be quantized by assigning operators to dynamical quantities. The quan- 
tized system reduces to the classical system as a limiting case, but has the 
additional feature that many physical quantities are quantized. Similarly, 
by assigning operators to the field quantities H, at (#1, yi, #1), ete. 
assuming certain commutation relations between them, and considering 
the Maxwell equations (or their equivalent) as the operator equations of 
motion, we may establish a quantum theory of the radiation field which 
includes the classical wave theory as a limiting case and has the addi- 
tional feature that physical quantities, such as energy and momentum, 
are quantized, 
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The need for quantization may also be made evident by the following 
argument. We know that the radiation field interacts with mechanical 
systems of charged particles. Since the latter are quantized, their energy 
and momentum can change only discontinuously. The energy and mo- 
mentum of the field thus can change by discontinuous steps only. It may 
well be that the radiation field itself is quantized. 

On the experimental side, many discoveries made early in the century 
show that the energy of a radiation field is quantized (photoelectric effect) 
and so is its momentum (Compton effect). Thus the quantization of 
radiation fields is not only suggested by theoretical reasoning but also 
demanded by experimental evidence. 

The so-called corpuscular theory of light is a phenomenological theory 
describing the photoelectric effect and Compton effect. These effects may 
actually be explained by the quantization of energy and momentum. A 
quantized theory is thus able to explain the particle-like properties of 
light. On the other hand, in the classical limit, the quantized theory 
reduces to the classical wave theory, and therefore may explain the wave- 
like properties of light (which appear in the region of high quantum 
numbers). Thus the quantized theory holds the promise of explaining 
both the particle-like and wavelike properties of radiation and thereby 
resolves the paradox of wave-particle duality of light. 

An elaborate quantum theory of radiation has been developed which 
belongs to an advanced course in quantum mechanics. In the following 
we shall consider only a very simple case. This discussion also demon- 
strates the wide applicability of the general method of quantum mechanics 
to physical systems which are quite different from those previously 
discussed. 

We concern ourselves with the problem of quantizing a plane electro- 
magnetic wave in the z-direction which may be represented by the follow- 
ing vector potential: 


40 : 
Az = C4 las [q(t) cos kz — p(t) sin ka], 
Ay = 0, (12-205) 


A,=0, 


where c is the velocity of light, 92 is the normalization volume, w is the angu- 
lar frequency of the wave, k is 27/\, and q(t), p(é) are two functions of 
time.* The electric field H and magnetic field H are in the x- and y-direc- 


* We are free to write in Eq. (12-205) a constant factor eV 4r/Qw which may 
be considered as taken out of q(t) and p(t). The reason for writing this factor 
here will be made clear in Eq, (12-221) later. 
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tions respectively, their magnitudes being given by 


A 


bee 


oO ]l— 
Q 
= 


(12-206) 
H=vxA. 


For this case Maxwell’s equations are equivalent to the following equation 
for the vector potential: 


(12-207) 


cos ke ( a+ Ka) oink @ p+ Kn) = 0, (12-208) 


G+ w7q = 0, 
p+w*p = 0. 


(12-209) 


Equations (12-209) may be regarded as the equations of motion for the 
two variables q(t) and p(t) which specify the plane wave completely. The 
solutions are simply 

qo COs (wt — a), 


q 
P 


(12-210) 


Po cos (wt — 8B). 


It may be verified easily that the electric and magnetic fields as given by 
Eq. (12-206) are sinusoidal waves. Let us restrict ourselves to a wave in 
the +z2-direction. This requires the solution A, to take the form of 
f(ct — 2) instead of f(ct + 2). Thus, 








10Az , OAx __ 
rig ager ia 
or 
1. . 1, 
cos kez (: g— kn) + sin kz (- oy Da ta)| = 0, (12-212) 
or 
qY = wp, 
(12-213) 
p = —wq¢. 


The equations of motion (12-213) imply the previous equations (12-209). 
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This set of equations of motion may be considered as the canonical 
equations of motion of the Hamiltonian 


H= 5+), (12-214) 
since 
oH ; oH 
y = oO SS ——_— SS . 12-215 
CAG ee aq wq ( ) 


Once our problem is formulated in the Hamiltonian form, we may proceed 
to quantize it by replacing the canonical variables p, g with operators p, q 
which satisfy the following commutation relation according to assumption 


B': , 
bq —- gb = 5° (12-216) 


The dynamical quantity H(p, g) may thus be quantized. The eigenvalues 
of H(p,q) may be obtained by a comparison with the linear harmonic 
oscillator, the Hamiltonian and eigenvalues of which are 


H= og (p? + M?w?q’), (12-217) 
E, = tw(n +34), n=0,1,2,.... (12-218) 
By letting 1 = 1/w we obtain the Hamiltonian 
H=5 (+40), (12-219) 
which is identical with Eq. (12-214), and the eigenvalues 
E, = hw(n+4), n=0,1,2,..., (12-220) 


which are thus the eigenvalues of Eq. (12-214). We now calculate the 
total energy of the plane wave: 


&= [[f[ie@+wma 


_ 1», 
cr ea 
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Thus the eigenvalues of the total energy of the plane wave are those given 
by Eq. (12-220), which shows that the energy is quantized and can change 
only by an integral multiple of hy. Hence in the photoelectric effect, a 
plane wave can transfer energy to the electrons only in whole units of hv,* 
and therefore the wave appears as a group of particles each having energy 
hv. The first Einstein equation for the photon, H = hp, is thus derived 
from the quantum theory of radiation. However, it must be remembered 
that the concept of photon in the quantum theory of radiation is quite 
different from that of a light particle in the classical corpuscular theory 
of light. 

The reader is urged to derive the eigenvalues of the momentum of a 
plane electromagnetic wave (Problem 12-7). The result is equivalent to 
the second Einstein equation, p = h/d. 

We have seen in Chapter 4 that for a linear harmonic oscillator in the 
high quantum number region, a superposition of energy eigenfunctions 
results in the formation of a wave packet for which the coordinate q and 
momentum p have nearly definite values and they change in time accord- 
ing to the solutions of the classical equation of motion. Similarly, for the 
quantized plane wave in the high quantum number region, a superposition 
of energy eigenstates results in a quantum state in which the variables p 
and q have nearly definite values and they change in time according to 
the classical solutions, Eqs. (12-210). For this quantum state, the energy 
value is not definite but nearly definite. Also / and H values at every 
point in space are not definite but specified with a small amount of un- 
certainty. These nearly definite values (or their average values) satisfy 
the classical equations of motion, i.e., the Maxwell equations. Therefore, 
the classical wave theory is derived as a special case of the quantum theory 
of radiation. The quantum theory thus includes both the corpuscular 
theory and the wave theory as its special cases. 


12-12 Quantization of the matter wave. The wave-particle duality of 
the electromagnetic radiation may be accounted for by the quantization 
of the radiation field. In Chapter 3 we show that the wave-particle duality 
of matter may be accounted for by the quantization of the motion of a 
particle. Thus duality is very closely related to quantization. In this 
section we shall further demonstrate this relation by considering the 
quantization of the matter wave. 


Suppose there existed an isolated civilization where physicists had performed 
experiments of the Davison and Germer type (electron diffraction) but not the 
Thomson and Millikan type (showing the existence of the electron), They 





"This is justified from a quantum-mechanioal consideration of the inter- 
action between the radiation fleld and the electron, whieh we do not discuss here, 
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would naturally conclude that the negative electricity was a wave instead of a 
stream of particles. Furthermore, they would try to find an equation of motion 
for this wave. The diffraction experiments had established the de Broglie rela- 
tion. They naturally wanted the group velocity of the wave to equal the actual 
velocity of movement of a localized negative charge cloud. Their effort to find 
the equation of motion for the wave of negative electricity would be closely 
parallel to ours in Chapter 2 and the resulting equation for the wave amplitude X 
would be 





2x — aM ox = amt ey (12-222) 
h? — h ot” 


in close analogy with our Schrédinger equation. Here M was a universal con- 
stant (not yet identified with the electron mass because they knew no electrons). 
From this equation of motion they developed a wave theory of negative elec- 
tricity which was verified by experiments of the Davison and Germer type. For 
a time they seemed quite satisfied with the theory. Then some experimenter 
reduced the intensity of a beam of negative electricity and observed on a screen 
single scintillations, one at a time, instead of a steady diffraction pattern. When 
the beam intensity was increased gradually, they found that the scintillations 
became so numerous that their individuality was lost and they formed a contin- 
uous and steady pattern which showed dark and bright rings (or spots) typical 
of a diffraction phenomenon. They thus concluded that the negative electricity 
had a corpuscular structure which was unnoticeable at high intensity. Their 
theorists were baffled for a time, but soon found a theory which accounted for 
the corpuscular property by quantizing the equation of motion of X. The pro- 
cedure was similar to that of quantizing the Maxwell equations. The value of X 
at a given point (71, y1, 21) was no longer considered to be definite; its average 
value was assumed to be obtainable from an operator. A set of commutation rela- 
tions were introduced (between X and X*). The total intensity of the wave was 
then found to be quantized to integral units which made the wave appear like 
a group of particles. That such a theory might be worked out successfully did 
not surprise us in view of our knowledge of the quantization of the electro- 
magnetic wave. Since the equation of motion of X was identical with our time- 
dependent Schrédinger equation, we might, for our own convenience, call this 
procedure the quantization of the Schrédinger equation. (The quantization ac- 
tually has been worked out in our civilization, but we shall not discuss it further.) 

When a delegate of physicists from this civilization visited us they would 
insist that the true law of the negative electricity was the quantized Schrédinger 
equation. The reader probably would be inclined to think that the true law of 
the electrons was the quantized equation of motion of an N-particle system 
[the N-particle Schrédinger equation (12-148)]. Both might claim that their 
theories were able to explain both the particle-like and the wavelike properties 
of the negative electricity (or electrons). 

Jordan and Klein* have shown that the two approaches are actually identical. 
The quantized Schrédinger equation leads to results physically and mathe- 


" P, Jordan and O. Klein, Zeit. f. phys. 45, 751 (1927). 
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matically identical with those of the N-particle Schrédinger equation. (The 
statistics of the particles, Fermi-Dirac or Bose-Einstein, is accounted for by proper 
choice of the commutation relations.) With the benefit of hindsight, we may now 
conclude that there is only one theory, the quantum theory of matter, which 
has two continuous approximations, i.e., the classical corpuscular theory and the 
classical wave theory. Historically, it is usually the simpler special theories which 
come to be established first. In our civilization the corpuscular theory of matter 
(classical mechanics) was developed first; in the other the wave theory (the 
classical wave equation being the Schrédinger equation) was first. However, 
these special theories are merely approximate theories and they have to be gen- 
eralized. The process of quantization enables us to establish the general (quan- 
tum) theory starting from a continuous approximation (classical theory). Both 
classical theories may be taken as the starting point; by quantization both lead 
to the same quantum theory of matter. It is therefore no surprise that the 
quantized particle theory and the quantized wave theory turn out to be identical. 


And here lies the explanation of the wave-particle duality of matter. 


PROBLEMS 


12-1. Construct the operators for the total energy, the components of total 
linear momentum, and the components of total angular momentum of the 
N-particle system. 

12-2. State and prove the quantum-mechanical theorems of conservation of 
energy, conservation of linear momentum, and conservation of angular mo- 
mentum for the one-particle system. Give the physical interpretation and discuss 
their relations with the classical theorems. 

12-3. Repeat the last problem for the N-particle system. 

12-4. A linear harmonic oscillator is perturbed by XH“ = dv, where v is 
the velocity of the oscillator. What are the consequences? In particular derive 
the perturbed energy eigenvalues and eigenfunctions. 

*12-5. A linear harmonic oscillator is exposed to a sound wave. Resonance 
may occur. Develop the quantum theory of resonance analogous to the semi- 
classical theory of radiation. 

*12-6. Two linear harmonic oscillators of the same frequency are placed on 
the z-axis with a distance d apart. Both oscillate along the waxis. A weak 
spring of a natural (unstretched) length d connects the two oscillators, In clas 
sical mechanics the energy of the system shifts back and forth from one 
oscillator to the other. Develop the quantum theory for this ayatem, Notes The 
exchange of energy between a mechanical system and a radiation fleld ia analo- 
gous to that of the present problem, and the quantum theory of radiation (ine 
cluding interaction with mechanical systema) is developed in a similar manner, 

12-7, Determine the eigenvalues of momentum of a plane electromagnetic 
wave, 
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12-8. In the momentum representation, the momentum operator pz is as- 
sumed to be a multiplication operator pz. What is the form of the position oper- 
ator x in order that the commutation relation may be satisfied? 

*12-9. Find the momentum distribution of a linear harmonic oscillator in an 
energy eigenstate by the momentum representation (see Problem 12-8) and 
compare the results with Problem 4-5. [Hint: Use the result of the last problem 
to write the Schrédinger equation in momentum representation, the solution of 
which may be obtained immediately by using the mathematical results of 
Chapter 4.] 

12-10. Let Oo be the lowest eigenvalue of an operator O. Show that for two 
operators F and G, 

(F+ Go = Fo t+ Go. 


The equality sign holds when F and G commute. 

*12-11. An a-particle of a definite momentum 7p enters a Wilson cloud chamber 
containing two water molecules assumed to be at fixed positions. Show that 
the probability of finding the two molecules ionized simultaneously is large only 
when the line joining the centers of the molecules is parallel to the momentum 
vector D. Note: By a straightforward generalization it may be shown that the 
droplets forming the track lie on a straight line with a straggling consistent with 
the uncertainty relation governing a classical trajectory. Comparing this prob- 
lem with Problem 6-6 we notice the following difference: In Problem 6-6 we 
consider the a-particle as an isolated system and the water molecule as an 
apparatus performing observation and thereby causing an uncontrollable amount 
of disturbance on the heretofore isolated system, the result of the observation 
being expressed by a reduction of the wave packet. In this problem we consider 
the water molecules and the a-particle as forming one physital system; this 
isolated system of three particles evolves causally according to the dictation of 
the 3-particle Schrédinger equation. Although we are able to predict the prop- 
erties of the track formed, we have not reinstated determinism because we know 
only the probabilities of forming various tracks. It still requires an act of ob- 
servation by an agent outside this system to find which of the possible tracks 
is actually formed. This process of including an observing apparatus as a part 
of the system may be extended ad infinitum. Yet the reduction of the wave 
packet cannot be eliminated. Indeterminism is thus an inherent part of quantum 
mechanics. The theory worked out in this problem, nevertheless, provides the 
mathematical formalism for the physical concepts employed in Problem 6-6; 
the reduction of a plane wave to a localized wave packet by the ionization of a 
molecule, heretofore assumed on physical ground, is now deduced explicitly. 


* Indicates more difficult problems. 
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1.38044 x 1071° erg/°K 
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Measurement of position and 
momentum by microscope, many- 
photon experiment, 138 
single-photon experiment, 121 
Mesic atoms, 176 
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285 
Resonance state, 230 
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Time-dependent Schrédinger equa- 
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